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B. Preface

The feature of a fluid in the gas state is not the same as its feature in the liquid state.
The difference between them can be determined intuitively and easily. The gas phase of a
fluid and the liquid phase of the fluid can coexist with the formation of the clear interface.
Then, there must be a cause that makes the fluid in the gas state differ from that in the
liquid state. As a mutual attractive force acts between particles comprising each particle
pair, the mutually attractive force can inhibit the particles of each pair from moving freely.
In a classical fluid system, particles having small relative momenta cannot homogeneously
mix with particles having large relative momenta. Even in a Bose fluid system, particles

having small and large relative momenta cannot homogeneously mix.

The inhibition of movements of particles owing to mutually attractive force can cause
physical clusters of particles to form in the fluid. The formation of physical clusters can
contribute to the changing features of the fluid. Hence, analyzing the formation of physical
clusters in the fluid is extremely necessary. The formation of physical clusters should allow
the fluid in the gas state to differ from that in the liquid state. The fluid in the liquid
state has the capability to form the interface between the gas phase and the liquid phase;
in other words, the fluid in the liquid state should be characterized by the existence of
physical clusters. Fundamentally, the development of physical clusters in the fluid should
influence the features of the fluid. The structure of the fluid, as a specific pattern of the
particle distribution, should be characterized by the formation of physical clusters. Their
formation is influenced by the features of attractive forces between the particles. In the case
of a Coulomb fluid, it is influenced by both the features of an attractive force between the
particles of a pair and the features of a repulsive force between the particles of another pair.
A characteristic structure maintained in a fluid is caused by the features of an interparticle

force between the particles of each pair.

Particles with hard cores interacting with each other through attractive forces in a Bose
fluid system can form a specific pattern of the particle distribution that depends on their
momenta. Even if the particles are made to have sufficiently small momenta, the thermal
excitation can allow particles of small momenta and those of no small momenta to coexist.
Then, the former particles cannot homogeneously mix with the latter particles. This can

allow the particle distribution to have a specific pattern. The formation of the interface
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between the gas phase and the liquid phase in the Bose fluid system requires a specific
structure, as the pattern of the particle distribution, to be linked to the features of the fluid.
At the minimum, the presence of mutually attractive forces, which make particles with hard
cores interact with each other, can influence the thermodynamic features of the fluid. If the
effects of attractive forces acting on a single particle, from other particles surrounding it, are
treated as the mean effect, then the quasiclassical expressions of a partition function enables
discussion of the thermodynamics of the system that accompanies a structural situation
where particles of small momenta cannot homogeneously mix with particles of no small
momenta.

The physical cluster formation in various situations, including astronomical situations,
and the specific pattern formation of the particle distribution depending on the momenta
of particles must be further studied. A study on linking the limitation of the appearance
of the liquid phase and the features of interactions between particles also must be further
developed. These indicate that the descriptions and explanations in this book must continue
to be updated with progress in this field, where the principal efforts of the author have been
made so far.

The publication of this book was aided by the director John Pellan, the BWW Society,
the Institute of Positive Global Solutions. The author gratefully acknowledges his aid. For

editing and for valuable comments, the author thanks Editage (www.editage.com).

June 2021 T. Kaneko



I. INTRODUCTION

In an ensemble of simple particles exemplifying the atoms or molecules that form a fluid,
inhomogeneities can exist, because the particles interact with each other through attractive
forces and repulsive forces. If a particle ensemble can preserve a state of fluid at extremely
low temperatures, then the particles can move even coherently. Under the condition that a
particle ensemble that preserves a state of fluid is homogeneous, the following two relations

are satisfied:

(1) The distribution of particles in a microscopic volume dV located at r, cannot differ

from the distribution of particles in microscopic volume §V" located at ry (# ra).

(2) The distribution of the momenta of particles in a microscopic volume §V located at
r, cannot differ from the distribution of the momenta of particles in microscopic volume oV

located at rp (# ra).

If factors that prevent the ensemble from becoming homogeneous are generated, then the
occurrence of interesting phenomena can be observed. These factors can affect the behaviors
of fluids and the configurations of particles. One of these factors is the formation of physical
clusters.

For an ensemble of particles exemplifying atoms or molecules, the liquid phase coexists
with the gas phase at the temperatures between the triple point and the critical point. At
these temperatures, the density of particles in the liquid phase is much higher than that in
the gas phase, even if each portion in the liquid phase near the interface and each portion
in the gas phase near the interface are in equilibrium. This requires the compressibility in
the liquid phase to be much smaller than that in the gas phase. Thus, we must consider the
contribution of something that generates the difference between each portion in the liquid
phase and each portion in the gas phase. The contribution of the formation of physical
clusters should be considered as a factor that allows features of a fluid in the liquid phase

to become different from the features of the fluid in the gas phase.

Physical clusters can be formed even in the gas phase if the temperature of a system
is near the liquid-vapor critical point. Particles that constitute the system interact with
each other via the attractive forces between them. The system includes particles that can
freely and individually move because the contribution of the relative kinetic energy between

the particles of each pair exceeds the contribution of an attractive force acting between



them. The system includes other particles that cannot perform their movements being free
from each other because the contribution of the attractive force acting between the particles
of each pair exceeds the contribution of the relative kinetic energy between them. The
particles that cannot perform their movements being free from each other can contribute to
the formation of physical clusters.

At the minimum, the attractive forces between particles enable the particles to be located
near each other. Repulsive forces between particles enable the particles to become far from
each other. The strength of each attractive force and that of each repulsive force both depend
on the mean interparticle distance. The formation of physical clusters depends on four
principal factors: the attractive forces between particles, the repulsive forces between them,
the mean interparticle distance, and the momenta of particles. The formation of physical
clusters can influence the features of a fluid system. If the contributions of attractive forces
between particles are so small that a particle ensemble maintains the liquid state, then,
partial ensembles of particles that are located near each other and moving coherently can
be generated as specific excitation states.! The formation of ensembles of particles moving
coherently causes the thermodynamic properties of a quantum fluid system to change.

For a classical fluid system, a basic idea for estimating the formation of physical clusters
was given by Hill>. A useful method for analyzing the formation of physical clusters via
an integral equation was established by Coniglio et al.> The method allows the Ornstein—
Zernike equation to be split into two integral equations and the pair correlation function
to be split into two correlation functions. Omne of the two correlation functions is called
the pair connectedness. One of the two integral equations is the integral equation for the
pair connectedness. The integral equation for the pair connectedness is used to analyze the
formation of physical clusters. This has enabled many studies on the off-lattice percolation
of physical clusters.*”

The mathematical structure of the integral equation is the same as that of the Ornstein—
Zernike equation. Hence, it is necessary to solve the integral equation using a specific closure.
The closure can be extracted from the Percus—Yevick (PY) approximation.® The relation
between the PY approximation and the mean spherical approximation (MSA) yields a simple
closure.® The use of the simple closure allows the pair connectedness and the formation of
physical clusters to be estimated easily. Its use aids in revealing a specific relationship

between particles belonging to physical clusters and other particles no belonging them. The
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relationship can contribute to the generation of the liquid state. Use of the simple closure
allows us to understand the contribution of physical cluster formation to thermodynamic
properties. If the distribution of galaxies in the universe is regarded as physical clusters of
galaxies, then the physical clusters have a fractal structure. Similarly, the distribution of
charged particles in a specific medium has a fractal structure. The use of the simple closure
and an estimate of the pair connectedness aid in revealing the fractal structure of physical

clusters.
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II. SINGLE-COMPONENT FLUIDS INCLUDING PHYSICAL CLUSTERS
A. Classical Fluid System of N Particles

For a classical fluid system of N particles with volume V', partition function Q)N is defined

as

# # #
On = dr;  dry-
#Y #

o0 o0

$ dp: dpy - - dpn exp[%BHN], (1)
where a coefficient h is the ratio of Planck’s constant to 27, and another coefficient [ is
defined as " 1/kgT with Boltzmann’s constant kg and temperature 7" of the system. In
Eq. (1), Hy is given by

N

2
Hy Zi_lf—'m—i-VN(rl,rz,"',rN), (2)
where m is the particle mass, and p; is defined by p; " | pi|, with momentum p; of the i
particle. For a fluid, Vy (r1,re, -+ ,rn) in Eq. (2) can be expressed using a pair potential

ujj (7 ), which includes both the contribution of the attractive force between ¢ particle located
at rj and j particle located at rj and the contribution of the repulsive force between them,
and it is given as follows:

nN

W (1‘1,1‘2, e ,I‘N) - Uijj (Tij )7 (3>

i<j

where rj expresses the three-dimensional distance between 7 particle and j particle as follows:
rij = | %l"j | (4)

Partition function @Qn allows the Helmholtz free energy, F', to be given as
F =%kg InQy . (5)

For a classical fluid system, )y can be estimated as

1 $ Yosn 2
m

N! 2h?f3

On = ZN (6)
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where
Zy = drp drg--- dry exp[%6VN (rq, 12, TN )] (7)
Vv v v
With using Zy, the probability density, under the condition that particle 1, particle 2,
.-+, and particle N are located at rq, ro, -+, and ry, respectively, can be estimated as
1 0
7 exp|%BVN (r1, T2, TN )]
N
The possible ways for choosing one particle from N particles is given by N!/(N % 1)!11. If
nM(r;)dr; denotes the probability that one of the N particles is located in a volume element

dry at ry, then the probability is given as
$ % # # #

(N%l)'l' Z v ro v r3"' v N eXp[ 0/8 N(r17r27"' ,I'N)]. (8)

n(l) (rl)drl =
The distribution of particles in a volume element cannot depend on the locations of the

volume element. If this is satisfied for a fluid

)= = (9)

Similarly, if n® (r1,r9)dridrs denotes the probability that a particle is located in a volume
element dr; at r; and another particle is located in a volume element drs at ry, then the

probability is given as
$ %
N! drldrg

gV%Q%f'Q! Z'\#

$ dry dry--- dry exp[%8W (ry, 1o, N )] (10)
v v v

n(Q) (I'l, rg)drldrg =

The distribution of particles in a volume element can maintain independence of locations of

the volume element on average. If this is satisfied for a fluid,
n? (ry,ry) = n@(ryy). (11)

Quantity n® (r15) corresponds to the radial distribution function for a fluid system. Pair
correlation function g(r12), which is related to h(r2) = g(r12) %1 with correlation func-
tion h(rie) that satisfies the Ornstein—Zernike equation, is related to the radial distribution

function as follows:
n(2) (7”12) = n(l)n(l)g(rlg). (12)
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Z\ can be rewritten using the Mayer f-function, which is useful for analyzing a fluid based
on an aspect that allows a fluid to be considered to be an ensemble of pairs of particles.

Then, Zy is given by
# # # &
ZN = dI'l dI‘Q v dI‘N (1 + fij )

v Y v
# # # '

= dr; dry--- dry 14 (fie+ fis+-+ fin)
Vv \Y Vv

+(f12f13 +f12f14 + +f12f1N>+ s
+(fozfrz + fosfis + -+ fasfin) +
+(fosfi2f1z + fasfrafia + -+ fasfrafin) + -

+(faafoafroF faafoafi3 + faafoaSra + -+ faafoafin) + -

i<j

(
+(faafos foafrot faafos foafrs + faafosfoafra+ -+ faafosfoafin) + - (13)
where Mayer f-function fj is defined as
fij (T’ij ) " e_--u i (rij ) %1. (14)

Hence, the f-function fj satisfies

fij (Tij ) = fji (rji )’
A fi (rij ) = %L,
,.113100 fii (rij ) = 0.

The minimum of fj (rj ) is %l. If the ¢ and j particles have hard cores, then fj (rj) =
%I is satisfied in the region where the hard cores contribute to their interaction, which is
characterized by wjj (rj ) = & . However, function f (rjj ) is positive within the range where
the attractive force retains effective strength, and it expresses the strength of the attractive
interaction in this range. The value of fj (7 ) becomes zero outside this range in which an
attractive force between the i particle and j particle retains effective strength. If an ensemble
of particles maintains a fluid, a specific situation %uj () " kg7, i.e., 1 (% Buj (rj ), does
not occur. Thus, the maximum of f;j (rj ) is not a large value.

Eq. (13) indicates that Zy is the sum of the integrals of the products of the f-functions.
This means that pair correlation function g(rjj ) also can be given as the sum of the integrals
of the products of the f-functions, even though the two coordinates specified for g(rj ) by

rij are not integrated.
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In Eq. (13), the integrals of the products of the f-functions have typical features. The
integrals of f; for ¢ and j, satisfying ¢« < j, are identical. The integrals of fi5fi; for 7,
satisfying 3 < j, are identical. The integrals of fi5fi; for j, satisfying 3 < j, are identical.
However, the integral of fa3f13 is not identical to each integral of fa3fi; for j, except for
7 = 2and3. Cases similar to the above can be obtained from integrals of other products of
the f-functions.

The integrals of the products of f-functions yield a specific image that illustrated that
two particles specified by each f-function are linked mathematically by the f-function.
This image enables an ensemble of particles to be considered clusters that are formed from
particle pairs linked mathematically by f-functions. Then, each f-function forms a f-bond
that mathematically links two particles.

In Eq. (13), fa3fi3, fasfiafis, faafoafi3, and fs foz f24f13, are found as specific products of
f-functions. The first product, fa3f13, denotes that two f-bonds link particle 1 and particle

2 via particle 3, as shown by a diagram symbolized by
1) 3) 2

The third product, f34fe4f13, denotes that particle 1 and particle 2 are linked via particle 3

and particle 4, as shown by a diagram symbolized by
1) 3) 4) 2

which forms one path of f-bonds. The second product, fa3f12f13, denotes that particle 1
and particle 2 are linked through two paths of f-bonds, as shown by a diagram symbolized
by

)
t1) 2
C1) 3) 2,

which forms two paths of f-bonds. The fourth, fs4f23/f24f13, denotes that particle 1 and
particle 2 are linked through special two paths of f-bonds that form a diagram symbolized

by
)
t1) 3) 2

T 1) 3) 4) 2

15



which forms two paths of f-bonds. Thus, all the paths of f-bonds that connect particle 1
to particle 2 include particle 3 as a common particle.

In the case of pair correlation function g(r12), which is expressed for the use of f-functions,
the two coordinates labeled as 1 and 2 are not integrated. Coordinates r; and ry, which
are not integrated, are called the root points. The other coordinates that are integrated are
called the field points, and they are labeled as 3, 4, --- to distinguish them from the root
points. Both the root points and the field points correspond to the particle coordinates.

Pair correlation function g(r12) includes the integrals of the products of the f-functions
exemplified by the paths of f-bonds corresponding to fa3fi3, f3safoaf13, and f34fo3f24f13;
however, the two coordinates labeled as 1 and 2 are not integrated. All the paths of f-bonds
given as f34fozfosf13 form a diagram, which comprises the two paths between 1 and 2, and
the two paths include the coordinate corresponding to particle 3. The path of f-bonds
given as fo3 f13 forms a diagram, and the path of f-bonds given as fs4f24f13 forms another
diagram. Then, each path that forms each diagram includes the coordinate corresponding
to particle 3. Thus, there are diagrams in which at least one coordinate corresponding to a
particle is shared as a common coordinate by each path of f-bonds that connect particle 1
to particle 2. Each of the diagrams is called a nodal diagram, and the common coordinate
is a nodal point.

Pair correlation function g(r12) also includes the integrals of the products of the f-
functions, exemplified by the paths of f-bonds corresponding to fo3fi2f13; however, the
coordinates 1 and 2 are not integrated. In a diagram that is formed by all the paths of
f-bonds given as fa3 f12f13, there is no nodal point. As exemplified by this case, there are
diagrams that do not include nodal points. Each diagram that does not include nodal points
is a non-nodal diagram.

Pair correlation function g(r;) can be expressed in the form of a density expansion.1?
Each term found in the form of the density expansion of g(r;3) is formed by the integrals of a
product of the f-functions; however, the two coordinates 1 and 2, corresponding to the root
points, are not integrated in each term. The other coordinates are integrated in each term.
A diagram of the f-bonds that forms each term in the density expansion corresponds to
either a nodal diagram or a non-nodal diagram. According to the density expansion, g(ri2)
can be given by the sum of the contribution of all the nodal diagrams and the contribution

of all the non-nodal diagrams.®'® This demonstrates that the Ornstein—Zernike equation,
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as an integral equation, should be satisfied by ¢(r12) and is expressed as the sum of the
contribution N(rjs) of all the nodal diagrams and the contribution ¢(r13) of all the non-
nodal diagrams. Thus, the use of direct correlation function c(r3) as the contribution of all

the non-nodal diagrams allows the Ornstein—Zernike equation to be expressed as
h(r12) = c(r12) + N(r12), (15)

where the contribution of all the nodal diagrams can be estimated by
#

N(’I“lg) =P y C(’l“lg)h(’l“gz)drg (16)

with
h<T12> = g(T12> %71. (17)

An ensemble of the particle pairs that are specified by the f-functions, forming a product
in the density expansion, is regarded as an ensemble of particle pairs linked by f-bonds. The
paths of the f-bonds forming each nodal diagrams and the paths of the f- bonds forming
each non-nodal diagrams allow the behavior of a particle corresponding to a root point to be
propagated to the other particle corresponding to the other root point. However, a ensemble
of particle pairs linked by the f-bonds cannot simply correspond to a physical cluster, even

though the ensemble corresponds to a mathematical cluster.!”
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B. Contributions of physical clusters
1. Phenomena dependent on the formation of physical clusters

A fluid system can include special particle pairs. Then, each particle pair is specified
as a pair formed by two particles interacting in a bound state wherein the contribution
of the mutually attractive force between them exceeds the contribution of their relative
kinetic energy. Each physical cluster is formed by such particle pairs.? Particles constituting
a physical cluster can transiently stay near each other because of the mutually attractive
force. The formation of physical clusters can transform the properties of a fluid system.
Various phenomena involving phase behavior can be caused by the formation of physical
clusters.

In a fluid system consisting of particles exemplifying atoms or molecules, inhomogeneity
is generated as the density fluctuates.'>'® The inhomogeneity is developed near the liquid-
vapor critical points. The formation of physical clusters can cause density fluctuations in a
fluid that is in the gas state. The degree of density fluctuations reaches its maximum at the
liquid-vapor critical point of the fluid. This allows the compressibility to diverge to infinity at
the liquid-vapor critical point. The compressibility equation allows pair correlation function

g(r) to be related to pressure P of a single component fluid as follows:
- $ % P #

g 2P — 1+ lim p [g(r)%ldr (r"] x|). (18)
9 vt Vo oy

Even at the critical point, ¢g(r) maintains finite values in the range of 0 ! r < &.
The behavior of g(r) denotes that the correlation between two particles disappears with an
increase in the three-dimensional distance, r, separating one of the two particles from the
other.!* Based on these features, Eq. (18) requires that divergence of the compressibility
be caused by the fact that the long-range behavior of g(r) is characterized near the critical

point as follows:
gir)%1* r % (0<pu! 3). (19)

In fact, the long-range feature of g(r) can be expressed in several particular conditions

as the product of factor 7°~3 (D = 2) and a particular function ¢(r), which is given as a

Taylor series with respect to powers of r.1516

g(r) %1+ r°3o(r) (D =2). (20)
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Despite this, the dependence of g(r) on distance r between two particles!” deviates near the
liquid-vapor critical point. Its dependence on r cannot be expressed by the product of a
negative power r~! and a particular function ¢(r)."*!® The density fluctuations makes the
dependence of g(r) on r near the liquid-vapor critical point!®!® differ from that in the gas

state when it is far from the critical point.

(a) Anomalies near liquid-vapor critical points

19-23

The density fluctuations can result in anomalies with respect to various properties of

the fluids near their liquid-vapor critical points. Inhomogeneity, which is generated in fluids

24 can cause anomalies

consisting of metallic atoms near their liquid-vapor critical points,
in the electrical properties,'® optical reflectivity,?® and optical absorption.2®2! The electrical
conductivity of liquid mercury maintained at a temperature near the critical point decreases
with a rather steep gradient as the density of the mercury atoms decreases.!® The real part of
the dielectric constant, determined using optical reflectivity and absorption measurements,
for a mercury fluid near the critical point increases sharply at a particular density as the
density of the mercury atoms increases.?’ Inhomogeneities that lead to the occurrence of the
anomalies can be caused by the physical cluster formation.?*

The viscosities of fluids can become anomalous near the liquid-vapor critical points.???3
The viscosities of fluids exhibit asymptotic divergence near the liquid-vapor critical points.
Measurements of the viscosities of carbon dioxide and xenon near their critical points yield
the critical exponent that can characterize the asymptotic divergence.?? Physical cluster
formation can result in a characteristic increase in the viscosities of fluids near the critical
points.?

When the temperature of a fluid system is reduced toward the liquid-vapor critical point,
the number of specific particle pairs is increased. Then, each of the particle pairs is speci-
fied as two particles interacting in a bound state wherein the contribution of the mutually
attractive force between them exceeds the contribution of their relative kinetic energy. An
increase in the number of such particle pairs allows physical clusters to grow. This denotes
that various critical phenomena observed in fluids are caused by the formation of physical
clusters. Physical cluster formation allows the features generated in the liquid state of a fluid

to differ from the features found in the gas state of the fluid. Various critical phenomena

imply that physical cluster formation causes a gas-liquid phase transition. The development
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of physical clusters, which are formed by attractive forces between colloidal particles, allows
a colloidal solution to generate a gel state.?® According to an analogy with the occurrence
of the gel state, the contribution of the physical cluster formation induces the transition of

a fluid from the liquid state to the solid state.

(b) Contribution of the physical cluster formation

The contribution of physical cluster formation to the gas-liquid phase transition is sug-
gested because the liquid-vapor interface become macroscopically smooth for a fluid in which
the liquid phase and the gas phase coexist. At a temperature slightly beyond the liquid-
vapor critical point of the fluid, the interface disappears. To form a smooth liquid-vapor
interface, particles constituting the liquid phase must have the capability to maintain their
density; however, particles constituting the gas phase do not have the capability.

The high-density part maintains the liquid phase and it must generate a macroscopic
force, which contributes to the minimization of the interface. The macroscopic force causes
the liquid-vapor interface to become smooth. The macroscopic force is not caused by each
particle pair that is specified to be two particles interacting in an unbound state wherein
the contribution of their relative kinetic energy exceeds that of the mutually attractive force
between them. Hence, the macroscopic force must be caused by the presence of each particle
pair that is specified to be two particles interacting in a bound state wherein the contribution
of the mutually attractive force between them exceeds that of their relative kinetic energy.
The formation of the liquid phase must be aided by the formation of physical clusters.

The low-density part maintains the gas phase and it principally includes particle pairs that
are specified to be two particles interacting in an unbound state wherein the contribution
of their relative kinetic energy exceeds that of the mutually attractive force between them.
The high-density part in the liquid phase also includes such particle pairs. The particles
forming these particle pairs must be confined between the branches of physical clusters to
generate a macroscopically smooth interface. The confinement of these particles between
the branches of physical clusters allows the interface to become smooth. This confinement
can aid in transforming the fluid of the liquid phase into the solid state.

The formation of physical clusters in multicomponent fluids is an interesting subject that
should be considered. Physical clusters must influence the microscopic distribution pattern

of particular atoms or molecules that are dissolved as solute particles in a fluid in the liquid
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state. In a fluid in the gas state, an effect of the physical cluster formation is not expected.
A fluid in the gas state microscopically homogeneously mixes with another fluid in the gas
state.

Solute particles that cannot actively contribute to the physical cluster formation have a
tendency to become distributed among the branches of physical clusters. Solute particles
that can actively contribute to the physical cluster formation participate in the physical clus-
ter formation and are distributed as portions of the physical clusters. Thus, physical clusters
can make a microscopic distribution pattern of solute particles become inhomogeneous in a
fluid mixture such as a liquid of metallic alloy and solute-solvent mixtures.

A specific effect of such a microscopically inhomogeneous distribution pattern of solute
particles can be found as a macroscopic phenomenon called the osmotic pressure. The
osmotic pressure occurs when solute particles are distributed in a fluid. The osmotic pressure
depends on whether solute particles can actively contribute to the physical cluster formation.
Moreover, the osmotic pressure depends on whether the stability of the physical clusters is
high or low.

Under the condition that the stability of the physical clusters is low, the formation of
physical clusters and the decomposition of physical clusters can occur as very sensitive
responses to slight variations in the temperature. The anomalous behavior of the thermal
conductivity of a fluid should be determined in such a specific situation.?® Physical clusters
formed in the fluid do not have the capability to stably confine particles that do not belong to
the physical cluster, thereby allowing both the confinement of the particles and their release
to occur easily. This effect enables the fluid to be stirred. Thus, the thermal conductivity of
the fluid should be enhanced under the condition that the stability of the physical clusters
varies sensitively.

Physical cluster formation can contribute to the occurrence of various phenomena. In-
deed, the magnitude of the pair correlation function should involve an effect of the physical
cluster formation. The pair correlation function is determined by X-ray scattering measure-
ments and neutron scattering measurements. Despite this, the fraction of the contribution
of the physical cluster formation to the pair correlation function is not be sufficiently clear.
Therefore, a method for estimating the contribution of the physical cluster formation to the

pair correlation function should be established as a readily treatment.
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(c) To estimate physical cluster formation

Effects of physical cluster formation can appear in various phenomena. A procedure for
simply estimating the physical cluster formation should be useful for examining its effects on
the features of a fluid. Each physical cluster that is formed in a fluid system is an ensemble
of particles that are linked to each other by bonds. Based on Hill’s concept,? each bond
is defined as a bound state in which a contribution of mutually attractive forces between
pair particles exceeds a contribution of their relative kinetic energy. A useful procedure for
estimating the physical cluster formation owing to such bonds can be found according to a
concept of Coniglio et al.,®> and results in an integral equation.

The use of the integral equation makes it possible to examine the physical cluster forma-
tion caused by a contribution of an extremely short-range attractive force* and to examine
the physical cluster formation caused by the Yukawa potential.®?7” A procedure for making
corrections to the PY approximation®® enables improvement in an estimation of the physical
cluster formation as the integral equation is applied.” Although the integral equation enables
the physical cluster formation to be examined, it is not equivalent to the Ornstein—Zernike
equation with respect to their physical meanings.

The use of the Ornstein—Zernike equation has been successful for examining fluids in
the gas and liquid states. The behavior of particles that is described by the Ornstein—
Zernike equation indirectly involves the contribution of the physical cluster formation. The
Ornstein—Zernike equation includes the contribution of the integral equation, which enables
the formation of the physical clusters to be examined. This means that subtracting the
contribution of the integral equation from the Ornstein—Zernike equation yields an additional
integral equation, which is equivalent to both an integral equation derived by Stell?® and
another one derived by Chiew and co-workers.® If this additional integral equation is coupled
to the integral equation that enables the physical cluster formation to be examined, then
the two integral equations provides an integral equation system that is equivalent to the
Ornstein—Zernike equation. An effect of the physical cluster formation on a feature of a

fluid can be estimated using the integral equation system.
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2. Pair connectedness for estimating physical cluster formation

(a) Correlation functions

Three-dimensional coordinates for the positions of particles in a fluid system are denoted
by rj for ¢ particle and rj for j particle. A situation where these particles are included in the
same physical cluster is allowed. A correlation function that can play a role instead of the
pair correlation function is necessary to estimate the mean size of physical clusters. The pair
connectedness P (|rj %r;|) is an important correlation function® when calculating the mean
size. The probability that ¢ particle and j particle are located in the volume elements dr;
at rj and drj at rj, respectively, is ppg(ryj )dridrj. The probability increases when particles
in the fluid system are prevented from moving easily. Here, rjj is the distance |r; %r;j|, and
p is the density of particles for a uniform distribution. Thus, the mean number of particles

within a macroscopic volume V' equals Vp.

The magnitude of g(rjj ) is proportional to the probability that ¢ particle in a volume
element drj is located at a distance rjj far from j particle in a volume element dr;. Hence,
maximum values of g(rj; ) should become larger when particles in a fluid system are prevented
from moving easily. The pair correlation function g(ryj) is useful for knowing whether
particles in the fluid system can move easily or can be prevented from moving easily. The
use of g(rjj ) allows for estimating the density fluctuations for a fluid system even near the
liquid-vapor critical point. A feature of the fluid near the liquid-vapor critical point appears
to be a characteristic behavior of ¢(rj ), which can express the degree to which particles in

the fluid system are prevented from moving easily.!31418

Nevertheless, the pair correlation function, g(rjj ), cannot simply aid in examining the
physical cluster formation. Even if a fluid is a particle system consisting of hard cores,
between which mutually attractive forces do not exist, pair correlation function g(rj; ) (i # j)
can express the degree of preventing particles from moving easily because the increasing p
increases the probability ppg(rj )dridrj. Physical clusters are, however, not formed in the
fluid.

If physical clusters are formed, then the magnitude of g(rjj ) is affected by the physical
cluster formation. The magnitude of g(rjj ) includes the contribution of physical cluster
formation. If the contribution of physical cluster formation is divided from the magnitude

of g(rjj ), then the effects of physical cluster formation can be clearly estimated.
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An f-function defined by f(rj) " e ¥ (i) %1 specifies a particle pair that consists of
i particle at rj and j particle at rj. The use of f-functions allows the pair correlation
function g(rjj ) to be expressed in the form of a density expansion.”!® For an N particle fluid
system, specific features of g(rjj ) are determined by N (NN %1)/2 particle pairs. Then, the
relation between two particles constituting each pair maintains one of two possibilities. One
possibility is the case that the two particles are bound to each other. The other possibility

is the case that the two particles are not bound to each other.

i) Probability that two particles interact with each other in a bound state
The Hamiltonian for describing the movements of two particles specified as a pair is given

as

2 2
p—l+p—l+u(rij), (21)

H2 -
Qmi 2mj

where the mass of ¢ particle and that of j particle are m; and m; , respectively. 7j; corresponds

to the relative position between ¢ particle and j particle. The center of mass R is given by
R = (miri +mjrj)/(mi +m).
The total momentum P carried by the center of mass is given by
P=pi+p.

The relative velocity between ¢ particle and j particle is given by dividing pre; by the reduced

mass m. pre and m are given by

N

* pra = (mypi Yomip; )/ M,

*

1M = Mmim /M,
where the total mass M is defined as
M" mi+m.

The Hamiltonian is expressed using the kinetic energy of the center of mass P?/2M and

relative kinetic energy p%,/2m as follows:

P2 p2
H, = — rel
VT

+ u(ri ), (22)
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where P = |P| and pye = |pret]. Then, Eq. (22) means that the Hamiltonian is described as
Hy = Hy(P, pra, i, rj). Based on the assumption that particle ¢ is located at the origin of
a coordinate, the use of the relative kinetic energy that is expressed in the polar coordinate
denoted by the parameters r, 0, ¢ allows Hs to be given as

P2

1
Hy—= —— 4+ — 2
2= o0 Tgm PO

2 2
Ps Py,
r2 " r2gin’4

+ u(r), (23)

Eq. (23) indicates that the Hamiltonian is described as Hy = FIQ(P,pr,pgg,p%, r,0,¢). In
Eq. (23), the second term on the right-hand side of the equation is the contribution of the
relative kinetic energy of the two particles, and the third term is the contribution of the

interactions between them. For the Hamiltonian given by Eq. (23), @), is denoted as
# #

Vo drd0de  dpdpsdpy AP exp|%BH,). (24)
\Y

—00 —0o0

@2 = 21(27h)

If parameters 7. fs, and o are defined as 7 * py(B/2m)V%, fs " (ps/r)(3/2m) pog”
(pog/ sin 0)(3/2m)Y 2, BH, is expressed as

P2 ~ ~ .
BH, Zﬁm +pr2+p§+p§/0+ pu(r). (25)

The use of Eq. (25) with the parameters pr, ps, and py, allows Eq. (24) to be rewritten as

follows
p—LE #

V 27T Mm 2 —"u (l’) _ _ —
= 53 28 ) drrdre N dpr dpsdpoe

o0

—(PFpP+p2) (26)

Q2

According to Eq. (25), the contribution E(p) of the relative kinetic energy of the two

particles is given as
E(p) = + s + Do (27)

pu(r) denotes the contribution of the interactions between them at each r. At each r that
allows u(r) to be negative, the situation wherein the two particles are bound to each other

by the mutually attractive force requires
52 + P2+ o' % Bu(r) (28)
Pr + Ds+ Py /0 pulr).

The probability p(r) that the two particles are found in a bound state E(p) + Su(r) ! 0 is
estimated from the integration of exp[%(p? + pi + pg,)] included in Eq. (26) as follows:

1 I S )
p(r) = =5 dpr dpgdpoge” PP (29)
4 P2+p7+p7 <—"u (r)
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Then, the integration of exp|%(p? + pi + Dy, is limited by pr, ps, and po, that satisfy Eq.
(28). If Eq. (29) is rewritten through the use of E(p), then the following equation is obtained

for p(r)
2 # o ® —Ep1/2
p(r) =~z e “EV2dE
5 0% 3% $ 5 %.

1 o0 e—yy&—ldy?

where I'(7, 1) is the incomplete gamma function expressed by I'(7,t) = |

At each r that allows u(r) to be negative, the situation wherein the two particles are not

bound requires
D7 + Dy + Dy > Y%Bu(r). (31)

The probability p(r) that the two particles are found in an unbound state E(p) + Su(r) > 0

is estimated as follows:

#
1 i
p(r) =—7 Ap, dpgd o™ PP +P7) (32)
T ZHP7 P2 > —"ur)
, 3, %
=1%p(r). (33)

At each r that allows u(r) to be positive, Eq. (31) is always satisfied for arbitrary values
of three parameters p;, ps, and py, The two particles are not bound at each r that allows
u(r) to be positive. Then, the following relations is satisfied:

tp(r) =1, (at each r satisfying 0 < u(r))

* (34)
» p(r) =0, (at each r satisfying 0 < u(r))

ii) Physical cluster formed as an ensemble of particles linked with each other by f* bonds
An f-function f(rjj ) specifies ¢ particle at r; and j particle at rj. Then, p(r) oy which
is obtained from Eq. (30), denotes the probability that i particle and j particle, which
are specified by f(rjj), are bound to each other. The use of the probability p(rj ) allows

f-function f(rj ) to be given as the sum of the f*-function and the f*-function:
fry) = fr0ry) + f(ry), (35)
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where f*(rj) and f*(rj ) are expressed as

Frry )" plryJe ) (36)
Fr ()" [1%p(ry e 1) %1, (37)

In each of diagrams found from the density expansion of g(r12), an f-bond corresponds
to an f-function. Each of the f- functions in its density expansion is substituted with the
sum of an f*-function and an f*-function, which is exemplified by f(rj ) = f*(rj )+ f*(ri )-
As a result, each diagram is expressed as the sum of diagrams that are formed by f* bonds
specified by fT-functions and f* bonds specified by f*-functions. The sum includes specific
diagrams. In each of these diagrams, one root point r; is connected to the other root point ry
through at least one path of all f*-bonds given as a product of f*-functions. The diagrams
denote that the two particles corresponding to the two root points are part of the same
physical cluster.? Substituting each f-function with each sum f* + f* allows a correlation
function corresponding to pair connectedness P (r12) to be extracted from g(r2) expressed
by the density expansion.® Thus, the pair connectedness P (r3) enables us to directly analyze

the physical cluster formation.

iii) Relation of pair connectedness P (ri2) with pair correlation function g(ris)

Pair connectedness P (r3) is given by the sum of the contributions obtained from every
diagram that has at least one path of all f*-bonds between the root points labeled as 1 and
2. The use of P(ryy) allows ppP (r12)dridrs to express the probability that particle 1 in dry
located at r; and particle 2 in dr, located at ry belong to the same physical cluster.® If the
probability that particle 1 and particle 2 belong to different physical clusters is expressed as

ppD(r12)dridry,? then the pair connectedness P (715) is related to g(r12) as follows:
g(r12) = P(r12) + D(r12), (ri2"| r1 %rs]). (38)

According to g(r12), the probability that particle 1 in a volume element dr; at r; is located at
a distance 715 from particle 2 located in a volume element dr;, at rs is given by ppg(r12)dridrs
for a uniform fluid in which pdV at r; is equal to pdV at ry on average for a microscopic
volume 0V'. Then, the probability that particle 1 and particle 2 are in dry at r; and in drs at
ry, respectively, is the sum of two contributions. One of the two contributions corresponds

to the probability that both particle 1 in volume element dr; at r; and particle 2 in volume
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element dry at ro belong to the same physical cluster. The other contribution corresponds
to the probability that particle 1 in volume element dr; at r; and particle 2 in volume
element dry at ry do not belong to the same physical cluster. The former is given by
ppP (r12)dridry, and the latter is given by ppD(ri3)dridry. Therefore, ppg(ri2)dridre must

satisfy the following relation:
ppg(rlg)drldrz = ppP (le)drldrg + ppD(rlg)drldrg.

This formula indicates that variations in the thermodynamic behavior of a fluid system
owing to variations in the temperature are dominated by variations in the magnitude of
D(r2) if a high-temperature condition prevents the formation of physical clusters. The
magnitude of D(rj3) depends on the number of particles that are categorized as particles
linked through each path that includes f*-bonds. Particles linked through each path that
includes f*-bonds are either particles that do not participate in the physical cluster formation
or particles that do not belong to the same physical cluster. By contrast, the magnitude of

P (r12) depends on the number of particles that participate in the physical cluster formation

and are linked by paths of f*-bonds.

iv) Features of P(r12)

Near or below the liquid-vapor critical point, effects of the physical cluster formation on
the thermodynamic behavior should not be ignored. Then, unless particles contributing to
the magnitude of P(r12) can microscopically and homogeneously mix with particles con-
tributing to the magnitude of D(r13), a correlation between the behaviors of the former and
latter particle groups must occur. Phenomena similar to the above correlation can be found
from computer simulations of supercooled liquids. According to the computer simulations,
particles having low mobility cannot microscopically and homogeneously mix with those
having high mobility; hence, the particles participate in cooperative motion in structural
relaxation.?? Such cooperative motion can also be observed in colloidal suspensions.3% 32
In every hard-sphere fluid system, cooperative motion similar to the above examples

should not exist. Because of Eq. (34), every hard-sphere fluid system is characterized by a

pair correlation function expressed as

*

+ 9(7"12) = D(r12)

. (39)
) P(r12)20 for 0! U(Tlg)-
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The density fluctuations in a hard-sphere fluid system are only simply reduced as the density
of hard spheres increases. This fact can be confirmed even using the equation of state
obtained from the PY approximation.®!?® An increase in the density of hard spheres limits
the motion of hard spheres. This effect causes the above behavior.

If the contribution of mutually attractive forces between particles on the formation of
specific particle configurations is not ignored, then a fluid system should be characterized
by the pair correlation function expressed by

)

* g(ris) = P(r13) + D(rns)

*

v P(ri2) #0 for wu(rpy) <0.

(40)

When this fluid system is maintained near the critical point, mutually attractive forces
between particles cause the density fluctuations to reach a maximum value with an increase
in the density of particles. After reaching the maximum value, the density fluctuations
are gradually reduced as the density of particles increases.!*!3 In a fluid system where
mutually attractive forces between particles is not ignored, the magnitude of P (ri3) should
not be ignored near the critical point. Then, the behavior of g(ris) is revealed via the sum

P(Tlg) + D(Tlg).

(b) Mean size S of physical clusters

Physical clusters contributing to the gas-liquid phase transition naturally contribute to
the transition from the liquid state of a fluid to its solid state as one of phenomena caused
by the growth of physical clusters. Every physical cluster is formed from particle pairs
characterized as follows: each particle pair consists of two particles interacting with each
other in a bound state in which the contribution of mutually attractive forces between
them exceeds the contribution of their relative kinetic energy. An increase in the number
of particles interacting in unbound states increases the magnitude of D. The correlation
function D is that characterized by pairs of particles having a large relative momentum. An
increase in the number of particle pairs interacting in bound states increases the magnitude
of P. The pair connectedness P is a correlation function characterized by pairs of particles
having a small relative momentum. The use of P enables the mean size S of physical clusters
to be estimated.

In accordance with Kirkwood and Buff,?® pair correlation function g(r) has a normaliza-
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tion given as

1 N.%1 11 '
— dr = — — _NN.%-N.-N. 41
T Vg(?") r v, TyEe 0 : (41)

where -N. is the mean number of particles within volume V. The dependence of g(r) on V'
is negligible for macroscopic V', and the dependence of -N. /V on V' and the dependence of
(-NN.%-N.-N.)/V on V are also negligible. Thus, Eq. (41) in the limit V' / &  results in
#
g(r)dr/V = 1.
v

This relation, along with Eq. (38), requires the normalization for the pair correlation function

to be expressed as
"4 # 1 # .
lim — P(r)dr+ v D(r)dr =1. (42)

V—>ooVV Vv

Mean size S of physical clusters can be estimated using P (ri2). Equilibrium number
ns of physical clusters consisting of s particles can be related to the pair connectedness P.
According to the formula given by Coniglio et al.,® the relation between ns and P is given

as

" # #
s(s%1)ns = pp P(|r; %rs|)drdrs. (43)
1<s VoV

Factor ¢ sns found in Eq. (43) can be related to the density p of particles in the volume

V as

p=1[1/V]  sns.

The mean physical cluster size S is given as
(1] $ %

s= g 3

< SMs
$ " %$II %_1
- S Mg STg

S S

3
This formula and ~ _ sns = Vp allow Eq. (43) to be rewritten as
#

S=1+4+p P(r)dr. (44)

The percolation of physical clusters occurs in a fluid system at the percolation threshold.

The use of Eq. (44) allows for the examination of whether physical clusters in the fluid system
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are in the percolation state. The critical condition at which the mean physical cluster size S
given by Eq. (44) reaches infinity corresponds to the percolation threshold. The percolation
of physical clusters in a macroscopic V' maintained by a fluid system affects the dependence
of S on V. If the percolation of physical clusters does not occur in V', then S should be
sufficiently independent of V. When percolated physical clusters exist in macroscopic sizes

in V', S should depend on V.
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3. Elects of the physical cluster growth

(a) Occurrence of macroscopically sized physical clusters

The integral of P(r) found in Eq. (42) is related to the mean size S of physical clusters
based on Eq. (44). If the percolation of physical clusters does not occur in a macroscopic V/
maintained by a fluid system, then S [which is estimated for the fluid system by Eq. (44)]
should be sufficiently independent of V. Hence, the limit V' / &  does not affect S. Eq.

(44) can be rewritten as follows:

#
S%1 1

v

P(r)dr. (45)

Thus, the limit V' / &  requires that the right-hand side of Eq. (45) satisfy (S %1)/V = 0.
Therefore, Eq. (45) allows limy . (p/V) 1v P(r)dr = 0 to be satisfied. Moreover, Eq.
(42) requires (1/V) 1\/ D(r)dr = 1 to be satisfied in the limit V' / & . Based on these
consequences, the normalization conditions that are given in the limit V' / &  are described

as

)

4 1
*limy Lo (1/V)

v P (r)dr =0,

* 1
v limy o0 (1/V) , D(r)dr = 1.
If the percolation of physical clusters occurs in a macroscopic V' maintained by the fluid
system, then the mean size S that is estimated for the fluid system from the use of Eq. (44)

should be dependent on V. Then, the magnitude of [(S %1)/V] can have a finite nonzero

value. Eq. (42) requires conditions given as

1
0 < limy 5 (1/V) , P(r)dr ! 1,

Bk bbb ~—

1
0! limy_(1/V) |, D(r)dr < 1,
1 1
' limy oo (1/V) , P(r)dr + limy o (1/V) |, D(r)dr = 1.

If a state of the fluid is in the immediate vicinity of the liquid-solid transition point
where relation 0 < (p°4 % p'9)/p%® (1 (p° denotes p in a solid state, and p'% denotes
p in a liquid state) is satisfied, then almost all physical clusters should hold macroscopic
sizes in V. The dependence of S on V should be characterized by S/V + p%, which
corresponds to the case that the growth of physical clusters reaches the limit. Eq. (45)
results in (1/V)plv P(r)dr + p% in the limit V / & . According to this case, Eq. (42)
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1
allows (1/V) |, D(r)dr + 0 to be satisfied in the limit V' / & . Based on these consequences,

the normalization conditions that are given in the limit V' /&  are described as

)

" 1
*limy o0 (1/V)

v P(r)dr + 1,

* 1
v limy 00 (1/V) , D(r)dr + 0.

1
In a state specified by (1/V)

v D(r)dr = 0, the fluid does not include particle pairs specified

by each pair characterized as two particles interacting in an unbound state wherein the
contribution of the relative kinetic energy of the pair particles exceeds the contribution of

1
a mutually attractive force between them. A state specified by (1/V) , D(r)dr + 0 means

v
that the fluid does not have features found in the liquid state. The growth of physical
clusters that proceeds in macroscopic V' beyond the percolation threshold can contribute to
compelling the phase transition from the liquid state of the fluid to the solid state. A specific

state wherein (1/V') |, D(r)dr + 0 is satisfied should be found at least near the triple point.

Y
(b) Behavior of correlation functions
The pair correlation function behaves as g(|r; %rsy|) + 1 for a large |r; % ry|, which
corresponds to the case that one of two particles corresponding to the location at ry in a
fluid system is widely separated from the other corresponding to the location at ry. In the
limit V /& and r /& , it behaves as g(r) = 1.2 This requires the behaviors of the two

correlation functions to be restricted by the following relation:
P(r)+D(r)+ 1, (1( r/o), (46)

Then, the value of ¢ is restricted by the relation r < o, which is satisfied at each r where
the contribution of the repulsive force between two particles exceeds the contribution of the
mutually attractive force between them. If o is the hard-core diameter of each particle, then

the following relation is satisfied:

P , (r<o),

)
% (r) =0

; D(r)=0, (r<o), (47)
" g(r)=0, (r<o).

For a large r (satisfying 1 ( r/o), the behaviors of P (r) and D(r) are restricted based on
Eq. (46). Under the condition that no percolation of physical clusters occurs, the physical
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meanings of the two correlation functions and their behavior given by Eq. (46) require the

behaviors of P(r) and D(r) at a large r to be expressed by

lim; o P(r) =0,

lim; ., D(r) =1 (48)

§
|

v limy oo g(1) = limy o D(7).

The relations given by Eq. (48) should be satisfied even at the percolation threshold, although
they are not correct beyond that point.

The above relations must be modified correctly if macroscopically sized physical clusters
in the fluid can increase beyond the percolation threshold. Then, the magnitude of P(r)
should have a nonzero finite value even for a large r. Hence, in a specific condition that
allows macroscopically sized physical clusters to increase, the restriction given by Eq. (46)

should require P (r) and D(r) to behave as

% 0 < lim; oo P(r)! 1,
+
% 0! limy . D(r) <1,
' limy L oo[P(r) + D(r)] = 1.

If macroscopically sized physical clusters in the fluid can continue to grow beyond the
percolation threshold, then particles that contribute to the magnitude of D(r) should de-
crease toward zero. At the final stage of the physical cluster growth, the existence of many
macroscopically sized physical clusters requires the two correlation functions to behave as
follows:

limy .o P(r) + 1,

lim, o D(r) + 0,

BobE  bbb~—

vlimy oo g(1) + limy 00 P (7).
The above relations should be satisfied at least near the triple point where relation
1
(1/V) , D(r)dr + 0. The transition from the liquid state of the fluid to the solid state at
least at the triple point should be aided by the enhancement and development of macro-

scopically sized physical clusters in macroscopic V.

(c) Integral equations for correlation functions including the pair connectedness
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Pair connectedness P(rj) ((rj " | rj %rj|) is given as the sum of the contributions
obtained from every diagram that has at least one path of all f* bonds between the root
points corresponding to the two coordinates, rj and rj. Pair correlation function g(rj ) is
given as the sum of contributions obtained from every diagram formed by paths of f-bonds
between the root points, according to the density expansion of g(rj ).”'* Moreover, Eq. (15)
with Eq. (17) and (16) requires g(rjj ) to be given the sum of the two contributions that
correspond to the contribution of the nodal diagrams having nodal points and the other
contribution of the non-nodal diagrams having no nodal point. A nodal point is a specific
field point in a diagram, and missing the field point in the diagram means that the diagram
is separated into two groups, i.e., one group including a root point and the other group
including the other root point.

Based on the example of g(rj ), the diagrams contributing to P (7 ) are separated into
two groups. One consists of the nodal diagrams of f*-bonds and the other is the remaining
group consisting of the non-nodal diagrams of f*-bonds. This means that P (rj ) is expressed
as

P(rj)=N"(rj) +C"(ry),
where N (rj ) is the contribution of all nodal diagrams having at least one path of all f*-
bonds between the two root points, and C*(ry ) is the contribution of all non-nodal diagrams
having at least one path of all f*-bonds between the two root points.

In the Ornstein-Zernike equation,’ the contribution of all the non-nodal diagrams consist-
ing of paths of f-bonds between the two root points corresponds to direct correlation function
c(rij ). According to the Ornstein—Zernike equation, g(rjj ) %1 is equal to N(rj ) + c(ry ),
in which N(rj ) represents the contribution of all the nodal diagrams consisting of paths
of f-bonds between the two root points, and N(rj ) is given as the convolution integral
,01 c(rik )[g(r ) %1]dry, which is simplified using r " | rj %ry| and ryg " | r¢ %r;].

If an analogy with the Ornstein—Zernike equation is assumed, then the convolution inte-
gral of the product of C*(ri ) and P (1 ) should yield N*(rj ) = p ! C*(ri )P (ryj )drk. This
consequence and P (rj ) = C*(rj )+ NT(rj ) result in an integral equation that is required to
estimate P (rj ).* Hence, the pair connectedness P (7 ) is given as a solution of the integral

equation expressed as
#

P(Tij ) = C+(Tij ) +p y C+(7’ik)P(7’kj )dI‘k, (49)
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where C*(rj ) is an unknown function. Eq. (49) has the same mathematical structure as
the Ornstein—Zernike equation, and it is used in the limit V / &

An integral equation for the correlation function D(rjj ) can be obtained by considering
the Ornstein—Zernike equation. Equation (38) allows the Ornstein—Zernike equation to be

expressed as
#

P(rj)+D(rj) %1 = C(;ij )+p y c(ric )P (rig )dry

+p y C(Tik)[D(Tkj ) %1]drk. (50)

This equation must involve the contribution of the pair connectedness P, which should be
estimated by Eq. (49). If the contribution of non-nodal diagrams that do not include the
paths of all f*-bonds between i and j particles is expressed as C*(rjj ), then direct correlation
function c(rjj ), which represents the contribution of all non-nodal diagrams consisting of
paths of f-bonds between the two root points, must be equal to the sum of C*(rj ) and

C*(rjj ). Thus, ¢(rjj ) is expressed as
c(ry) = C*(ry ) + C"(ry ). (51)

Then, C*(rj ) is the contribution of all non-nodal diagrams having at least one path of all
f*-bonds between the two root points. The ensemble of particle pairs that contribute to
the magnitude of C*(r) is the same as that contributing to P(r). Similarly, the ensemble
of particle pairs that contribute to the magnitude of C*(r) is the same as that contributing
to D(r).

If Eq. (49) is considered, then the substitution of Eq. (51) into Eq. (50) results in an
integral equation that is equivalent to both an integral equation derived by Stell?® and

another one derived by Chiew et al.® This integral equation is expressed as

H(ry ) =C"(rj ) +p  C*(ri)P (1 )drk

# v #
+p C+<7aik )H(T’kj )dI‘k + P c* (Tik)H(Tkj )dI‘k, (52)
\Y \
where
H(’/‘ij ) "D (Tij )%1 (53)

In Eq. (52), C*(rjj ) is an unknown function. The integral equation system composed of Egs.
(49) and (52) is equivalent to the Ornstein—Zernike equation, which has been successful for

examining a fluid in both the gas and liquid states.
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According to Eq. (51), an integral equation system consisting of Eqgs. (49) and (52)
is equivalent to the Ornstein—Zernike equation. Equation (49) contributes to estimating
the formation of physical clusters, and Eq. (52) contributes to estimating an effect of the
physical cluster formation. In fact, the second term and the third term on its right-hand side
in Eq. (52) represent a way to induce an effect of the formation of physical clusters on the
correlation function H. An effect of these terms should play a role in explaining phenomena
owing to the formation of physical clusters.

For a specific fluid system in which no physical cluster formation is expected, Eq. (52) is

simplified as
#

H(Tij):C*(Tij)-i-p VC*(Tik)H(Tkj )dI‘k. (54)

When the gas phase of a fluid and the liquid phase of the fluid are in equilibrium, Eq.
(54) is applicable to examining the behavior of this gas phase, and Eq. (52% is applicable to
examining the behavior of that liquid phase. In addition, when 47 (r)/D(r)4( 1 is satisfied,

the following relation can occur:
#

#
%0 C*(ri )P (rg )drk + p C+(7’ik)H(’f’kj)drké( g"('f’ij)é (55)

Vv Vv
Eq. (54) can be an appropriate approximation even for a fluid involving the formation of

physical clusters if the condition |P(r)/D(r)| (1 is satisfied for the fluid.
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4. Each closure scheme for solving each integral equation

(a) Two closure schemes

According to the PY approximation, an approximate relation between P (rjj ) and C'* (7 )
can be given within the effective range, where the contribution of u(rjj) to a mutually
attractive force, which makes particle i interact with particle j, cannot be neglected.® An
approximate relation between D(rj; ) and C*(rj ) can also be given within the effective range.
As a result, an aid of the PY approximation allows for the characterization of P (rj ) owing
to a pair potential. Moreover, it allows for the characterization of D(rjj ) owing to a pair
potential.

The pair correlation function g"¥(rj ) owing to the PY approximation is expressed as
g (rij )e M) = 1+ N(ry). If relations e (i) = f+(ry ) + f*(rij) + 1 and N(rj) =
N7*(rj ) + N*(rj ) are both considered, the the PY approximation is rewritten as

. (o
g7 (ry) =f " (ry) 1+1\£'+(Tij)+N*(7iij) + f(rg) +1 NT(ry)

+ f*(Tij)—i—l 1+N*(Tij) . (56)

Equation (38) requires that the right-hand side of Eq. (56) be formed by the sum of the
terms contributing to P (7 ) and the terms contributing to D(rj ). If three relations such
as P(rj) +D(rj) + ¢"¥(rij), P(ry) = C(rj) + N*(rj), and an expression of the PY
approximation gt¥ (rj )e (i) = 1+ N(ry ) with N(rj ) = N*(rj ) + N*(r; ) are considered,

then Eq. (56) is allowed to be divided into two formulae. Thus, one of the two formulae is
P (i) = f*(ry )g™ (i )e ™ ™)+ [f*(ry ) + 1][P () % CF ()], (57)
and the other is

D(ryj) = [f*(ry ) + g™ (ry ) %™ (rj ) % P(ry ) + C* (ryj )], (58)

where Y (

as ™ (ry ) /(1%e™ 1)) = g™ (ry ).
If Egs. (36) and (37) are considered with Eq. (30), then Eq. (57) can be rewritten as
2I'[3/2, w(ry )] Oy )
/2" (i) 96213 /2, w(rj )] !
_ AT(3/2) %I[B3/2,wlry )Fe™ ) ™ (ry)
w2 ) 9%2T[3/2, w(ry )] 1 %e i)’

rij ) is the direct correlation function owing to the PY approximation and is given

P(Tij ) +
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where w(ry ) " % Su(ri )0[%5u(ri)] (Alz] =1 (0! z), 8lz] =0 (0 > z)). Eq. (59) can be
used as a closure scheme for Eq. (49) if ¢ (r) is given.

If Egs. (38) and (51) are considered, then Eq. (58) can be rewritten as

20(3/2, w(ry )]
200[3/2, w(ry )] Yor!/ 2e™

D(rj) = 7). (60)

An estimate of D(rj ) is allowed from considering Eq. (60) as a closure scheme for Eq. (52) if
Pij (r) is estimated with the use of Eq. (49). Although Egs. (59) and (60) can be used when
either Su(rj) < 0 or fu(rij) > 0, fu(ry) > 0 requires Py (r) = 0, C*(rj) =0, D(rj ) # 0,
and C*(rjj ) # 0.

Egs. (59) and (60) enable P (rj) and D(rj ) to be characterized by a pair potential if
Y (rij), CT(ry ), and C*(rjj ) are given. Moreover, Egs. (59) and (60) suggest that separating
P(rj ) from g(r;j ) allows a pair potential characterizing P (7 ) to be made different from a
pair potential characterizing D(rjj ). Even if a pair potential controlling the behavior of
pair particles can depend on relative momenta of particles, the use of Eqgs. (59) and (60)
enables P (7 ) and D(rj ) to be estimated. A pair potential in a situation ( I ) where the
contribution of a mutually attractive force between pair particles exceeds the contribution
of the relative kinetic energy between them can differ from that in a situation ( II ) where
the contribution of the relative kinetic energy between them exceeds the contribution of the
mutually attractive force between them. The difference between a pair potential in situation

(I) and that in situation ( IT ) may occur in a fluid system consisting of molecules that can

form hydrogen bonds between them.

( b)) Necessity of distinguishing between u* and u*

When the integral equation system given by Eqgs. (49) and (52) is solved, the character-
istics of attractive forces that act between particles contributing to the magnitude of P (rj )
are permitted to differ from the characteristics of attractive forces that act between particles
contributing to the magnitude of D(rj ). A pair potential ™ (rjj ) that can characterize the
former attractive forces can differ from a pair potential u*(rj ) that can characterize the
latter attractive forces.

Attractive forces among particles can depend on bond angles, torsional angles, and the
coordination number of particles.?#3% Many-body effects are generated as the dependence of

attractive forces on bond angles, torsional angles, and the coordination number of particles.
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If pair potentials are made to function as a model for simulating effects of the attractive
forces, then the features of the pair potentials must be affected by the many-body effects.
The simplest model is one that allows the mean features of the many-body effects to be
treated as spherically symmetric contributions such as u™(rjj ) and w*(rjj ). Such pair poten-
tials that should be derived as the model must characterize the mean features of attractive
forces acting among particles.

At a specific temperature that cannot allow a fluid to maintain a locally and transiently
ordered microscopic structure, the many-body effects should be ignored even in a dense gas
state. If a locally and transiently ordered microscopic structure is found even in the gas
state of a fluid, then the many-body effects should not be ignored. The many-body effects
can depend on the degree of the kinetic energies of particles because attractive forces can be
affected by bond angles, torsional angles and the coordination number of particles. Then,
the simplest model for examining effects of such attractive forces is one that allows u™(rj )

to differ from w*(ry ).

(¢ ) Simple closure scheme in the MSA

The use of the closure scheme given by Eq. (59) is not practical as a way to solve Eq. (49)
analytically. Fortunately, Eq. (49) has the same mathematical structure as the Ornstein—
Zernike equation. The Ornstein—Zernike equation can be solved analytically for some fluids
if the MSA30 is used. In the MSA, the direct correlation function c(r) is given as the sum
of the short-range contribution °(r) and the long- range contribution %3u(r). This means

that ¢(r) is expressed as
c(r) = ¢"(r) % Bu(r) (61)
A(r)=0, for r>o, (62)
where o is the diameter of the hard core of a particle. If C*(r) is given in the same form as

c(r) given in the MSA, then the procedure for solving Eq. (49) can be simplified, as found

in the procedures for solving the Ornstein—Zernike equation in the MSA.

i) Recursive solution for the Ornstein—Zernike
According to the MSA 193¢ the direct correlation function, ¢(r), outside of the range in

which the contribution of the hard-core interaction is effective, remains effective within the
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range where the magnitude of u(r) cannot be neglected. ¢(r) decays to zero as rapidly as
%pu(r), which retains a microscopic feature. This means that the ranges within which the
correlation functions C*(r) and C*(r) are not zero remain microscopic sizes because of Eq.
(51). The correlation function g(r) %1 decays to zero much more slowly than c(r).!3!®
Thus, the behavior of g(r) %1 is different from the behavior of ¢(r), which has a tendency
to maintain the microscopic feature.

This is demonstrated by the solution that is obtained by solving the Ornstein—Zernike

equation recursively. The solution is given as a function of r as the distance between particle

1 and particle 2. This is expressed by

g(r) %1 =c(r)+p  c(riz)c(rsy)drs

#o# Vv
+pp c(ri3)c(raq)e(ryg)drsdry + - -+ | (63)
VAR,
where the convolution integrals denote contributions from particle 3, particle 4, - -+, which

are distributed around particle 1 and particle 2 that exist away from each other at a distance
r. Contributions from particle 3, particle 4, -- -, make the behavior of g(r) %1 differ from
the behavior of ¢(r).

Pair correlation function ¢(r), which must satisfy the Ornstein—Zernike equation, in-
volves the contributions of many particles, which are expressed as the convolution integrals
of c(r13)e(rss) -+ - e(rma) (m = 3,4,5,--+) found in Eq. (63). This means that the pair cor-
relation function g(r), derived from the use of an approximate ¢(r), involves contributions
of many particles, even when the approximate ¢(r) is obtained from the contributions of
limited principal particles. Even without the use of an accurate ¢(r) obtained from the
contributions of all the particles that should be considered, the mathematical procedure for
making g(r) satisfy the Ornstein—Zernike equation makes it possible to address the necessity

of considering the contributions of many particles.

ii ) Concept for the MSA

When the relation between the distance r and the hard-core diameter o of each particle
satisfies r | o, relation g(r) %1 = %Il should be satisfied. Hence, Eq. (63) requires ¢(r)
to be negative even for /o + 1if 0 < r/o < 1 is satisfied. Every convolution integral in
Eq. (63) cannot always positively contribute to the magnitude of g(r) % 1. Nevertheless,

the magnitude of g(r) % 1 can remain a positive finite value at a large r that is out of
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the effective range where ¢(r) # 0. This means that convolution integrals that positively
contribute to the magnitude of g(r) %1 are dominant in Eq. (63) at a large r, where ¢(r) + 0
is satisfied. Thus, the manner in which the direct correlation function ¢(r) contributes to
the magnitude of g(r) %1 denotes that the long-range contribution characterized for o < r
differs from the short-range contribution characterized for r ! . This behavior agrees with
the concept for the MSA| i.e., that ¢(r) is given as the sum of the short-range contribution

and the long-range contribution.

iii ) Relations of C*(r) and C*(r) with c(r)

The direct correlation function ¢(r) is the contribution of all non-nodal diagrams consist-
ing of paths of f-bonds between the two root points. Similarly, C*(r) is the contribution of
all non-nodal diagrams having at least one path of all f™-bonds between the two root points.
C*(r) is the contribution of non-nodal diagrams that do not include paths of all f*-bonds
between the two root points. The similarity among these diagram structures suggests that
both the behavior of C*(r) and the behavior of C*(r) should be similar to the behavior of
¢(r). According to the MSA 3¢ direct correlation function ¢(r) is given by Eqgs. (61) and (62),
and outside the effective range of the hard-core potential, ¢(r) behaves as the sum of the
long-range contribution ¢(r)/(%Bu(r)) = 1 and the short-range contribution c’(r) = 0. Ac-
cording to the similarity between ¢(r) and C'*(r) with respect to the diagram structures, the
behavior of CT(r) is given as the sum of the short-range contribution expressed as C°T(r)
and the long-range contribution to C'*(r). According to the similarity between ¢(r) and
C*(r) with respect to the diagram structures, the behavior of C*(r) is given as the sum of

the short-range contribution expressed as C%*(r) and the long-range contribution to C*(r).

( d ) Behavior of C*(r) found for 0 < %Bu(r) ( 1 at a large r.

The behavior of C*(r) at a large r can be readily determined. If the distance r be-
tween particle 1 and particle 2 is sufficiently large, then |Su(r)| should be sufficiently small.
Equation (30) can then be approximated as

4

2

(%@u(r)):w % ;i_ (%BU(T))MQ

™

p(r) =

3|

w

+ (YBu(r))"? + - . (64)

=l

7
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If p(r) given by Eq. (64) is substituted into Eq. (59), then the following formula is obtained:

O7(1) = e A OB 9o 00

() 903u(r) 9% - —(%5u(r))*? %o (63u(r))” + >

T — y —
™ ™

(
(%Bu(r))”? +-- . (65)

A long-range contribution to C*(r) is obtained from Eq. (65) by considering an assump-

tion that is made for 1 < r/o as

+ P(r)* [%Bu(r)]* with 1! v,

, 0 < %Bu(r) (1.
Here, o is the diameter of the hard-core of each particle. At the minimum, relation
P(r)/[g(r)%1] ! 1is always satisfied because of g(r)%1 = P(r)+D(r)%1 and 0! D (r)%l.
This relation is consistent with Eq. (48) that is satisfied without the percolation of physical

clusters. Thus, the magnitude of P (r) for 0 < %5u(r) (1 should satisfy
g(r)%1 = P(r)
%Bu(r) — %Bu(r)
The MSA yields ¢”Y (r) /[%Bu(r)] = 1 for 1 < r/o. Then, a general assumption lim; ., u(r) =

0 allows ¢"Y (r) = Y (r) /{1 Yoexp[Bu(r)]} owing to the PY approximation to result in

0 PY (
1mM: im L ¢ () %1 =-.
r—oo %0u(r)  r—oo %Bu(r) 1 %exp(Lu(r)) 2
Therefore, the above general assumption allows the following relation to be derived
1 P
Lo tim ) g,

2 r—oo %Bu(r)
This result denotes that the behavior of P(r) for 1 < r/o and 0 < %Bu(r) (1 is expressed
as P(r) * [%Bu(r)]* with 1! v. Owing to this behavior of P (r), a long-range contribution®’
to C*(r) is found from Eq. (65) as

L %esu(r) Y. (for 1<r/o and 0 < %3u(r) ( 1), (66)

Ctir)+ =
)+ 5=
(‘e ) Behavior of P(r) found for 0 < %Bu(r) (1.

The expansion of Eq. (59), which is obtained in powers of %5u(r) for |Su(r)| (1 based

on the substitution of p(r) expressed by Eq. (64), can be given instead of Eq. (65) as follows

: . K
Plr) =# ‘Vc;z((:) 3’4;(%5U(7“>)1/2 + ;_i((:)ﬁu(r)) ;r 27?:%,},2 % 5,4(% (%Bu(r)¥2 + - -
P |3 FON g ) (67
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The use of Eq. (66), which is obtained under the condition that no percolation of physical
clusters occurs, enables Eq. (67) to yield an approximate behavior of P (r) for |fu(r)| (1. If
relation Y (r)/(%Bu(r)) = 1 given for the MSA is considered at each r satisfying 1 < r /o,
then Eq. (67) allows the approximate behavior of P (r) to be expressed as

_ 152,2%(%@(70))3’2 for 0 < %u(r) (1. (68)

P(r)

P(r) given by Eq. (68) directly depends on the feature of Su(r). Then, the effective range
within which Su(r) remains nonzero finite values can be microscopic. Hence, the magnitude
of P(r) given by Eq. (68) involves contributions from only limited particles. Despite this, if
each physical cluster formed in a fluid where no percolation occurs has a fractal structure,
P(r) given by Eq. (68) should represent the characteristics of the fractal structure within
the rang where Su(r) remains nonzero finite values.>” Physical clusters can grow beyond the
range that depends directly on the feature of Su(r). The physical clusters can hold a fractal

structure as discussed in II BS.

( ) Simple closure scheme for Eq. (49)
i) Simple closure scheme for estimating P (r)

The similarity between the behavior of ¢(r) and the behavior of C*(r) with respect to
the diagram structures should allow the behavior of C*(r) to be given as the sum of the
short-range contribution expressed as C°"(r) and the long-range contribution to C*(r).
An approximate C'*(r) given by the sum becomes a simple closure scheme for the integral
equation given by Eq. (49). The long-range contribution to C*(r) is given by Eq. (66).

Thus, a simple closure scheme similar to the MSA is expressed as

Ct(r)=C"(r) + (%Bu(r))gl2 for Bu(r) <0, (69)

37
where for the short-range contribution C°*(r) the behavior similar to °(r) is required ac-

cording to an analogy with the MSA. Thus, C°"(r) should be given as
C'(r)y=0, foro! (70)

The most completely short-range interaction between pair particles must be attributed to a
hard-core potential. For diameter o of the hard core of each particle, the hard-core potential
does not directly contribute to the interaction between the pair particles for ¢ ! r. Thus,

Eq. (70) should be justified as an approximate expression, according to the MSA.
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ii ) Recursive solution for P (r)

According to the MSA, ¢(r) decay to zero as rapidly as %5u(r), which retains a micro-
scopic feature. Eq. (69) demonstrates that C*(r) behaves in a way similar to ¢(r); however,
Eq. (69) requires it to decay to zero more rapidly than %5u(r). Then, the effective range
of %Bu(r) can remain a microscopic size. Despite this fact, P(r) can still have a finite
value that is nonzero even out of the effective range. This can be explained via a recursive
solution. The solution is obtained from solving Eq. (49) recursively in the same manner as
the mathematical procedure for solving the Ornstein—Zernike equation. Thus, the integral
equation expressed by Eq. (49) has a recursive solution given as

P(r)=C*(r)+p C*(ri3)C"(rs)drs

# # v

+pp CT(r13)CH (r3q)CT (r49)drsdry + - - - . (71)
VARY;

According to Eq. (71), if particle 2 is located at a distance r from particle 1, then the
probability that both particle 1 and particle 2 belong to the same physical cluster can be
increased by the contribution of other particles (3,4,---). Each term on the right-hand
side of Eq. (71) has a magnitude proportional to the above probability while depending
on the contribution of other particular particles (3,4,---). Although the first term C*(r)
without the contribution of other particular particles is the exception, the first term is also
proportional to the probability that both particle 1 and particle 2 belong to the same physical
cluster. If the contributions of particles (3,4, -+ ) distributed around particle 1 and particle

2 are nonnegligible, then it is possible for P(r) to remain nonzero, even out of the effective

range in which C*(r) # 0.

iii ) Conwvolution integrals synthesizing recursive solution

Each convolution integral on the right-hand side of Eq. (71) is positive because 0 ! C*(r)
is satisfied everywhere because of 0! P (r) (0 < r). In Eq. (63), the convolution integrals
must not always be positive as ¢(r) is negative for 0 < r/o ! 1 because g(r) %1 + %1
(0 < r/o ! 1) is satisfied. The contributions of particles (3,4,---) distributed around
particle 1 and particle 2 to P(r) seem different from their contributions to g(r). Despite
this, Eq. (63) corresponds to the sum of the contribution from D and the contribution from P,

according to Eq. (38). The contribution of Eq. (71) to ¢g(r) is hidden in the expression of Eq.
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(63), although Eq. (63) is obtained from the Ornstein—Zernike equation. The contribution
of Eq. (71) to g(r) should be considered the contribution of the physical cluster formation
to g(r).

In addition, the pair connectedness P (r), which must satisfy the integral equation given
by Eq. (49), involves the contributions of many particles, which are expressed as convolution
integrals found in Eq. (71). This means that the pair connectedness P (r) derived from the
use of an approximate CT(r) involves the contributions of many particles, even when the
approximate CT(r) results from contributions of limited principal particles. Even without
the use of an accurate C*(r) obtained from the contributions of all the particles that should
be considered, making P (r) satisfy the integral equation given by Eq. (49) enable us to

address the necessity of considering the contributions of many particles.

(g ) Simple closure scheme for Eq. (52).
i) Simple closure scheme for estimating H(r)

If Bu(r) is positive, there is no particle pair that contributes to the magnitude of C'*(r)
and then every particle pair contributes to the magnitude of C*(r). Even if Su(r) is negative,
then particle pairs contributing to the magnitude of C*(r) exist. The magnitude of C*(r)
results from the contribution of non-nodal diagrams that do not include paths of all f*-bonds
between the two root points 1 and 2. Particle pairs contributing to the magnitude include
particular pairs. Then, each of the particular pairs is formed by two particles interacting in
an unbound state where the contribution of the relative kinetic energy of the pair particles
exceeds the contribution of the mutually attractive force between them.

If the MSA and the behavior of P (r) given by Eq. (68) are considered, then Eq. (38) and
the PY approximation g"Y (r) = Y (r) /{1 %exp[Bu(r)]} result in

D(r) %1+ %%ﬁu(?“) for 1( r/o. (72)

Eq. (72) denotes the behavior of D(r) found for 0 < | % Su(r)] (1 at a large r. Then,
particles contributing to this behavior are very limited.

The behavior of D(r) %1 at a large r allows Eq. (60) to lead to
C*(r) + %pu(r) for 1( r/o. (73)

This is the long-range contribution to C*(r). Thus, the use of Eq. (73) allows the behavior

of C*(r) to be approximately expressed as the sum of the short-range contribution expressed
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as C%(r) and the long-range contribution to C*(r) according to an analogy with the MSA.

This means that an approximation of C*(r) is given for either Su(r) < 0 or Su(r) > 0 by
C*(r)= C™(r) % Bu(r), (74)
C™(r)=0, for r > o. (75)

The hard-core potential does not directly contribute to the interaction between them for

r 0 o. Thus, Eq. (75) should be justified as an approximate expression, according to the

MSA.

ii ) Recursive solution for H(r)

Eq. (75) demonstrates that C*(r) behaves in a way similar to ¢(r) and decays to zero as
rapidly as %Bu(r). Then, the effective range of %5u(r) can remain a microscopic size. De-
spite this fact, H(r) can still have a finite value being nonzero even out of the effective range.
This can be explained via the solution that is obtained from solving Eq. (52) recursively.
The integral equation eX%ressed by Eq. (52) has the recursive solution given as

H(r) =C*(r) +p  c(r3)C"(ra2)drs + pp c(r13)c(r3s) C* (raz)drsdry +
# v # # V.oV

+P C*(T13)P(T32)dr3 + PP C(Tlg)c*(T34)P(T42)dI‘3dI'4
#H # # v v

+ppp c(r13)c(r34)C* (145)P (r52)drsdrydrs + - - - . (76)
V oV Vv

In Eq. (76), the convolution integrals denote the contributions from particle 3, particle 4,
-+« which are distributed around particle 1 and particle 2 that exist away from each other
at a distance r. The contributions from particle 3, particle 4, ---, make the behavior of
H(r) differ from the behavior of C*(r). The magnitude of H(r) can retain a nonzero finite
value at a large r out of the effective range in which C*(r) # 0.

Correlation function H(r) that satisfies Eq. (76) involves the contributions of many parti-
cles that participate in the convolution integrals. The correlation function H(r) derived from
the use of an approximate C*(r) involves the contributions of many particles, even when the
approximate is obtained from the contributions of limited principal particles. Even without
the use of an accurate C*(r) obtained from the contributions of all the particles that should
be considered, the mathematical procedure for making H(r) satisfy Eq. (52) enables us to

address the necessity of considering the contributions of many particles.
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5. Percolation of physical clusters in Yukawa 3uid specibped by k!

( a ) Percolation phenomena

In a fluid system, each physical cluster of particles is formed via bonds between the
particles. A bond occurring for particle pair is defined as a bound state in which relation
E(p) + Su(r) ! 0 corresponding to Eq. (28) is satisfied for the particle pair. The bond
denotes the situation where the contribution Su(r) of the attractive interaction between
two particles exceeds the contribution E(p) of their relative kinetic energy. An ensemble of

particles linked with each other via bonds corresponds to a physical cluster.

The fluid system involves the smallest clusters formed by only a single particle, the second
smallest clusters formed by two particles, ..., and the largest clusters formed by a number
of particles. Percolation of the physical clusters corresponds to the case that the mean size
of the physical clusters becomes comparable to the number of particles contained in the fluid
system. The percolation of physical clusters can be estimated using the pair connectedness.
A Yukawa fluid is a fluid system used to analytically estimate the percolation of physical

clusters.

An alternative definition concerning a bond formed between two particles is given as
Hill’s idea?, and the formation of a bond depends on distance r between a particle and
another particle. According to the idea, a bond is formed between the two particles if r
satisfies r | rg, for rs having a special value. A situation where E(p) > %Bu(r) is satisfied
for ! rg should be distinguished from another situation where E(p) ! % Su(r) is satisfied
for r ! rs. However, the definition, depending on distance r does not allow us to distinguish
between the two situations. If this difficulty is avoided using a definition subjected to the
relation E(p) + Su(r) ! 0 for a fluid consisting of atoms or molecules, then the temperature

dependence of percolation can be satisfactory.

A Yukawa fluid system can allow particular attention to be paid to the dependence of
the liquid-phase stability on the effective range of the attractive force, which occurs for a
Yukawa potential working as a pair potential between two particles forming each pair.?® Such
a Yukawa fluid system also should allow us to obtain the dependence of the generation of the
percolation state on the effective range of the attractive force. In fact, the dependence of the
generation of the percolation state on the effective range can be dertermined for Yukawa fluid

systems with an adjustable parameter.?” The dependence can also be determined for other
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fluid systems composed of core-soft-shell spheres with an attractive square-well potential.®®

Structures of physical clusters are influenced depending on whether dominant one is the
particle-cluster aggregation or the cluster—cluster aggregation as the formation process of
physical clusters. A specific fractal structure of physical clusters is obtained from a forma-
tion process in which the cluster-cluster aggregation is dominant.*® The fractal dimension
that specifies the structure can depend on the formation process of the physical clusters.
Examining the pair connectedness should yield the fractal dimension that can characterize
the physical clusters formed in a fluid system.

The use of the pair connectedness is meaningful for analyzing phenomena that involve
the physical cluster formation. Many phenomena can be found as those depending on the
sizes of physical clusters. The electrical conductivity of liquid mercury maintained at a low
density at a temperature near the critical point 7T, decreases at a rather steep gradient as
the density of mercury, pn,, decreases.!® The difference between the absorption of infrared
at a particular density p{_|g and that at a density below p{_|g increases as the temperature
decreases. This difference at temperatures lower than 7 is much larger than that near 7g.2
For a Hy fluid near Tt, the real part of the dielectric constant determined using optical
reflectivity and absorption measurements increases sharply at a particular density as pp,
increases.? To induce these phenomena, the formation of physical clusters of Hg-atoms in
each Hy-fluid can play a role. The lowest energy required for exciting an electron of each
metallic atom constituting a physical cluster decreases toward zero as the number of metallic
atoms forming the physical cluster increases. The distribution of physical cluster sizes in
a fluid consisting of metallic atoms is a factor that determines the dependence of optical
absorption on the frequency of light.?*

Near liquid-vapor critical points, the viscosities of fluids exhibit an asymptotic divergence.
Berg and Moldover?? determined the critical exponent that can characterize the asymptotic
divergence by measuring the viscosities of carbon dioxide and xenon near their critical points.
In these fluids, the distribution of particles can never be uniform owing to the large density
fluctuations caused by the formation of physical clusters. Such fluctuations can result in a
characteristic increase in the viscosities of fluids near the critical points.*!

An mutually attractive force between the particles for each particle pair can drive the
phase separation, and it is assisted by the physical cluster formation. The mean size of the

physical clusters can be affected by the effective range of the attractive force. Therefore,

49



the dependence of the liquid phase stability on the effective range of the attractive force3®

should be related to the sizes of physical clusters.

( b ) Practical closure scheme for Yukawa fluid
In a Yukawa fluid, motion of each particle is subject to a Yukawa potential being a pair
potential that contribute to the mutually attractive force between two particles consisting
of each pair. Moreover, each particle carries the hard core of diameter ¢. The Yukawa
potential can, then, be described by
—'r

Buy (r) = WkoddS

(77)

)
T

where kodd is defined by
kodd " BKeC (78)

In Eq. (78), a parameter K corresponds to the maximum depth of the Yukawa potential. In
Eq. (77), the magnitude of x~! denotes the effective range in which the pair potential can
effectively contribute to the interaction between two particles.

Then, the long-range contribution to C*(r) is caused by the Yukawa potential. This
allows Eq. (69) to yield a closure scheme corresponding to the MSA. With accompanying

Eq. (70), this closure scheme is expressed as follows:

. Tys
. C (T’)ZC (T)—Fﬁ %BUY(T) (79)

» O (r)=0 (1<r/o).
Here, mathematical procedures for analytically solving the integral equation given by Eq.
(49) require the long-range contribution to C*(r) in Eq. (79) to be modified. The modifi-

cation allows a practical closure scheme to be given as

)
T Ot (r) = CO(r) + kdde ™ /r

. (80)
» O (r)=0 (1<r/o),
where )
%/2/0 " 4/(3 )] (ko)) 2 explfi]
% ju d3/2 (81>

v Zo " (3/2)ko + fa.

20



In Eq. (81), a coefficient fy is defined by

6 . 7
W T Inv | P
fu 2A)l %1 (1" v<&; n=23). (82)

Hence, the use of the practical closure scheme given by Eq. (80) allows physical quantities
obtained from a solution of Eq. (49) to depend on a parameter v.
The practical closure scheme given by Eq. (80) means that 1/r"?2 (3 = 3,5,--+) is

approximately expressed as

)

E o (0 expli /2% ) exp(n/2 %6 rfolfr. (=1, 2 =3.5.-)

% r'ﬁlL2 + (U_ﬁ/ 2+1) exp[f#] exp[%f#r/a]/r, (1 v <& 5 n = 37 57 Y )7 (83)
¥ _— )

Dot O (v=8&, n=35,),

where fy is defined by Eq. (82). In the case of ¥ = 1 and n = 3, the approximation given
by Eq. (83) somewhat underestimates the long-ranged contribution of C*(r). In the case
of v = & and n = 3, the approximation given by Eq. (83) somewhat overestimates the
long-ranged contribution of C*(r). On applying the Yukawa potential to Eq. (79), the
contribution of the factor (e=" )¥2 to the decay of C*(r) can be much more dominant than
the contribution of the factor (1/r)¥? as r increases. Considering this, the contribution
of the factor (1/r)¥?2 can be approximated by the contribution of 1/r in Eq. (79). This
corresponds to the case of ¥ = & , which can become a reasonable approximation for a
large k. For an extremely small k, the decay of C*(r) cannot strongly depend on the factor
(e=" )32, Then, the decay of C*(r) deviates from the decay given for v = & by Eq. (80).
However, the decay of C*(r) is located between the decay given for v = & by Eq. (80) and
that given for v = 1 by Eq. (80).

If Eq. (49) can be exactly solved with the closure scheme given by Eq. (79), then it
is expected that the value of P(r) that is assessed from a solution obtained in a specific
condition can be found between two values. In this condition, one of the two values is
assessed from a solution of the integral equation system formed by Egs. (49) and (80) when
specified by v = & . Under the same condition, the other is assessed from the solution when
specified by v = 1. The expectation mentioned here is caused by the practical closure given
by Eq. (80). If the value of v satisfies 1 < v < & , then the approximation given by Eq. (83)
can allow the value of P (r) estimated with the use of Eq. (80) to fall between the value of

P (r) given in the case of v = 1 and the different value of P(r) given in the case of v = & .
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All physical quantities that are estimated from a solution P (r) obtained from Eqs. (49)
and (80) depend on the value of v, as demonstrated by the phase diagrams given in Fig. 35.
Therefore, the coefficients &+© and &+ which are defined by the integration being given
by Eq. (116), depend on the value of ¥ when the practical closure given by Eq. (80) is used.
Indeed, the internal energy and the pressure that are estimated from the use of the solution

P obtained from Egs. (49) and (80) depend on the value of v.12

( ¢ ) Determining reasonable value of fu
It is necessary to determine a reasonable value of fu, which makes Eq. (80) become a

suitable approximation of Eq. (79). Equation (80) requires that 7(r) defined as
m(n/2;r)" 1/rY2 (A=3,5--")
be approximated by m,(7n/2;7) defined as
Ta(0) 2, fi) " oV et expl%( fy /o)) /7
For arbitrary fu that is not restricted by Eq. (82), the functions 7 and m, satisfies at r = o
m(n/2;0) = ma(n/2;0, fa).

Despite this, the decay of m,(n/2;7, fu) toward zero is faster than that of w(n/2;r) toward
zero for a large r. Then, a way to reasonably determine the value of fy is necessary.

There is a particular value of fy for which the integral of m,(n/2;7, f«) for the interval
o! r < & is equated with the integral of w(n/2;r) for the interval o ! r < & . At the

value of fx, the following relation is satisfied:
# #

oow(ﬁ/Q;r)dr = Ooﬂa(ﬁ/Z;r, fu)dr. (84)
( (

Equation (84) results in
(1/291)7" = % Ei(%fy), (7 =3,5,-), (35)

1
where the exponential integral Ei(z) is defined as Ei(%z) " % e ' 'dt (z > 0). In Eq.

X

(85), Ei is estimated as

Ei(%fy) =In fu +v+  (%1)" %
m=1 ’
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FIG. 1. Comparison between !" ,(A/ 2;r,f %) and !" (A/ 2;r); (! " #"2) for A = 3. Dashed curve

corresponds to !" ,(A/ 2;r,f ). Thick curve corresponds to !" (A/ 2;r).

In the above, v is Euler’s constant given as

8 9

nmnm

v = lim %lnm = 0.5772156649 - - .

m—oc0
k=1

Equation (85) specified for n = 3 is satisfied for fz = 0.1018532115: - (corresponding to
v =13.93091523 - - - ).

In Fig. 1, a comparison between the decay of 7m(n/2;r) and the decay of 7m,(n/2;r, f)

can be confirmed for fy = f, , specified by n = 3. Then, 7 is defined as 7" o2 and Tty »
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is given for n = 3 as

fi,,, = 0.1018532115. (86)

( d ) Solution of integral equation

The use of Baxter’s @ function*® has allowed several analytical calculations for the
Ornstein—Zernike equation.?3® The use of Baxter’s @) function enables Eq. (49) also to
be solved analytically.?” Then, it is useful to consider the closure scheme given by Eq. (80).
The Fourier transform of the integral equation given by Eq. (49) is a useful and mathematical
treatment.

A Fourier transform of a correlation function symbolized by F(r) is expressed as F(k).

Then, F(k) is defined by
)
% 1
TEE)" limyoep  F(r)explik-rlde, (r"| x|, E"]|k|),
v

*

1 (87)
v F(0) =limy o0 p , F(r)dr.

For use of the above notation, the Fourier transform allows Eq. (49) to be expressed as

1+P(k) 1 %(-‘J*(k)( = 1. (88)

The use of Baxter’s @ function?® enables Eq. (88) to be divided into two equations as follows:

)
FI0 (1) = @ (B (300,

* (—1 (89)
1+ P(R) QF (k)= @7 (%k)

where @7 (k) corresponds to Baxter’s @ function,*® which is defined by
QF (k)" 1%pQt (%ik)

Q+ " 10 Q+() —stq¢ (90)
1,

r T QT (%k) e dk =0.

Sttt PR N—

For k = 0, Eq. (89) allows an important relation for estimation of percolation of physical

clusters to be obtained because of Eq. (90) as follows:
(-2 #
1%pHt(0) =14p P(r)dr, (91)
v
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where

#
limP(k)=p P(r)dr. (92)

Thus, the substitution of Eq. (91) into Eq. (44) allows the mean physical cluster size to

be estimated as

S = 1%ph (0) . (93)
Then, the percolation threshold of physical clusters corresponds to the condition specified
by 1%p®*(0) = 0. If Q*(r) is determined, then the percolation threshold is estimated from
relation 1% p&*(0) = 0.

Baxter’s () function allows an equation concerning P (r) and the other equation concerning
C™(r) to be separated from the integral equation formed by Eq. (49) as seen in Eq. (89).
Moreover, two equations are obtained from the substitution of Eq. (90) into Eq. (89). If the
integration of the product of each of the two equations and e~ is performed with respect
to k in the range %& < k < & , then two inverse transforms are obtained from Eq. (89).13
One of the two inverse transforms expresses a formula concerning P (r), which satisfies Eq.

(49). The other expresses a formula concerning C*(r), which satisfies Eq. (49). Thus, the

two formulae are given as follows:

#

2mrP(r) = %d%Q*(r) +27p h QT () (r%t)P(Ir %t))dt, (0<r<&), (94)
0

and

#

2rCH(r) = %%Qw) +p Q*(t)%@*(r L (O<r<&).  (95)

0
The use of these two equations allows Q(r) to be determined.

A relation P(r) = 0 given by Eq. (39) for r < ¢ and the requirements of C*(r) given
by Eq. (80) require the function @*(r) in Egs. (94) and (95) to be of limited forms. The

limited form should be given as
Q(r) =Qf(r) + D™, (96)

where
)
QI (r)=(r%o)j+Ce? %e2) (r <o)

*

» Qa(r)=0 (o! 7).

(97)
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In Egs. (96) and (97), the unknown coefficients C, D, and ¢ can be determined via the use
of Egs. (94) and (95). As a result, the function Q*(r) is determined. Therefore, the pair
connectedness P (r) is determined via Eq. (94).

If limy 1 )00 P () = 0 owing to the hard-core potential contributing for » < ¢ is considered
according to Eq. (39), then the substitution of Eq. (96) into Eq. (94) allows a relation for

r < o to be obtained as
# oo
%j + Ce ™ + 2De ™ %2rpDe ™ P(t)e™?'tdt =0, (r <o). (98)
0
If the left-hand sides in Eq. (98) is compared with the right-hand sides, then the restrictions

for the coefficients are yielded as follows:

o (99
and
O = %(1 %P (3)D, (100)
where
# #
B onl Pt =2nt  Pe (101)
0 (

Under the condition that o ! r is satisfied, the substitution of Egs. (97) and (80) into Eq.
(95) allows the following relation to be obtained:

omkdd = 3D % 5pDO* (%), (102)

where

#

by Qe
0

P T eS|
- Yoe 0/1/06 —i—Dl

0

— —. (103)
S+ =z S S+ z

The expression given by Eq. (103) can be obtained by substituting Eq. (96) into the integral
for defining &*(s) in Eq. (90).

For r < o, Egs. (96) and (97) allow Eq. (94) to be modified as
#

0=23Ce™ 42D +21p QT (t)(r %t)P(|r Y%t])dt. (104)

r
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Equation (104) is equivalent to Eq. (98) which has no singularity for 0 < r < & ; hence, Eq.
(104) is satisfied for 0 < r < & . If each factor given by Eq. (104) is subtracted from each

factor given by Eq. (94), then a formula for o ! r can be obtained as
#

r
2P (r) = %:Ce ™™ +21p QT (t)(r %t)P (r %t)dt. (105)
0

A relation between P (%) and @ (%) is estimated from the Laplace transformation corre-
sponding to performing the integration of the product of exp(%zZr) and Eq. (105) with
respect to r within the range 0! r < & . This is given as

v

z

;Ib(é)[l % pd)* (%)) = %%éeﬂ : (106)

A relation between P (%) and D is obtained if (%) obtained from the substitution of Eq.
(100) into Eq. (103) is substituted into Eq. (102). This is given as

o 0 o 24% Rd“d“G 0 %e20)2(1 %P (5 G
D _ 5o 1% 1 A’(z()z(_ 1% (1%e ' )*(1%P(2)) 107)
o? 6o 1% (1%e20)2(1 %P (%)) ’
where ¢ is the volume fraction defined as
6" T pod. (108)

6
Another relation between P (%) and D is obtained if Eq. (100) is substituted into the
formula obtained from the substitution of Eq. (103) into Eq. (106). This is given as

' v

(
B2 = 20 2 L prxy1 o) 2

TZ0o o2

(109)

Using Eqs. (107) and (109), the unknown coefficients D and P (%) can then be determined.
The coefficients D and P (%) must depend on the value of v (1! v < & ) according to Eq.
(81).

( e ) Estimation of percolation threshold for single-component Yukawa fluid
The mean cluster size S given by Eq. (93) can be estimated via the use of @*(0). &*(0)
is determined from the use of Egs. (100) and (103) as

207(0) = %e 2 (X %1 % 0)(1%P(%)D + D. (110)

The substitution of Eq. (110) into Eq. (93) allows the mean cluster size S to be given as

; D (<.
S = 1%7?;0; (1+20)e ™2 +[1%(1 + 20)e 2P () . (111)
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According to Eq. (111), the percolation threshold at which 1% p@*(0) = 0 should hold can

be estimated using the following equation:

' o (_
69 D (1 4 2002 %1% (1 + 20)e 2B () = 0. (112)

o o?

The value of P (%) at the percolation threshold is obtained by substituting Eq. (109) into
Eq. (112) as
; ' (1< (o
PP =2 254+ % (20)2+1 e 20 9%1 + 250 (113)
where PP is the value of P(%) at the percolation threshold. If the value of kdd at the
percolation threshold is expressed as (kdd)P, then the value of (kdd)® can be obtained by

modifying Eq. (107) as

LIDP 2o DP ' 6 e,
u:;_a._zmj_qz 1% (1%e 2)2(1%PY) — | (114)
g T ag T

o2
where D¥ is the value of D evaluated from Eq. (109) for P (%) = PP, The value of K?/o
being the value of K/o at the percolation threshold can be estimated through relation
(kdd)* Jo = [4/(3" T)(BK? [0)¥2 exp[fs] exp[(3/2)k0] obtained from Egs. (78) and (81).
The substitution of Eq. (109) into Eq. (114) results in a relation expressed as 1/K* 1 ¢
with o = 2/3. Relation 1/K¥ 1 ¢' with a = 1 corresponds to that given by Xu and Stell.?”

( £) Solution for Ornstein—Zernike equation for single-component Yukawa fluid

To analyze the behavior of a single-component fluid, coefficients &+© &+@) &=0) g+,
£ and E? must be derived from correlation functions &+ (r), &*(r), and k(r). Then, a
way to differentiate a Fourier transform F(k) of a correlation function F(r) is useful for
estimating coefficients &+@ &) and E@. If a differential operator with respect to k is
defined as 2 " (0/0kx,0/0ky,0/0k,) owing to the use of the three-dimensional elements

of k denoted by (kx, ky, k), then the use of this operator allows derivatives of F(k) to satisfy

s
lim lim p(d*/dk*)  F(r)exp[ik - r]dr = (11/6) Ilir%Z k- 2kF(k),

k—0V —o0 v

1
where 2y - 2 F (k) = %limy o p , F(r)r? explik - r|dr. Therefore, the following relation

is found for macroscopic V:
#
p  F(r)r’dr = %(6/11) Iyné(dQ Jdk*)F (k). (115)
Vv —
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If F() is defined as
$ 1%./ o H#
b 2 F(ryrdr (a=0,2,4), (116)
v

then, F(© satisfies the following relation:

pF© = 1im F (k). (117)
k—0
Moreover, Eq. (115) is expressed as
pF® = o(1/11) lim (d®/dk?) F (k). (118)
%

i) Estimate of coefficients €+ and &+
Based on Eq. (117), a coefficient &+ is given by the following relation:

p&r O = lim &% (k). (119)
Eqs. (89) and (90) require &+©) to satisfy
' ( (
p&+O) = 1% lim 1% p&* (%ik) 1% pdT(ik) . (120)
—
Moreover, if Egs. (115) is used with Egs. (89) and (90), &*+® can be estimated as
o , 6 7 g $ q %,.
FH2) — op % 1m0 + L bhriayos Lot
p& Yo lim %1 +pQ" (s) 5@ ()% pQ(s) (121)

Therefore, Egs. (120) and (121) allow &+© and &+ to be assessed with the use of Eqgs.
(90) and (103). Then, the use of Eq. (80) makes the value of &+© for fy = 0 (v = & ) differ
from that for fy = 1/2 (v = 1) and makes the value of &+® for f,, = 0 differ from that
for fi = 1/2. This is exemplified by Figs. 2 and 3. In these figures, pC 1t 0 and pC' t 2/00
correspond to p&T@ and p&+® | respectively.

ii ) FEstimate of &+ gnd E*@ based on solution of Ornstein—Zernike equation

Coefficients @*© and &*@ can be estimated as $*©) = £O 95 E+0) and &*@ = L2 9
E+@ based on Eq. (51). Coefficients &+ and &+ are estimated by Eqs. (120) and (121).
If the pair potential u(r) contributing to the mutually attractive force between pair particles

is independent of the momenta of the particles, then the pair potential used when solving the
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FIG. 2. Dependence of $E(© on %and dependence of $E+@/# 2 on %at &# = 1.8 and #I'K =
1.0315 (corresponding to temperature near the critical point). (s is given as (s = 13.9309, and
( = (s is a relation for which Eq. (85) obtained from Eq.(84) is approximately satisfied. $C 1t 0

and $C t 2/## correspond to $EHO) and $ET@/# 2 respectively.

integral equation given by Eq. (49) is not distinguished from that being used when solving
the integral equation given by Eq. (52). Then, the pair potential used to solve the integral
equation given by Eq. (49) can be used for solving the Ornstein-Zernike equation. From a
solution of the Ornstein-Zernike equation, coefficients F? and £® can be estimated. Thus,

coefficients &*© and &*? can be estimated without solving the integral equation given by
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FIG. 3. Dependence of $EHO) on #/'K (corresponding to reduced temperature) and dependence
of $Et@D#2 on #'K  at &# = 1.8 and % = 0.172 (corresponding to density near the critical
point). (s is given as (s = 13.9309, and ( = (s is a relation for which Eq. (85) obtained from
Eq.(84) is approximately satisfied. $C 10 and $C 1 2/## correspond to $E(©) and $E+@)/# 2,

respectively.

Eq. (52).

Eq. (15) with Egs. (16) and (17) yields the Ornstein-Zernike equation. The use of Baxter’s

Q function*® allows the Fourier transform of the Ornstein-Zernike equation to be expressed
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as

e

) 1+ h(k)]Qk) = Q' (%k) (122)
» 1%ce(k) = Q(k)Q(%k),

where

) 1
h(k) " limy e p , (9(r) %1)exp[ik - r]dr

Q(k) " 1% pd)(%ik)
1
O(s)" 77 Qe sdt
Q@) = Q) +dAe™"
Q(t) = 1P (t%0)? + ¢V (t%o) + Ble™* %e () (0<t<o)
QU(t)=0 (0! 1)

%1 Loo .
%dA 10/12/"(2 o Tg(T)e % dr

(123)

(

100
;T Q(%k) Lo 4 = 0,

In Eq. (123), A, ¢V, and ¢'® are unknown coefficients.
To solve the Ornstein—Zernike equation analytically, the closure scheme based on the

MSA is given as
c(r) = (r) % Bu(r)
Ar)=0 (r/o>1) (124)

v Bu(r) = Y%kodde™" /r.

Kbt 4R N—

Then, a solution for the Ornstein—Zernike equation is given according to a known

procedure’®, and as a result, a coefficient @(5) can be given as

1 26*5( 1$ 2%' 1$ 1%'
(!2(5)—2 % + - 0—2%—+— +qY % +— %o + -
S

R ( —s(op1" dA
%d A1 % ¢ >]e( X : C 4E 2y - (125)
K+ s s K+ s
where ¢/ and ¢® are given as
M 1+ ¢/2 12 1 N
- o s o (1% e (14 20)50(%6)

o 06153 1%¢)? $ % > b

% 1+ 5 /mgol(%/{) +14+20% 1+ g KO — (126)

o
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and

1+2 12 1 . .
@) _gr 1120 ¢ (1%g¢)e=C (1 + 20) k00 (%)
>

(1%0)? # w0 (1%

dA
Y6ppa(Yor) + (1 +2¢)ko %60 — (127)
with )
*
+ " 10 0 e
vi(r) " 1%ko %e
Foits) s,
v oK) " 1%k + (ko) /2 %e™ (.
In Eq. (125), a coefficient g{') is defined as
#
: ¢ 17 L
" 12—— tg(t dt. 129
gt el g(t)e (129)

Two unknown coefficients A and ¢¢) found in Eqgs. (125), (126), and (127) must be

estimated from an equation system given as

%

_6 : W 3 ( dA :
1 % pd) (k) 0 ¢ trol" 139 —(1%g"))  (130)
7 (ko)3 o T KO o
kodd _dA " 60 wa(k) ) i) g™
p = Yo 1% 2 (2 PG
s A T (ko)? +(/<;0)2 o S
dA : 11dA
0 1 %q0) -
/0703(H> 2 (]‘ /Og >+ 2 ko o2 ) (131>
where 3 o
e e 1opeC
pa(r) " e 28 gm0 (132)

2Kk0 KO
A factor p@(k) in Eq. (130) can be given, according to Eq. (125), as follows:

6 6 @ 6 dA ? @ 3
pQ(r) = %fj—g (Q)Jr?qbs(oé_((j/;;q? %?Qs@s(/‘é)p 1%y %bgg (133)

After the substitution of Eq. (133) into Eq. (130), if coefficients ¢ and ¢ in the obtained
equation are substituted with ¢/ given by Eq. (126) and ¢(® given by Eq. (127), respectively,

then the following equation is obtained:

m(ko)’ (1%¢)* o)  m(ko)*1+2¢7 0) L @ 7(ko)31+¢/27
0 2 9 =% 3 pa(r)gt et T+ — 3
. ‘ @ . 6 7 :
% po(k)g" ) et T (1%g e (14 20) ko (Yor) Y600y (%or) + (1 + 2¢)ko %60
" | @ - $6 o7 %
t+ro o1(k)g") +e7C T (1%gl))e L5 ko (%) % (1 4+ 20)0a(%s) %1 %20
6 ¢7
+ 1+ 5 Ko + (ko)

Q)

- >
1 % 2 6 ‘ —2'( 7 ' 1 . ) A

o2
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The coefficients g¢') and dA/o? are evaluated from Eqs. (134) and (131).
Obtained values of A and g0 allow &(s) to be determined with ¢(V) /o and ¢». Therefore,
lims_,o Q(s) can be estimated from the definition of ¢)(s) given by Eq. (123) as follows:

# oo
lim (Q(s) = Q(t)dt
s—0 0_ >
= 1qV  dA? . @ : dA 1
_ 3 _q(2)%_q %— 1%g") (%1 Y%oro +e )+ —— . (135)
6 20 o2 ko 0% Ko

Similarly, the derivatives limg_, d@(s) /ds and limg_, d2(§2(3) /ds? can be estimated from the
definition of Q(s) given by Eq. (123) as follows:

#
%lim d%f) - OO_O Qt)tdt
:(74_ 2—14(](2) °>/0%§ % i—f ?1 %g" )@:U()2 %l % Ko %%(50)2 + e |
‘i—f@ (136)
and
—g° %q@) >1—12%1) + i—f ?1 % g )@/m()?’ 2+ 2k0 + (ko)? + %(/{0)3 %2 ¢ |
+zi_f@ | (137)

iii ) Coefficients ) and £?
Based on Eq. (117), a coefficient £ is given by the following relation:

pb©) = lim (k). (138)

Hence, the Fourier transform of the Ornstein—Zernike equation given by Eq. (122) allows a
coefficient £(?) to be given because of Eq. (123) as follows:
' ( (
ok =1 %lim 1% p®O(%ik) 1% pd(ik) . (139)
Moreover, if Eq. (115) is used with Eqgs. (123) and (122), then £ can be estimated as
"6 7 32 $ %,.

2 d d
2 — o i 0 - 0 —_
pE?) = /o—11 £1£I(1) Yol + p@(s) pdSQQ(s) Yo pdsé)(s) : (140)
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Therefore, Eqs. (139) and (140) allow £ and E®?) to be assessed with the use of Egs. (123)
and (125).

( g ) Evaluation of percolation thresholds for Yukawa fluids

In a fluid system, physical cluster formation and physical cluster growth affect the distri-
bution pattern of particles and can affect phase behavior. If the effects of the physical cluster
formation on properties of the fluid system cannot be ignored, they should be maximized
at the percolation threshold related to the physical clusters. Thermodynamic properties of
the fluid system can have characteristic dependences on temperature 7" at least around the
value that 7" has at the critical point or another point on the spinodal line. In the phase
diagram of the fluid system, the curved line on which 1% pt(0) = 0 is satisfied corresponds
to the spinodal line. Thus, it is important to know the relation between the locus of the
percolation threshold and the locus of the spinodal line in the phase diagram. Knowing the
relation corresponds to the understanding of the links between the distribution pattern of

particles and the features of the fluid system.

i) Percolation thresholds for Yukawa fluids

Evaluations of the percolation thresholds are achieved by the use of Eq. (114) while
considering Eqs. (78), (81), and (82). The evaluations for each Yukawa fluid exempli-
fied by ko = 0.1,0.5,1.8,3.6,7.5 allow the loci of the percolation thresholds to depend
on fy as found in Figs. 4, 6, and 7. An overestimate for the long-ranged contribution
of C*(r) is characterized by 1/7¥2 + 1/(c"?r) for fs = 0 (v = & ), and this leads to
an overestimate of [BK¥/o]7'. An overestimate of the decay of C*(r) is characterized
by 1/r3% + Y2720 /(gV2r) for fy = 1/2 (v = 1). This leads to an underestimate of
[BKY [o] 7"

For a large ko, exemplified by ko = 7.5 and ko = 3.6, the difference between the locus of
the percolation threshold for f., and that for f; is small. However, the difference between
the locus of the percolation threshold for f,, and that for f; becomes large for a small ko
exemplified by ko = 0.1. When 0 is small, a way to determine a reasonable fz,,, via Eq.(84)
should become useful. In Fig. 4, 6, and 7, the value of fs for v = vg being v = 13.9309 is
given as fy,, = 0.101853. For the fx assessed from v = vs, Eq. (85) obtained from Eq.(84)
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FIG. 4. Relation between percolation thresholds and curved line satisfying ¢(0) = 1 for each
Yukawa fluid. Curved line satisfying €(0) = 1 corresponds to the spinodal line. Each straight line
corresponds to percolation threshold. f4 and fy,,, are given as f4 = (1/6) In4 and f4,,, = 0.101853.
Upper straight line, broken line, dotted line, and lower straight line correspond to percolation
threshold given for f o, that for g, ,, that for f4, and that for f1. c(0) (= $t(?)) is expressed as

"wave €(0)”. (Continued in Figs. 6 and 7.)

is approximately satisfied.

At the temperature of a fluid that is sufficiently low in comparison with the strength

of each mutually attractive force between particles, the formation of physical clusters is
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FIG. 5. Dependence of % and

at critical point. In (b), (#/'K
by magnitude of % and magnitude of &#. Circles in (a) and (b) both correspond to specific

(#'K )c on &# for f4 =Ty, , = 0.101853. % corresponds to value

of %at critical point of Yukawa fluid characterized by &#. (#/'K )¢ corresponds to value of #/'K

)p corresponds to value of #/'K

point satisfying relation (#/'K )p = (#/'K )¢ (+ 0.94379), which is evaluated for &# = (&#)s
((&#)s " 1.924601) and % = 0.164275. For &# > (&#)s, relation (#/'K )p < (#I'K )¢ is always
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FIG. 6. Relation between percolation thresholds and curved line satisfying ¢(0) = 1 for each
Yukawa fluid. Details are same as those in Fig. 4. When percolation threshold that is evaluated
for f4,, = 0.101853 agrees with the critical point, &# + 1.924601 must be satisfied. When
relation &# < 1.924601 is satisfied, critical point specified at %= % is located in upper position of

percolation threshold specified at %= %.

possible, even in the low-density side. This should contribute even to the distribution of
astronomical matters. The evaluations for each Yukawa fluid denote that the percolation
threshold for a sufficiently small ko can be located on the low-density side as that located

above the curved line obtained from relation 3(0P/dp) = 0, which corresponds to pk® = 1.
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FIG. 7. Relation between percolation thresholds and curved line satisfying ¢(0) = 1 for each
Yukawa fluid. Details are same as those in Fig. 4. For &# = 7.5, percolation threshold estimated
for f, somewhat completely overlaps that estimated for f1. When percolation threshold that is
evaluated for fy, , = 0.101853 agrees with critical point, &# + 1.924601 must be satisfied. When
relation &# > 1.924601 is satisfied, percolation threshold specified at %= % is located in upper

position of critical point specified at %= %.

In the area located under the curved line consisting of the points at which pb® = 1
is satisfied, the gas state of each fluid allows the phase stability to disappear. Then, the

aggregation of particles allows the phase transition to occur while accompanying the phase
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separation. If the phase transition occurs in the specific area that is located under the
curved line and above the percolation threshold, then the liquid phase induced by the phase
transition can maintain a state of no percolation of physical clusters. This phenomenon is
exemplified by the phase diagrams for ko = 1.8, ko = 1, ko = 0.5, and ko = 0.1, and is
similar to that found in the phase diagram in Reference.® This phenomenon suggests that
a fluid in the liquid phase can change from a state of low viscosity to another state of high
viscosity as ¢ increases. Even if the fluid maintains a state of low viscosity owing to the
lack of percolation, the percolation that occurs as ¢ increases can allow the state to change
to another state of high viscosity.

The percolation of physical clusters is induced even in a fluid characterized by the mu-

!'is narrow. Then,

tually attractive force between particles of which the effective range x~
the mean interparticle distance must be short. If the contribution of the mutually attractive
force generates the liquid phase for a small £, then particles in the liquid phase should be
located near each other. The generation of the liquid phase should require dense parts to
be formed in the fluid. These dense parts should include extremely large physical clusters
in the percolation state. If the liquid phase is generated even at a small 7!, then the fluid
in the liquid phase should always maintain the percolation state. This is demonstrated by
the diagrams given for ko = 3.6 and 7.5 in Fig. 7. Under the condition that extremely large
physical clusters are included, the liquid phase should maintain a high viscosity. In addition,
if the linear scale is applied, then the diagrams in Fig. 7 are represented by Fig. 8.

If the liquid phase is generated in a fluid consisting of particles interacting with a short-
ranged attractive force, then the liquid phase contains extremely large physical clusters. If
%! is not small, then the mutually attractive force between particles constituting a fluid
contributes over a long range. The liquid phase that is generated in the fluid cannot include
physical clusters that have extremely large sizes. Without the formation of physical clusters
of extremely large size, the long-ranged attractive force can allow particles to be retained in
the liquid phase.

The volume fraction ¢ at the percolation threshold specified for a particular value of K

1

decreases as the effective range k™" is extended. This behavior is readily confirmed by Fig. 8.

Similar behavior has been found in a percolating system composed of core-soft-shell spheres

with an attractive square-well potential.®

1

If the effective range k™ is extended, then overlaps of the effective range depending on
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FIG. 8. Phase diagrams represented by use of linear scale for &# = 3.6 and &# = 7.5.

the distribution of particles increase. Indeed, the number of particles with which a particle
interacts increases as the overlaps of the effective range increase. Thus, an increase in £ *
can enhance a cooperative effect that contributes to the formation of a nonuniform particle
distribution. The threshold of the phase separation is expressed by B(0P/dp) = 0, and
the curved line on which S(0P/dp) = 0 is satisfied has the maximum point. The maximum
point shifts to an upper position as (ko) ™! increases. This can be confirmed by a comparison
between phase diagrams.

When a decrease in the temperature of a fluid or an increase in the density of particles

occurs, either the aggregation of particles resulting in the phase separation can be dominated
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or the generation of the percolation can be dominated, depending on the distance at which
the attractive forces between the particles remain effective. Either the generation of the
percolation or the aggregation of particles resulting in the phase separation is enhanced

1

as k! increases. Nevertheless, an increase in the value of k!

cannot allow the particles
that satisfy the criterion E(p) + fu(r) ! 0 with contribution E(p) of the relative kinetic
energy to considerably increase in the distribution of particles surrounding each particle. At
a large ¢, which allows large numbers of particles to be included in their distribution, the
tendency toward the aggregation that results in phase separation is more dominant than
that toward the generation of the percolation. At a small ¢, which does not allow large
numbers of particles to be included in the distribution, the tendency toward the generation
of the percolation can be more dominant than that toward the aggregation that results in
phase separation. According to the tendency found in Fig. 4, the generation of percolation
without phase separation is possible, even for an extremely large £ !, if ¢ is sufficiently

small.

ii ) Two possible values of g™ in each condition

Making the assumption that the pair potential contributing to the mutually attractive
force between pair particles corresponds to the Yukawa potential allows for an analytical
solution formed as an algebraic equation system composed of Egs. (131) and (130). This
algebraic equation system allows at least two values to be given for ¢ in a condition

related to the parameters: ¢, ko, and o/BK. If two values for g are expressed as gék) and

gE ), relation g(k) < 9|(_ )

becomes small. For a smaller ko, the difference can more approach a situation satisfying

is always satisfied. For a small ko, the difference (gl_ %gS ) / gL

0< (g )%g )/gl_ “) (" 1 in each condition.
Under the condition satisfying 1 % pt(® = 0, even gé) + gE) is satisfied. Then, it
is possible to find the value of g(sk) that satisfies 1 % pt® = 0. Although the value of

gEk) satisfying 1 % pt® + 0 can be found, finding the value of gfk) that exactly satisfies

1 % pt® = 0 is difficult. Moreover, quantities evaluated from the use of ¢g®) = gl(_k) can
deviate from those obtained from the use of g = gék) Curved patterns expressed by small
circles in Fig. 10 correspond to P(c)/g(c) evaluated from the use of g&) = 9|_ . Curved
dotted lines expressed in Fig. 11 correspond to D(c) evaluated from the use of g = g,(_ ),

Thus, g™ = ggk) is applied for estimating all quantities.
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FIG. 9. Dependence of P (#)/g (#) on #/'K . Both %and &# are constant. Then, P (#)/g (#) behaves
as P@)Ig#) * 'K ), () = %1.4997 ). At maximum point of each line, 1 %$£® = 0 is
satisfied. P (#) corresponds to P (#71) estimated from Eq. (142), and g(#) corresponds to g(#*)

estimated from Eq. (143).

Nevertheless, a physical meaning carried by ¢ = gfk) cannot be simply ignored. The

existence of gék) and g,(_k) suggests that a structure of a fluid satisfying 1 % pt(®) = 0 and
another structure of the fluid satisfying 1 % pt(® + 0 are possible. The relation gék) # gl(_k)
may allow phase separation to occur under the condition specified by 1% pt® = 0. Egs.

(131) and (130) are satisfied for both g = gék) and g = gl(_k). There can exist phenomena
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FIG. 10. Dependence of P (#)/g (#) on &#. Both %and #/'K

P (#)/g (#) remains nearly constant. Small circles, which deviate from straight lines, denote value
of P(#1)Ig (#71) evaluated for g = gl(_k). At the endpoint of each curved line on the small side of
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. Lines (1), (2), ..., and (15) correspond to top, second, ..., and bottom.

exemplified by liquid-liquid transitions.** According to physical intuition, gl(_k) should not be

iii ) Three parameters affecting correlation functions

4

are constant. Then, behavior of



The number np,;, of particle pairs constituted by each pair satisfying the bound condition
E(p) ! % Buy(r) increases as K increases. Moreover, np,;, can increase both as £~ ! increases
and as ¢ increases. The variations in K, k™1, and ¢ can result in variations in P (r) and g(r)
owing to the change in np,,. Then, the behavior of P(r) and g(r) owing to the variation

1

in K can differ from that owing to the variation in k~". The increase in K enhances the

L cannot

magnitude of %uy(r) in the range 0 < (r %o)/o (1, while the variation in x~
change it in this range. The behavior of P(r) and ¢(r) owing to the variation in K can also
differ from that owing to the variation in ¢. Without changes in the magnitude of %uy (o),

1

increases in Kk~ as well as in ¢ lead to an increase in the number of particles with which a

particle interacts. Thus, the behavior of P(7) and g(r) owing to the increases in either k™!
or ¢ may differ from that owing to the increase in K.

Figure 9 shows the behavior of the ratio P(r)/g(r) in the range 0 < (r %o0)/o (1.
The ratio lims_,o P (0 4 6)/g(o + ), which is described as P(c7)/g(o™), is sensitive to the
variations in the value of o/GK, and the ratio increases as K increases. In Fig. 9, P (o)
corresponds to P (o) estimated from Eq. (142), and g(o) corresponds to g(o™) estimated
from Eq. (143).

The ratio P(07)/g(c™) is weakly increased with an increase in the effective range 71,
although the ratio remains nearly constant for a large o/SK. This behavior is confirmed
by Fig. 10. Basically, the behavior of P(c") and the behavior of D(¢") are both insensitive
to variations of ko when ¢/SK is large. These behaviors are seen in Fig. 11 as well as in
Fig. 12. For a small 0/BK, P(c") is, however, increased weakly with an increase in the
value of k7!, as found in Fig. 12. According to Fig. 12, D(¢™") is then decreased with an
increase in the value of k7'

According to Fig. 13, the behavior of P(¢)/g(c) remains nearly constant for variations
in the value of ¢. Then, both ko and o/BK are constant. The ratio P(o%)/g(c) can be
considerably insensitive to the variations in ¢. The value of P(07)/g(c™") resists a decrease
in ¢. The behavior of P(0)/g(0) found in Fig. 13 does not mean that P (o) and D(o) are
both insensitive to variations in the value of ¢. In fact, an increase in P (o) for an increase
in ¢ is confirmed from Fig. 14, and an increase in D(o) for an increase in ¢ is confirmed
from Fig. 15. These features of P(¢) and D(o) denote that P (o) and g(c™) can behave as
P(ot)* ¢" and g(o™)* ¢, respectively.

The ratio P(o7)/g(o™) is given as P(c7)/g(c") = [1 + D(c™)/P(c™)]"! because of

5
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FIG. 11. Dependences of P (#) and D(#) on &# for a large #/'K . Both %and #/'K  are constant.

Then, behaviors of P (#) and D(#) remain nearly constant. Curved dotted lines, which deviate

from straight lines, denotes value of D(#1) evaluated for g) = g,Ek). P (#) corresponds to P (#1),

and D(#) corresponds to D(#7). gL (k) corresponds to gl(_k). Top three lines, i.e., top, second, and

bottom correspond to D(#), %= 0.1, %= 0.04, and %= 0.01, respectively. Bottom three lines,

i.e., top, second, and bottom correspond to P (#), %= 0.1, %= 0.04, and %= 0.01, respectively.

Eq. (38). The probability that two particles are accidentally located in the range 0 <
(r%o)/o ( 1is equal to the sum of the probability that a bound state is formed between
the particles located in the range 0 < (r %o)/o (1 and the probability that the particles
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FIG. 12. Dependences of P (#) and D(#) on &# for a small #/'K . Both %and #/'K  are constant.
Then, P (#) is increased weakly, and D(#) is decreased weakly. P (#) corresponds to P(#7), and
D(#) corresponds to D(#71). At the endpoint of each curved line on the small side of &#, 1%6$t() + 0
is satisfied. Thin lines from the top to bottom correspond to lines from (1) D(#) to (5) D(#). Thick

lines from top to bottom correspond to lines from (1) P (#) to (12) P (#).

are located in the range 0 < (r %o)/o (1 without forming the bound state. Then, P (o)
is proportional to the probability that they form the bound state, and D(c™) is proportional
to the probability that they are located in the range 0 < (r %o)/o (1 without forming
the bound state. Figures 14 and 15 denote that P(c™) and D(c") behave as P(oT) * ¢"
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FIG. 13. Dependence of P (#)/g (#) on % The endpoint of each curved line on the side of a large
% corresponds to the point at which 1 %$t() + 0 is satisfied, except the uppermost dotted line
on which endpoint is percolation threshold. P (#) corresponds to P (#1) estimated from Eq. (142),
and g(#) corresponds to g(#*) estimated from Eq. (143). S is the mean size of physical clusters.

[#'K ] denotes the value of #/'K  at the critical point.

and D(o%) * ¢". This demonstrates that g(o*) behaves as g(o*) * ¢".

As the density of particles approaches zero, the probability characterized by P(c™) ap-
proaches zero more rapidly than the probability characterized by D(o ™). If this is correct,

then the procedure for making the density approach zero should allow the distribution of
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FIG. 14. Dependence of P (#) on % Both #/'K and &# are constant. Then, P (#) can behave as
P#)* % (F = 1.0010---). Endpoint of each curve on side of large %corresponds to the point
at which 1 %$ET(0) + 0 is satisfied. P(#) corresponds to P(#1). [#/'K ]¢ denotes the value of
#I'K  at the critical point.

particles to become homogeneous, independently of attractive interactions between particles.
However, this is not correct. The probability characterized by P (o) becomes proportional
to the probability characterized by P(07)+ D(c™) when the density is sufficiently low. The
behavior of P(c7)/g(0™) revealed in Fig. 13 requires that the following relation is satisfied:

lim P (o) /g(c") # 0. (141)

%—0
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FIG. 15. Dependence of D(#) on % Both #/'K and &# are constant. Then, D(#) both can

behave as D(#) * %, () = 1.0010---). Endpoint of each curve on the side of large %corresponds

to the point at which 1% $ET(0) + 0 is satisfied. D(#) corresponds to D(#1) estimated from

D#T)=9g(#") % P#™"). [#'K ] denotes value of #/'K  at the critical point.

The feature of P(07)/g(o™) resisting a decrease in ¢ demonstrates that attractive forces
between particles allow the particle distribution to remain inhomogeneous no matter how

low the particle density is. A typical example of this can be found as the distribution of

astronomical matter.
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iv ) Estimations of P(o%) and D(o™)
In the range 0 < (r %o)/o (1, P(r) can be estimated readily. If Egs. (100) and (105)

are used with limy ()0 P () = 0 owing to a relation given by Eq. (39), then it is given as
omoP (o) = 2e” X (1 %P (2))D. (142)

In the range 0 < (r %o)/o (1, the pair correlation function g(r) can be given on the

basis of references®® as
+ ps , BK —2
glc™) =g —I—T[Fo(ma,(b)—i-fiaXFl(ma,(b)] , (143)
where
gisn L %2 30T
1%6 ' 3 1%
' 6 7 (
1 _ 3¢ 4 KO ko' .
F, "1+ —(1%e ¢ % 1%—% 1+ — ¢
o(ko, @) +/<;a( be )1%¢ o</w)3 b5 % 1+ e
30 ko 30 7
$— 1+ —+—
1% 2 T 1%
and

' 6 7
1% 70 1457 (30

1 .
Fi(ro,d)" —(1%c™ )%

KO (ko)? 2 2 1%¢
An unknown coefficient X in the above equation is determined from the following equation:
. Boe) b BK 6o
XX+1) X4+ ———"—~ =% :
(X+1) X+ ko Fy(ko, @) - [(ko)2F (Ko, @))?

The behavior of P (o) can represent features accompanied by the probability that a
particle located at » = 0 and another particle located in the range 0 < (r%o)/o (1 form a
bound state. The behavior of D(o) can represent features accompanied by the probability
that the two particles are located at the same positions without forming the bound state.
Although P (o) depends sensitively on o/SK, for constant ¢ and constant ko, D(o") can
remain constant with resisting variations in o/SK. This is confirmed by Fig. 16.

If ¢ and o/BK are constant, then the value of P(c") can remain nearly constant with
resisting variations in ko as confirmed from Fig. 11 and 12. In addition, the value of D(c™)
can remain nearly constant. For a small o/FK, the value of D(07) is weakly increased
with an increase in the value of ko, although P(o™) is weakly decreased. As the effective

range k! is shortened, the probability that a particle located at r = 0 and another particle

81



——+,&&./&0""#1/&2-'3"1  ----4,&%./&0'1"#1/&2-'3"1
—+,8& /0&'&!"#/&2-&'&!"# — 4,8&./1&08& '&!"#/&2-&'&!";

..... +,88 J&OML/&2-1H - 4,88./&01M1/&2-1H
— -+ 8&IROVHE2TY —— 4,88 &0 IH/&2-1"H
u Do&'&I"HIH()
SCTTTTTTTTT T T -
!"# \\ -------------------
1"l A
o
og 1"
5\9 "I
¥*
— N
N
Mg N
\'\ N
N\ N
AN
\.
I A
N
N
N
N\
g >
I"g # # #1 #11
*+,_

FIG. 16. Dependence of P (#) on #/'K  and the dependence of D(#) on #/'K . Both %and &# are

constant. Then, P (#) can behave as P(#) * (#'K )", () = %1.5010---). D(#) can remain nearly
constant. At left endpoint of each line, 1%$t(?) = 0 is satisfied. P (#) corresponds to P (#1). D(#)

corresponds to D(#7) estimated from D(#7) = g(#T) % P(#™1).

located in the range 0 < (r%c)/o (1 do not form a bound state are increased. An increase
in the probability corresponds to an increase in the number of particles that do not form
bound states. When the effective range k! is further shortened, unless the value of o/8K

is further decreased, a Yukawa fluid specified by x~! cannot undergo phase separation as

known from a comparison between Figs. 7 and 6.

82



If k=% is sufficiently large, then sizes of the physical clusters in the fluid remain small
while the fluid falls into a state where it can undergo phase separation. Thus, an increase in
k1 allows the tendency toward the generation of percolation to be less dominant than that
toward aggregation, resulting in only phase separation. If the effective range x~! is narrow,
then the number of particles should be large near each particle to induce the percolation.
Thus, the dependence of P(c7)/g(c") on o/BK is strong, although its dependences on ko

and ¢ are not strong.
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6. Dilerential equations for correlation functions

(a) Maclaurin series expansions

The magnitude of the direct correlation function ¢(r) tends to decay to zero within a
microscopic range, and both C*(r) and C*(r) also have a tendency to decay to zero within
microscopic ranges according to ¢(r) = C*(r) 4+ C*(r). By contrast, the correlation function
g(r) %1 can decay to zero much more slowly out of the ranges where c(r) # 0.'*1® Further,
P(r) and H(r) can decay to zero much more slowly out of the ranges where C*(r) # 0 and
C*(r) # 0 according to g(r) %1 = P(r) + H(r). Thus, the particular ranges for which ¢(r),
C*(r), and C*(r) decay to zero remain much smaller than those for which P(r) and H(r)
decay to zero. This allows P (r) and H(r) in the convolution integrals of Eqgs. (49) and (52)
to be expressed as Maclaurin series expansions.

If a polar coordinate system with a point r; located at the origin and another point r,

located on the z axis is applied, then Eq. (49) can be rewritten as
# o H#

P(r)=C"(r)+p C*(r3)P(|rs %rs|)27(r3)? sin Odrsdfs, (144)
0 0

where r " | vy %rs| = |rof, 73 " | vy %rs| = |r3], and 63 = cos™![ry - r3/(rr3)]. In Eq.
(144), the short-range feature of C'*(r3) allows relation 0 < r3/r (1 to be maintained for a
large r. Thus, the Maclaurin series expansion for P (|r3 %rs|) found in Eq. (144) is effective
for representing the behavior of P(r) at a large . Then, the Maclaurin series expansion

corresponds to

o g
P(|r3 %r,|) = @@P(T:ﬂ) r3:0(7’3)ma (145)
m=0
where 735 " | T3 %ry| = [(r3)% %2737 cos O3 + 2]V 2 = r[(r3/7)? %2(r3/7) cos 05 + 1]V 2.

The substitution of the Maclaurin series expansion given by Eq. (145) allows Eq. (144)

to be given as

1%pC+O P (r) = CH(r)+p&+ P2 2P (r)
+§p@+(4)ArP(T) SEEEE. (146)

where

A 8193 N 2 o
Y157 0r3 1501t

84



The coefficient &) (o = 0,2,4) is defined by Eq. (116), and it is given as follows:

$ 1%./ o #
a0 = 6 C+(|r3|)|r3|! drs, (a=0,2,4). (147)
v

In Eq. (146), the factor 2 pEHOA P (1) corresponds to a correction term under the condition
that the value of r is not large, although its value is out of the microscopic range in which
CT(r) # 0 is satisfied.

If the polar coordinate system with a point r; located at the origin and another point r,

located on the z axis is applied, then Eq. (52) can be rewritten as
# o H
H(r) =C*(r)+p C*(r3)P (|r3 %ry|)27m(r3)? sin f3drsdfs
# # ) 0 0
+p O+(T’3)H(|I'3 %r2|)27r(7“3)2 sin 63(17’3(193
#9 #0)
+p C* (T’g)H(lI‘g %I'2|)27T(7“3)2 sin 93(17”3(:193, (148)
0 0
The Maclaurin series expansion for H(|r3 %r;|) corresponds to

oo

1 om 2
H(|r; %rs|) = . E@H(%z) rs:O(T:s)m- (149)

The substitution of the Maclaurin series expansions given by Eqgs. (145) and (149) allows
Eq. (148) to be given as

1%t H(r) =C*(r) + p&*OP (1)

+p& @2 2P (1) + pb®)2 2H(r)

9 9
—i—Zp@*(‘l)ArP(r) + Zpb“)ArH(r) +- (150)
where the coefficients ¢*¢) and £*) (=0,2,4) are given by Eq. (116) as follows:
$ 10/0/ 2#
BO= S il drs, (a=0,2,4) (151)
v
and
$ % o#
L 6 C(|r3|)|r3|! drs, (a =0, 274)' (152)
v

Then, the following relation is satisfied:
e = &0 4 &) (0 =0,2,4) (153)
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In Eq. (150), factors §pc&*WAP (r) and 2pt® A H(r) correspond to correction terms under
the condition that the value of r is not large, although its value is out of the microscopic

range in which C*(r) # 0 and C*(r) # 0 are satisfied.

( b)) Differential equations for two correlation functions
If the correction terms in Eqgs. (146) and (150) are ignored, then simple differential equa-
tions for P(r) and H(r) are given for a single-component fluid*”. The differential equations

are expressed as

' .Y (
P(r)= 1%pb*© Ot (r) 4+ p&+@22P(r) (154)

and
' (' (
H(r) = 1%pt® O (1) 4+ p&*OP (r) + p&* @2 2P (1) 4 pbP2 2H(r) . (155)
In the two above differential equations, the behavior of the two differentiated correlation
functions should be noted. Unless the condition of the fluid goes beyond the percolation
threshold, the behavior of P (r), which satisfies a relation given by Eq. (48), allows 2 P (r)
to satisfy

lim p 2 %P(r)dr =0, (156)

V —o0 Vv

because of Gauss’ theorem. Similarly, the behavior of D(r) (= H(r) + 1), which satisfies

another relation given by Eq. (48), allows 2 ?H(r) to satisfy
#
lim p 2 2H(r)dr = 0. (157)

V —o0 Vv

Equations (156) and (157) should be satisfied, even at the percolation threshold. The
relation should, however, result in failure if a fluid includes extremely large physical clusters
developed under conditions beyond the percolation threshold.

If Egs. (156) and (157) are satisfied, Fourier transforms of Eqgs. (154) and (155) result in

' (1
limP (k) = 1%pE+ 0  lim ¢ (k) (158)
k—0 k—0
and
_ ' o (
limH(k) = 1%pt?  lim & (k) + p&*OP (k) . (159)
k—0 k—0
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Here, a Fourier transform of each correlation function is expressed as the form symbolized
by Eq. (87). If a fluid does not include extremely large physical clusters developed under
conditions beyond the percolation threshold, then the solutions obtained from Egs. (154)
and (155) satisfy Egs. (158) and (159).

Fourier transforms of the integral equations given by Eqgs. (49) and (52) should be com-
pared with Eqgs. (158) and (159), respectively. Their Fourier transforms allow Egs. (49) and

(52) to be rewritten as follows:

' ("
lim P (k) = lim 19667 (k) € (k). (160)
and
' (_' (
lim F(k) = lim 1966 () %€ (K) € (k) + € (R)P (k) (161)

These results denote that Eqs. (160) and (161) are equivalent to Egs. (158) and (159),
respectively, because €'+(0) = p&+© and €*(0) = p&*© are satisfied.
A Fourier transform of the Ornstein—Zernike equation, given by Eq. (15) with Egs. (16)

and (17), allows a formula for a single-component fluid to be obtained as follows:
lim (k) = lim 1 %'c(k;)(_l'c(k). (162)
Here, an equation system formed by Eqs. (160) and (161) is equivalent to Eq. (162) because
of relations ¢(k) = €* (k) + €*(k) and h(k) = P (k) + H(k).
This demonstrates that the compressibility that is estimated from P (r) and H(r) derived
from Eqs. (154) and (155) is equivalent to that estimated from P (r) and H(r) derived from
the two integral equations corresponding to Eqs. (49) and (52) unless a fluid includes ex-

tremely large physical clusters developed under conditions beyond the percolation threshold.

The sum of two factors P (0) + H(0) is expressed as
#

PO)+HO)" lim p [g(r)%1]de (r"] r]).

V —o0 \V]
? @
Then, Eq. (18) allows the compressibility (1/3) dp/0P |, of a single-component fluid to

be given as follows:
$ % ] ! (

op =lim P(k)+H(k) +1. (163)
ap VT k—0

g
Based on Eq. (163), the compressibility estimated from the two differential equations Eqs.

(154) and (155) is equal to that estimated from the two integral equations Eqs. (49) and (52)
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unless a fluid includes extremely large physical clusters developed under conditions beyond
the percolation threshold.

When the compressibility is estimated from the use of Eq. (163), P (r) and H(r) estimated
from Eqs. (154) and (155), respectively can be equivalent to P (r) and H(r) estimated from
Egs. (49) and (52), respectively. In this case, P(r) and H(r) given as solutions satisfying
Egs. (154) and (155) are adequate approximations for examining the cooperation between
particles contributing to the magnitude of P (r) and particles contributing to the magnitude
of H(r). Egs (158) and (159), which are derived from the two differentgal equations g‘i‘rven
by Egs. (154) and (155), allow the compressibility to be given by (1/8) dp/0P |, . = 1%
pt©) !, In addition, Eqs (160) and (161), whi’)ch are derived Zrom the t5wo integral equations,
allow the compressibility to be given by (1/3) dp/0P vt = 1%pt(0) ! with pb(0) = pk©),
These estimates of the compressibility demonstrate that correlation functions P (r) and H(r)
satisfying the two differential equations are equivalent to those which satisfy the two integral
equations corresponding to Egs. (49) and (52) unless a fluid includes extremely large physical
clusters developed beyond the percolation threshold.

In addition, if Egs. (160) and (161) are considered with ¢(0) = €*(0) + €*(0), Eq. (163)

i8S rewritten as

_ 0,
B$ 9P U ) L (0 + €70 (0) (164)
dp 1 1%E+(0)  1%E+(0) %E+(0)
_ 1 (165)
1%C+(0) % ¢+ (0)
1 (166)
1% pk©®

The compressibility diverges to infinity at the liquid-vapor critical point. This denotes that
relation 1% pk(®) = 0 is then satisfied.

( ¢ ) Solutions for differential equations®

i) Differential equations without terms including C*(r), C*(r), p&*© and p&*®
A solution Pg(r) that is obtained from Eq. (154) described without C*(r) must satisfy

the following relation:

(
22%(£7)? Po(r) =0, (167)
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where the coefficient £ is defined as

et % 1 opptrr0 M2 (168)
p(!;f+(2)
The solution Pg(r) should satisfy a relation lim,_,, Po(r) = 0. Hence,
Po(r) = P(O’J'_)ﬂ (169)
r/oc
Po(r) satisfies the boundary condition lim«_,o Po(r) (e P(c™).

A solution Hy(r) that is obtained from Eq. (155) described without the three terms
including C*(r), p&*© and p&*@ must satisfy the following relation:

' (
22%¢* Ho(r) =0, (170)
where the coefficient £ is defined as
0
) $ 1 %pb(o) /01/2
3 T (171)

The solution Hy(r) should satisfy a relation lim, o, Ho(r) = 0. Hence,

€_+(r _( )

Ho(r) = H(o™) (172)

r/o "’

Ho(r) satisfies the boundary condition lim«_,o Ho(r) H(o™).

r=( +*:

ii ) Simple forms of Eqs. (154) and (155)
If Egs. (154) and (155) are rewritten, then simple forms of the differential equations are
found. For Eq. (154),

' (
229%(6M)? P(r) = C(r), (173)
where
St 1
Ct(r) e CH(r). (174)
For Eq. (155),
' (
22%¢% H(r) = C*(r), (175)
where
C*(r) " L ’C*( )+I EHO 2,8 P () % & C+(r)< (176)
r pb(z) T p p T 0@+(2) .



Then, coefficients pt® and pt® are obained from solving the Ornstein-Zernike equa-
tion. Coefficients &*©) and p@*@) are determined owing to Eq. (51) without solving integral
equation Eq. (52). Coefficients p¢v+(0) and p@“z) are estimated from solving integral equa-
tion Eq. (49). In addition, the above coefficients are estimated based on assuming that the
characteristic of the pair potential contributing to the mutual attractive force between two

particles is independent of the relative momentum of the two particles.

iii ) Solution for Eq. (173) with C*(r) # 0

In order to obtain exact solutions satisfying the differential equation Eq. (173), the fluid
system should be imaginarily divided into the internal area of a spherical region of radius
r and the external area of the spherical region. Then, the center of the spherical region is
located at the origin ¢t = 0 of a spherical coordinate.

A bound state where the contribution of the mutually attractive force between two par-
ticles exceeds the contribution of the relative kinetic energy is specified by an f*-bond. The
correlation that is generated between a particle at ¢ = 0 and another particle at ¢t = r via
at least one path of particles linked by only f*-bonds is given by the sum of two partial
contributions. One of the two partial contributions results from particles distributed inside
a spherical region of radius r. This is estimated from the differential equation given by Eq.

(173), and it is given by

Eto o $.% 1
_ _ @) et +. + L2
Pm(T)—(yoth (") ( G({Tt)C™ (t) - Udt,

(t < 1), (177)

where G(£7;t) is defined using the spherical Bessel function jy(7) and the spherical Hankel
function of the first kind A" (7). The function G(£+;t) is expressed as

e Jo(i€¥a) |y, .
G(&H;t) go(zm)%mh; (iett), (178)
where
Jo(T) = 7 tsinT
and

hél) (1) =it le %,
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The remainder of the two partial contributions results from particles distributed outside the
spherical region. This is estimated from the differential equation given by Eq. (173), and it

is given by
# $ %,

ST st KEnotn Lt

Pec(r) = %> —
1) =% @2 :

(r<t). (179)

In Egs. (177) and (179), the product AS"G can be expressed as follows:

0
—+ (=Y $ 2sinh o /()e_++ (r+1)

WV GETG(Er ) = %o + 1 180

0 (lf T) (f ) ) 025+7"€+t + + 67++( . 2€+7"€+t7 ( )
(1) 2sinh ¢to et ()

G(et: R (et = . 181

(5 ,7’) 0 (25 ) 02§+t€+7” + + €_++( 2€+t£+7’ ( )

The pair connectedness P (r) given as an exact solution satisfying Eq. (173) is expressed

by the sum of Egs. (169), (177) and (179), i.e.,
P(r) = Po(r) + Pi(r) + Pex(r). (182)

Ultimately, Eq. (182) results in

+ + # + #
et ettt Ly et Ly
P(r) =Py(r) % M" IO (H)tdt “FIOT(t)tdt, (183
(T) O(T) 0 2§+T + 254,7,. ( € ( ) + 2€+T ; € ( ) 7 ( )
where
# o0
M* " 2 CH(t)e™ tedt. (184)

(
If Egs. (77), (78), (79), and (169) are considered, Eqs. (183) and (184) are estimated as

follows:
—+r 1 4 5
_ + (-) (+)
P(r) = %’ e T 2er I'Vor)+ 1'"(r,&) (185)
where
1" % 26 oe ™ (P (o) + M, (186)
M = Wfﬂ * F<1/2, Z( U), (187)
1 # oo
n ~ + — (+) —
I (&))" Zpet rm r e 2 Wl2qe, (188)



# r
IO, " Zoe T — ey 2y, (189)

1 (B Jo)¥?

S 190
0 3 7 péj‘“@)/o‘z ( )
and
() w B, 4t
Z of = (191)
The integration expressed by Eq. (188) is performed as follows:
4+t r 5
Similarly, the integration expressed by Eq. (189) is performed. For 0 < z(7),
) = ) )
I'(o,r) = :OW v(1/2,27r) %y (1/2,2 o) (193)

and for ()1 0,

—(3/2)r
I'O(o,r) =2, ¢

(%2 (o) V2 (Yoz()y) 1 2

® (%2 r)

)
et e

(=)
%(%z(—)g)ll2(%2(—)0)1/2q)(%2 o) (194)

where
O(%Cr) " (1)<
k=1

(%62¢r)"

(2k % 1)1 o, 195

In addition, =, is a dimensionless coefficient. Coefficients E+0 and @ are estimated

by using Eqs. (120) and (121), respectively.

iv ) Solution for Eq. (175) with C*(r) # 0

In order to obtain exact solutions satisfying differential equation Eq. (175), the fluid
system should be imaginarily divided into the internal area of a spherical region of radius
r and the external area of the spherical region. Then, the center of the spherical region is
located at the origin ¢t = 0 of a spherical coordinate.

An unbound state where the contribution of the relative kinetic energy of two particles

exceeds the contribution of the mutually attractive force is specified by an f*-bond. The
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correlation that is generated between a particle at ¢ = 0 and another particle at ¢ = r via
particles linked through each path that includes f*-bonds is given by the sum of two partial
contributions. One of the two partial contributions comes from particles distributed within
a spherical region of radius r with its center located at the origin, t = 0. This is estimated
from the differential equation given by Eq. (175), and it can be divided into two parts as
C*(r) is defined by Eq. (176). One part involves the effects of physical cluster formation

and is given by 4

r
() () g ST (0 .
Hin (T) _cypb(2)/0'2 hO (257") ( G(f)t)
;' E0) 4 2 b (2)( & <® %
o 0 P(t) % CT(t —  —dt t . 196
$ p" + B%e5C® 5 Jd (<) (19)
The other part is non-zero even if physical clusters do not exist, and it is given by
# $ %,

HOMY — 06 7 1Wuey oeperg L
) =% ——=hy (i&r)  G(&H)CH(t) — —=dt, (t<r). (197)

k) /o2 ( o o

The remainder of the two partial contributions results from particles distributed outside
the spherical region. This is estimated from the differential equation given by Eq. (175),
and it can be divided into two parts as C*(r) is defined by Eq. (176). One part involves

effects of the physical cluster formation and is given by

# (o9}
D) —0p S . W
HL (1) =% ey a8 Er) by (i)
o o t -— t —  —dt t).
pe™ +Ep D% 50 o gdb <t (199)
The other part is nonzero even if physical clusters do not exist, and it is given by
- $ %
H® (r) = %g—UG(ér) WO Gencr ) L Lt (r<t). (199)
ox pb@ [g2 = o o

In Eqs. (196), (197), (198), and (199), the product h$"’G has the same form as that expressed
by Egs. (180) and (181).
The correlation function H(r) given as an exact solution satisfying Eq. (155) is expressed

as the sum of Egs. (172), (196), (197), (198), and (199), i.e.,

H(r) = Ho(r) + H () + HEO () + R () + HE) (1), (200)

Thus, if relation given by Eq. (176) is considered, Eq. (200) allows the correlation function

H(r) to be given as follows:
# #

et e~ tr r . etr o
H(r) = Ho(r) % M — + e"'CH(t)tdt +

O 201
& o e ¢ G o)
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where

#

M* " 20 CH(t)e . (202)
(

In addition, the coefficients E© | &*©) £ and &*@ are estimated from using Egs. (120),
(121), (139), and (140) with Eq. (153).

If the physical cluster formation is ignored, then correlation functions satisfy P (r) = 0,
CH(r) =0, and C*(r) = C*(r) /(pt®) for 0 < r. The pair correlation function g(r) is related
to H(r) as g(r) = P(r) + H(r) + 1. When the physical cluster formation is ignored with a
requirement & = 0, the relationship between g(r) and H(r) allows Eq. (201) to result in

0 —
QO(T‘) 1= H(T) . $ ﬁKe'( /0_ % (gt
= HeH)I + -

r kopk?) /g2 Kr ’

(for 1 ( r/o), (203)

where go(r) denotes g(r) satisfying the requirement formed by both ¢ = 0 and no contri-
bution of physical clusters. Equation (203) obtained from the requirement formed by no
physical clusters and £ = 0 allows the behavior of go(r) %1 for a large r to be approximately

expressed by go(r) %1* r=1.
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7. Features of correlation functions near critical point 48

(a ) Effects of physical cluster formatio;t on behavior of correlation functions

When the compressibility given as (1/3) dp/OP vr =1/01 % pt0)) diverges to infinity,
the coefficient £ becomes zero. This does not mean that the coefficient £ becomes zero
because the critical point does not generally coincide with the percolation threshold that
results in £t = 0. Hence, the coefficient £ can have a finite value that is nonzero even when
¢ becomes zero. Considering this, estimation of Eq. (201) must be performed in the general
conditions that & # 0 is satisfied and the contributions of physical clusters are involved.

Equation (201) includes many terms of integration because C*(t) is defined by Eq. (176)
with P (t) given by Eq. (185). To express Eq. (201) in a simple manner, a function A y(a, b),

which is dimensionless, is defined as follows:

#
n 1 b —t,—1/2
A(’)(CI,, b) m R e "t dt (204)
For 0 < (,
1 - .
By (ah) = (o 7 (1/2:00) %7 (1/2.Ga) (20)
For 0 < ¢ and large Ca, limp o A(,y(a,b) behaves as follows:
1 1
li A b + 7'a. 206
bi)n;) (’)(a7 ) CO- Cae ( )
For ¢! 0,
1 -6071/2 b . 6071/2 Ao ’
A y(a,b) = %o b e P d(%Ch) % - e O(%Ca) (207)

where ®(%(r) is defined by Eq. (195).
Eq. (201) includes integration expressed in a specific form. If the integral is expressed as
](i+)(é'*; a,b), then it is dimensionless and is given as
# b
I+(Ca,b) " e FNC()tdt. (208)

a

Then, the use of A( )(a,b) allows the substitution of Eq. (176) into Eq. (208) to result in

S o? :ﬁKe'( Jo 4 . 22
Iwn(C%5a,b)= pro Ry, exp(%zTYb) Yo exp (%2 Fa)
k(2
S (DI [0 A o (0) + (o7 5 (€0 ]
3’ T (b’-‘r(?) (23/2 ) ’ S
$ %377 (0,0)+ 37, b) + 3 (@) (209)
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where

() + T
J); (a,b)" 207 exp(%:zFYt)dt
et 1 4 5
= F4) F)
- 2§+%&(%z(¥+)0) exp(%z'T7b) Yoexp(%2'Ta) (210)
b
(F+) " -
3,7 (a, b) =i exp[o/lo(Sf)t]] (o,t)dt (
o 1
=560 (% 0] exp(%zFID)A 0 ) (0, b) Yoexp(%zTVa)A o)) (0, a)
= 1
Yo A e 211
02§+0 (Y%:(F o) (Zéxf))(a’ ) (211)
and
#
Jl(f”)(a, b)" =l exp|%(3 &)1 (¢, & )dt
Z0 1 (£+) (£+) (
:2§—+am exp (2" 70) Az (b, & ) Yoexp(2 7 a)A e y(a, & )
=o 1
26 2 () (212)
with
3
P N, 19
AE g xe (214)
LEI et g (215)

2*) is defined by Eq. (191). If ](i+)(é*; a,b) given by Eq. (209) is used, then Eq. (201) is
exactly estimated as follows:

e "' v e~ tr o et .
2gr [en(C750,& ) + Sl (€5 00m) + 5l (€T &),

H(r) = Ho(r) %" 2

(216)

where Hy(r) is given by Eq. (172).
The behavior of a correlation function g(r) %1 is expressed by the sum of Eq. (185) and
Eq. (216). The sum is given as follows:

6_+(r_( ) e_++ r 1 4 5
%1 =H(c" % M+ 1) I (r, &
g(r) % (™) myp 0 26T + SET (o,7) + (r,&)
2+( e o e ™ “ et’ v
(y [ + 0*7 ,& [_+ C*, 3 _[ + C*, ,& . 217
b g e (€08 ) 4 2 n L (€ 00m) & o T (€, & ). (217)
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Equation (217) is adequate even when 0! & and 0! £* are both satisfied. A point on
the spinodal curve where o = 0 (0 > 0) is satisfied corresponds a critical condition before
the occurrence of a phase separation. At the critical point corresponding to the maximum
point on the spinodal curve, {o = 0 is satisfied. The condition where £To = 0 is specified
corresponds to the percolation threshold; hence, the mean size of physical clusters at o = 0

reaches the maximum infinity.

( b ) Dependence of behavior of correlation functions on physical cluster formation

Even in a specific condition where o = 0and 0! £To are satisfied, Eq. (217) is adequate.
In this condition, Eq. (217) allows the estimation of g(r)%1. Hence, the behavior of g(r) %1
for a large r satisfying 1 ( (r %0)/o can be expressed even at the critical point by Eq.
(217).

?

Because 5 OP/0p vT = 0 is satisfied at every point on the spinodal curve specified in
the phase diagram of a fluid, {0 given by Egs. (166) and (171) equals zero (o # 0) on the
spinodal curve. If the maximum point of the spinodal curve is a point specified by T" = T,
and ¢ = ¢, the liquid—vapor critical point correspond to a point represented by [T¢, ¢c|.
Here, ¢ represents the volume fraction defined as ¢ " (7/6)po?.

The relation 7o = 0 (o # 0) is satisfied at every point on the curved line that expresses

the percolation threshold in the phase diagram. The mean physical cluster size S given by

Eq. (93) is related to &1 because of Egs. (120) and (168) as

6 7 1
¢t = Spbt® . (218)

Hence, every specific condition where o = 0 is satisfied corresponds to the percolation
threshold.

If physical clusters do not exist at the critical point, i.e., [T¢, ¢.], then g(r) given by Eq.
(217) becomes equivalent to go(r) given by Eq. (203). If P(r) = 0 and C*(r) = 0 are satisfied
independently of r, then ¢(r) expressed for {o = 0 by Eq. (217) becomes equivalent to go(r)
expressed by Eq. (203). When P(r) = 0 and C(r) = 0 are satisfied independently of r, the
fluid system includes no physical clusters. Thus, the behavior of g(r) that is equivalent to
go(r) is characterized by g(r) %1 * r~! for a large r satisfying 1 ( (r %0)/o.

For a Yukawa fluid characterized by a specific value of ko, the spinodal curve coincides

at two points with the curved line. If one of them is specified by [T}, ¢p], the other is
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FIG. 17. Dependences of P(r), H(r), g(r), and go(r) on r for &# = 2.4 (f4 = 0.101853). Each
curved line is evaluated according to Egs. (185), (216), (217), and (203). A point at which the
percolation threshold coincide with the spinodal curve is located at [Ty, %]; the critical point is the
locus specified by T. + Tp, and % + %, 4+ 0.032. In (a), each curved line is obtained for #/'K =
0.694663 and %= 0.14263 which correspond to T + T, and %+ %,; the fluid is characterized by
[S =9.01$ 10", *# = 8.79% 1078]. In (b), each curved line is obtained for #'K = 0.78 and
% = 0.14263 whcih corresponds to T > T, and %+ %,; the fluid is characterized by [S = 22,
*# = 0.911]. In (c), each curved line is obtained for #/'K = 0.694663 and % = 0.122 which
corresponds to T + T, and %+ %, %0.206; the fluid is characterized by [S = 26.4, *# = 0.369].
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specified by [T}, ¢/], and the relationship between them satisfy 7; < T}, and ¢, < ¢;,. For
ko = 1.6 characterizing a mutual attractive force with a more long-ranged feature than that
for ko = 1.8, T}, + T, and (¢, % ¢.)/¢p. + 0.14 are satisfied. For ko = 1.8 characterizing
a mutual attractive force with a less long-ranged feature than that for ko = 1.6, T}, + Tt
and (¢, %¢.)/¢pc + 0.05 are satisfied. For ko = 2.4 characterizing a mutual attractive force
with a less long-ranged feature than that for ko = 1.8, T, + T¢. and (¢p, % dc)/¢. + %0.18
are satisfied.

If physical clusters exist at the critical point, then the behavior of the pair correlation

~1. Then, the relationship between

function for a large r must deviate from g(r) %1 * r
g(r) given by Eq. (217) and go(r) given by Eq. (203) is characterized by g(r) # go(r). The
behavior of ¢g(r) expressed by subfigure (a) in Figs. 17, 18, and 19 demonstrates that relation
g(r) > go(r) is satisfied at a point near the spinodal curve where 0 < o (1 is satisfied.
Even in a fluid system including only small sizes of physical clusters, relation g(r) > go(r)
is satisfied near such a point ({0 + 0) over a wide range of r as exemplified by subfigure (a)
in Fig. 19. Thus, the formation of physical clusters at the critical point of a fluid can allow
g(r) to become more long-ranged than go(r).

If values of parameters for a fluid system deviate from their values that yield £ + 0 near the
critical point, then go(r) that is equivalent to g(r) evaluated for {o = 0 with no contribution
of physical clusters can decay at a slower rate than g(r) decays. As a consequence, relation
g(r) < go(r) for a large r can be found. This can be confirmed by each figure of (b) in
Figs. 17, 18, and 19. Unless o is sufficiently small, relation g(r) < go(r) for a large r can
occur even for a small {0 as exemplified by figure (b) in Fig. 19.

Unless &0 is sufficiently small, relation g(r) < go(r) for a large r can occur even for a fluid
system that includes extremely large physical clusters. This is confirmed from each figure (a)
in Figs. 20 and 21. The value of {o that is not sufficiently small aids in making g(r) decay
rapidly. Even if values of parameters characterizing the fluid system allow (Yo + 0, their
values cannot allow the value of {o to be sufficiently small. Hence, relation g(r) < go(r)
occurs as demonstrated by each figure (a) in Figs. 20 and 21 although large physical clusters
are included in the fluids.

Ultimately, a fluid system that allows relation go(r) < g(r) to occur requires that values
of parameters characterizing the fluid system cause 0 ! &o (1, i.e., a sufficiently small

magnitude and cause 1/(¢%o) # 0. The mean physical cluster size S given by Eq. (93) is
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FIG. 18. Dependences of P(r), H(r), g(r), and go(r) on r for &# = 1.8 (f4 = 0.101853). Each
curved line is evaluated on basis of Eqs. (185), (216), (217), and Eq. (203). The critical point
is the locus specified by T, + T,, and % + %, %0.008. In (a), each curved line is obtained for
#I'K = 1.0314 and %= 0.161423 which correspond to T + T, and %+ % %0.008; the fluid is
characterized by [S = 146, *# = 4.2$ 107%]. In (b), each curved line is obtained for #/'K = 1.26
and %= 0.161423 which corresponds to T > T, and %+ % %0.008; the fluid is characterized by
[S = 6.4, *# = 1.35]. In (c), each curved line is obtained for #'K = 1.0314 and %= 0.126 which
corresponds to T + T, and %+ % %0.035; the fluid is characterized by [S = 6.4, *# = 1.35].
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line is obtained for #/'K
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FIG. 19. Behaviors of P(r), H(r), g(r), and go(r) for &# = 1.6 (f4 = 0.101853). Each curved line is
evaluated on basis of Egs. (185), (216), (217), and Eq. (203). In (a), each curved line is obtained for
= 1.2088 and %= 0.15674 which correspond to T > T, and %+ %,%0.02; the critical point is
the locus specified by T, + T and % + % the fluid is characterized by [S = 22.2, *# = 1.903$ 10~ 7].
= 1.35 and %= 0.15674 which corresponds to T > T,
T >T,, and %+ % %0.02; the fluid is characterized by [S = 7.1, *# = 0.857]. In (c), each curved
= 1.2088 and %= 0.132 which corresponds to T > T, T + T, and
%+ % 9%0.046; the fluid is characterized by [S = 7.1, *# = 0.857].
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FIG. 20. Dependences of P(r), H(r), g(r), and go(r) on r for &# = 2.4 (f4 = 0.101853) in loci far
from critical point. Evaluations are based on Egs. (185), (216), (217), and Eq. (203). In (a), each
curved line is obtained for #/'/K = 0.79529 and %= 0.17472; the fluid condition is characterized as
T+ Tp, %+ %, T.<T, and % + % features of the fluid are [S = 7.33$ 10'2, *# = 0.974]. In (b),
each curved line is obtained for #/'K = 0.92 and %= 0.17472; the fluid condition is characterized
as T >Tp, %+ %, Tc <T, and %+ %; features of the fluid are [S = 15.1, *# = 1.82]. In (c), each
curved line is obtained for #'K = 0.79529 and %= 0.14; the fluid condition is characterized as

T+ Tp, %+ % %0.026, T, < T, and %+ % %0.026; features of the fluid are [S = 14.8, *# = 1.04].
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related to & by Eq. (218). This demonstrates that the occurrence of relation go(r) < g(r)
for a large r requires S # 0 and {o (1. A condition specified by S # 0 and o ( 1
causes the behavior of g(r) that cannot be expressed as the product of r~! and a particular
function given by a series with respect to positive powers of r.

Even if physical clusters formed in a fluid system is small, their formation causes the
dependence of the pair correlation function on r to deviate from the dependence that is
expressed by go(r). To explain the deviation from its behavior expressed as g(r) %1 *
r~118 the contribution of the presence of physical clusters to g(r) should not be ignored.
Representing the pair correlation function as the sum of two correlation functions contributes
to explaining critical phenomena if the presence of physical clusters is not ignored. In
addition, effects yielded by a decrease in ¢ and effects yielded by a decrease in (o/SK)™!

can have similarities. This fact is exemplified by the behaviors of the correlation functions

seen in Figs. 17, 20 and 21.
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FIG. 21. Dependences of P(r), H(r), and g(r) on r for &# = 3.6 (fy = 0.101853). Evaluations
are based on Egs. (185), (216), (217), and Eq. (203). In (a), each curved line is obtained for
#I'K = 0.59647 and %= 0.19733; the fluid condition is characterized as T + T, %+ %, T, <T,
and % + % features of the fluid are [S = 6.43 $ 1014, *# = 2.45]. In (b), each curved line is
obtained for #/'K = 0.64 and %= 0.19733; the fluid condition is characterized as T > T, %+ %,
T. < T, and %+ %; features of the fluid are [S = 66.3, *# = 2.92]. In (c), each curved line
is obtained for #/'K = 0.59647 and %= 0.178; the fluid condition is characterized as T + T,
%+ % %0.019, T < T, and %+ % %0.019; features of the fluid are [S = 69.4, *# = 2.37].

104



8. Fractal structures of physical clusters at percolation threshold 48

( a ) Fractal dimensions of physical clusters

The dependence of P(r) on a large r is given by Eq. (185). However, the form of the
dependence is not clear. It is possible to derive a suitable form from the dependence ex-
pressed by by Eq. (185). The form is expressed as a special product, which is obtained by

~(=dr) by the remainder. The product is expressed as

6,7 (3-a)

multiplying a factor (/o)

P(r) = Ci : (219)

Q=

where coefficients C; and d;i are not constant in general. Under the condition that a fluid
system includes extremely large physical clusters having a fractal structure, Ct and df can
be constant. Then, di represents the fractal dimension of the fractal structure.*® This is
understood from the behavior of the curved line of P(r) specified by S = 9.01 $ 10% in
Fig. 22.

According to the assumption that C; and di behave as constant values for variations in
the value of r satisfying |ro %r|/ro ( 1 (ro > o), Ci,and ds are easily estimated. Then,
the derivative dP (r)/dr at r = rq is given as dP(r)/drg = %(3 %d; )(T’/U)_lp(’/’)/UTgrh "
=ro

r=
Hence, the use of P (ro) = Ct (ro/o)”"®%) and dP (r)/dr allows Ct to be estimated as
r=ro
8$ %_1$ 1 dP(r)g %—lnfo/( $ %—%-‘rlnl’o/( 9_1/3

o %o P (7o) . (220)

Cr = o 3 dr

r=ro

Similarly, the use of P (ro) = C; (ro/0)"®™%) and dP (r)/drg allows df to be estimated

r=ro

8 dP()g 9_y3

To T

= 0 .
03P(r0) dr

as

(221)

r=ro

Thus, the two unknown coefficients Ct and d;i are expressed by the above formulae. Eval-
uations of Ct and d; are achieved if P(r) given by Eq. (185) is substituted into Egs. (220)
and (221). Then, the derivative dP(r)/dr is obtained from the use of Eq. (185) as follows:

dP —r 1 -
) _ne 1+ €71 %o 1+ €)1 )
%ﬁa %I (r, &)
=9%(1 + gm@ - %ﬂ”(r, &). (222)
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FIG. 22. Dependences of P(r) and di on r (fg# = 0.101853). Each curved line is evaluated
for &# = 3.6 and % = 0.19733 + %,. Two thick solid curved lines are characterized by a set
[S = 6.43$ 104, *# = 2.45] because #/'K = 0.59647 corresponds to T + T, near percolation
threshold. Dotted curved line is characterized by [S = 583, *# = 2.60] linked to #/'K = 0.61 (
T > T,); dashed and single-dotted curved line by [S = 66.3, *# = 2.92] linked to #/'K = 0.64 (
T > T,); dashed curved line by [S = 9.7, *# = 3.93] linked to #/'/K = 0.74 (T >T,). P(r) is

evaluated from Eq. (185). df is evaluated from Eq. (221) for ro + r.
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FIG. 23. Dependence of di on r for &# = 2.4 (f4 = 0.101853). d; for ro + r is evaluated from Eq.
(221) for %= 0.14263 + % in (a) and %= 0.17472 + % in (b). In (a), thick solid curved line is
characterized by a set [S = 9.01$ 10'°, *# = 8.79 $ 1078] because #/'K = 0.694663 corresponds
to T + T, near a percolation threshold on the spinodal line. Other curved lines are characterized
by [S = 18348, *# = 0.0369] linked to #/'K = 0.697 ( T > T,); [S = 181, *# = 0.343] linked to
#'K =0.72 (T >T,); [S =22, *# = 0.911] linked to #/'K = 0.78 (T > T,). In (b), thick solid
curved line is characterized by [S = 7.33$ 10'2, *# = 0.974] because #/'K = 0.79529 corresponds
to a relation near a percolation threshold satisfying T > T . above the spinodal line. Other curved
lines are characterized by [S = 17866, *# = 0.996] linked to #/'K = 0.798 ( T > T.); [S = 509,
*# = 1.11] linked to #/'K  =0.812 (T >T,.); and [S = 15.1, *# = 1.82] linked to #/'K = 0.92 (

T>T.).
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FIG. 24. Dependence of df on r for a small &# (&# = 0.1) (fy = 0.101853). df for ro + r
is evaluated from Eq. (221). In (a) evaluated for %= 6.85342$ 107% + 94, thick solid curved
line is characterized by a set [S = 1.22$ 1013, *# = 2.47$ 1077 because #/'K = 0.018087
corresponds to T + TI/) near a percolation threshold on the spinodal line. Other curved lines
are characterized by [S = 14874, *# = 0.00195] linked to #/'K = 0.01809 (T > T}); [S = 1053,
*# — 0.00631] linked to #/'K = 0.0181 (T > T/); [S = 113, *# = 0.0185] linked to #/'K = 0.0182
(T>T/)); and [S = 7.2, *# = 0.0761] linked to #'K = 0.02 (T > T/). In (b) evaluated for
#I'K = 0.018087 (T + T/), thick solid curved line for %= 6.85342% 10~ is the same as that shown
for #/K = 0.018087 in (a). Other curved lines are characterized by [S = 6798, *# = 0.00333]
linked to %= 6.852$ 107% (% < %); [S = 571, *# = 0.0103] linked to %= 6.84$ 107° (% < %);
[S = 46.1, *# = 0.0354] linked to %= 6.7$ 1075 (% < %); and [S = 8.1, *# = 0.0882] linked to
%=6.0% 107° (% <%).

108



— HE96896 () - S(#IH01*2" %' &3
45" N)+*01-$"18%' — I HEY &I HSHAY DH($'3
— (&4 - HS) VB DBHI

$#
!\
\
$ \\\ \
= ~ : ~<d_ —_—
—_——— —
1" -
! ; ‘ ‘ ‘
! $! %! &! il
0%+

FIG. 25. Dependence of di on r for &# = 1.8 (f4 = 0.101853). di for ro + r is evaluated from
Eq. (221) for #/'K  + 1.0314 linked to T + T.. Thick solid curved line is characterized by a set
[S = 146, *# = 4.20 $ 1078] because %= 0.161423 is linked to %+ % + %, %0.008. Other curved
lines are characterized by [S = 22.4, *# = 0.0734] linked to %= 0.146 ( % < %); and [S = 8.0,
*# = 0.315] linked to %= 0.126 ( % < %).

The behavior of P(r) is characterized by the form of Eq. (219) at r satisfying |ro%r|/rq (
1 with 1 ( 7¢/o. If physical clusters formed in a fluid system by a mutually attractive force
between two particles, which is characterized by a Yukawa potential uy(r), have a fractal
structure, then the fractal dimension di of the physical clusters is evaluated by the use of
Eq. (221). When the fluid system includes sufficiently large physical clusters, the physical

clusters maintain a fractal structure with the fractal dimension approximated as df + 1.4.
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This fact is confirmed in Figs. 22, 23, and 24. Moreover, Fig. 24 indicates that the physical
clusters can maintain a fractal structure characterized by di + 1.4 if the percolation of
physical clusters occurs even under a condition 0 < ko (1. This example denotes that
even astronomical physical clusters formed by the contribution of a long-ranged attractive

force such as gravitation should exhibit a fractal structure characterized by df + 1.4.

( b)) Structure resulting from mizing inhomogeneously

The representation of di introduced by Eq. (219) is not complete for physical cluster
elements formed in a fluid system unless the aggregation of physical cluster elements with
each other enhances the long-range feature of P(r) sufficiently. The pair connectedness
P(r) described by Eq. (68) via the Percus—Yevick (PY) approximation® implies that each
small element of physical clusters formed in a Yukawa fluid can have a structure that is
characterized as a fractal structure. If a condition of the fluid system deviates slightly from
the percolation threshold, physical clusters cannot be developed towards large sizes as shown
in Figs. 22, 23, 24, and 25. Even under the condition, each physical cluster element should
maintain a fractal feature.

Growth of a physical cluster in a fluid can proceed via either particle-cluster aggregation
or cluster—cluster aggregation.?’ Then, each physical cluster of particles grows in shapes that
are similar to branches and does not form a block of aggregated particles. Physical cluster
growth yielded by the cluster—cluster aggregation allows each physical cluster to maintain a
structure characterized by branches. The cluster—cluster aggregation allows large physical
clusters to have the structure with a fractal dimension near 1.5.4

The representation of P(r) given by Eq. (68) implies that large physical clusters formed
via cluster—cluster aggregation in a Yukawa fluid have a structure that is characterized as
a fractal structure. This indicates that the aggregation of physical cluster elements with
each other allows large physical clusters with the fractal structure to be formed. Physical
clusters with a fractal structure can be formed under the condition of a fluid system that is
located far from the percolation threshold even if the behavior of d; given by Eq. (221) is
not constant for variations in r.

In a fluid, physical clusters are formed by particle pairs contributing to the magnitude
of P(r). The physical clusters can grow infinitely without disappearing, and the formation

of large physical clusters causes the behavior of di given by Eq. (221) to become constant.
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This indicates that the particle pairs do not homogeneously mix in each microscopic volume
with other particle pairs contributing to the magnitude of D(r). Such inhomogeneity in a
fluid system is a state shown from the behavior of di given by Eq. (221). At the liquid—vapor
critical point, the inhomogeneity causes the deviation from behavior of g(r) expressed as

g(r)%1* =t
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C. Phase behaviors influenced by physical clusters
1. Specibc behaviors of correlation functions

(a ) Reduction of density fluctuations owing to exclusion effect caused by hard core of
each particle
The degree of the density fluctuations is linked to the compressibility because Eq. (18)

can be modified with the use of Eq. (41) as follows:

-Bg %C D$_ %E,. -$. % .,
im L N g N _ 5 9 (223)
V—oo 0 Vv V ap VT '

Based on Eq. (223), it is easy to confirm the degree of the density fluctuations for a
hard-sphere fluid system. The equation of state of a hard-sphere fluid can be given as a
simple formula that more precise than that obtained from the PY approximation,®!? and it

is expressed as'®!!

BP 1+ ¢+ ¢" %’
o (1%09)°

The differentiation of Eq. (224) with respect to p allows the compressibility equation to be

(224)

expressed as
op 4 2 3 4y—1
I6] R =(1%¢)*(1+ 6¢ + 69~ % 14¢° + 7¢") . (225)
PovT
According to the magnitude of 57'(0p/OP)y 1 evaluated from Eq. (225), the density fluc-
tuations in a hard-sphere fluid system are simply reduced as the density of the hard spheres
increases. This is confirmed by Fig. 26. For a hard-sphere fluid system, P (0) = 0 is satisfied.

Hence, a comparison of Eq. (225) with Eq. (163) allows the following relation to be obtained:
H(0) = (1%)*(1+ 6¢ + 66> % 14¢° + 7¢") " %1. (226)

A comparison of Eq. (226) with Eq. (225) requires the behavior of H(0) to be equivalent
to the behavior of 871(dp/dP)y1 shown in Fig. 26. The exclusion effect caused by the
hard core of each particle allows the degree of the density fluctuations to be reduced as
the density of particles is increased. If Eq. (165) is considered, then for a hard-sphere fluid
system, 45?313/0/)@315‘1 = H(0)+ 1 = 1/[1 %&*(0)], P(0) = 0, and €+(0) = 0 must be

satisfied. Therefore, the exclusion effect owing to the hard core of each particle requires
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FIG. 26. Degree of density fluctuations of hard-sphere fluid. This fluid is a typical system where
contribution of formation of physical clusters does not exist, but the exclusion effect owing to
the hard-core potential of each particle exists. The degree of density fluctuations is denoted by

472 @ 5,
" +P/+$ |, which is evaluated based on Eq. (225).

relations 0 0 €*(0) < %& and 0! H(0) ! 1 to be satisfied. This indicates that €*(0)
and H(0) have negative values if the exclusion effect owing to the hard core of each particle
becomes dominant for a large ¢, i.e., for a large p, in a fluid system where a mutually

attractive force acts between particles of each pair. Then, €*(0) can become even a large
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FIG. 27. Degree of density fluctuations of Yukawa fluid &# = 1.8 (fy = 0.101853). Degree of

4 72 @ 5
density fluctuations denotes ' +P/+$ | o ! evaluated based on Eq. (166) that is formed from

4 7 @ 5 i
$t© given by Eq. (139). Then, ' +P/+$ VT t = P(0)+ H(0) + 1 and P(0) # 0 are satisfied.

[#I'K ¢ is given as [#/'K ¢+ 1.0314.

negative value.

( b ) Resistance to phase separation of particles belonging to physical clusters
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FIG. 28. Behaviors of P(0) and H(0) for condition satisfying &% = 1.8 and #/'K = [#/'K |
(f# = 0.101853). Large negative values of H(0) near percolation threshold is compensated for large
positive values of P (0) near percolation threshold in summation P (0) 4+ H(0) + 1 that is equivalent
to 4 ?+P/+$@\'D/’T5_1. In figure, “wave P (0)” means P(0), and “wave H (0)” means H(0). [#/'K ]c

is given as [#/'K ¢ + 1.0314.

The presence of a mutually %tractive force between hard-core particles of each pair
47 S

makes the behavior of 3 0P/0p v " for a fluid system become different from that seen
in Fig. 26. The presence of the mutually attractive force enables the density fluctuations to

become extremely large as p increases toward the critical point. Then, even the existence of
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FIG. 29. Behaviors of €*(0) and €*(0), c(0), P(0), H(0), S, [+P/+$ ]~!, P(#), and D(#) for

&# = 1.8 and #'K = 1.16 (fy = 0.101853). $Ct0 " €7*(0), $C*0 " €*(0), $0 " c(0),
4 ?

waveP (0) " P(0), and waveH (0) " H(0). ' +F’/+$@_51 =P(0)+HO)+1. P(#)"P (#) and

D(#)" D (#). Each dot “e” corresponds to a point given at percolation threshold.

small physical clusters can influence the phase behavior at the critical point, as confirmed by
Figs. 18 (a) and 19 (a). When the temperature of a fluid decreases or the density of particles

increases, either the aggregation of particles that results in phase separation can be domi-
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FIG. 30. Behaviors of €*(0) and €*(0), c(0), P(0), H(0), S, [+P/+$ |~!, P(#), and D(#) for

&# = 1.8 and #/'K =1.06 (f4 = 0.101853). Detail is same as that in Fig. 29.

nated or the generation of the percolation can be dominated, depending on the distance at
which the attractive forces between the particles remain effective. Phase separation in a fluid
before reaching the percolation threshold or percolation before inducing phase separation
occurs depending on the distance at which the attractive forces between the particles remain

effective. Similarly, a critical behavior at the critical point before reaching the percolation
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FIG. 31. Behaviors of €*(0) and €*(0), c(0), P(0), H(0), S, [+P/+$ |~!, P(#), and D(#) for
&# = 1.8 and #/'K = 1.036 > [#/'K ¢ (f# = 0.101853). Critical point is specified by #/'K =
[#I'K ]c and %= % with [#/'K ]c + 1.0314 and % + 0.161423. Detail is same as that in Fig. 29.

threshold or percolation before reaching the critical point are observed depending on the
effective length to which the influence of each attractive force reaches. Thus, the two cases
are possible, depending on whether the effective length is short or long. In the case that

the effective length is long, critical phenomena in a fluid occurs before a condition of a fluid
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reaches the percolation threshold of physical clusters; the spinodal line is located above the
percolation threshold in the phase diagram. In the case that the effective length is short,
the percolation occurs before a condition of a fluid reaches the critical point; the percolation
threshold s located above the spinodal line in the phase diagram. These facts should imply
that the appearance of the liquid phase of a fluid depends on the effective length to which

the influence of each attractive force reaches.

According to Fig. 6, a fluid system that is specified for ko = 1.8 and p satisfying
0.0099792 < ¢ < 0.16432 corresponds to a system under the condition that the spinodal
line is located above the percolation threshold. If o/SK = [0/SK]. is maintained with
l0/BK]c + 1.03136 given at the critical point of the fluid system, then an increase in the
density of the fluid system can allow the occurrence of a critical behavior at the critical
point to appear before reaching the percolation threshold. The critical behavior appears
at the set specified by ¢ = ¢¢ (¢ + 0.161423) and o/FK = [0/BK]c, and the percolation
threshold is located at the set specified by ¢ = ¢, (¢p + 0.170034) and o/FK = [0/FK]c
([0/BK]c + 1.0314). This fact enables phase behavior near the critical point to be linked to

variations in structures of particle distribution that are characterized by P (0) and H(0).

In the fluid system, the growth of physical clusters is linked to an increase in the number
of particle pairs contributing to the magnitude of P(0). As an increase in the value of ¢
corresponds to a decrease in the mean distance between particles, this increase allows the
strength of the mutually attractive force between the particles of each pair to be increased
on average. An increase in the mutually attractive force makes the particles stay more stably
near each other. As a result, the magnitude of D(0) (= H(o) + 1) and the magnitude of
P (o) both should be increased. According to Figs. 29, 30, and 31, the ratio P(0)/D(0)
is also increased by an increase in the value of ¢. The contraction of the mean distance
between particles owing to the increase in the value of ¢ allows the effect of the mutually
attractive force to be strengthened. However, the magnitude of P (o) remains small even at
the percolation threshold. If it is possible to induce a phenomenon in which only particles
belonging to the physical clusters are aggregated in the vicinity of each other, then the mag-
nitude of P (o) should become large as the condition of the fluid approaches the percolation
threshold. Further, this phenomenon should allow the particles belonging to the physical
clusters to be separated from the phase of the fluid. These are negated by the behavior of

P (o) remaining small even at the percolation threshold.
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The fluid system has a capability to resist the phase separation of particles belonging
to the physical clusters. The magnitude of H(0) includes the contribution of particle pairs
characterized by the fact that two particles of each pair interact in an unbound state where
the contribution of the relative kinetic energy of the pair particles exceeds the contribution
of the attractive force between them. The particles that form the physical clusters coexist
with particles specified as particle pairs contributing to the magnitude of H(0). The lat-
ter particles have a tendency to be confined among branches of physical clusters.?> Thus,
the particles contributing to the magnitude of H(0) prevent the occurrence of the phase
separation of particles belonging to the physical clusters. Resistance to the occurrence of
the phase separation of particles that form the physical clusters is assisted by the particles

contributing to the magnitude of H(0).
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2. Maximization of density Ructuations near critical point

When a condition of a fluid is not in the vicinity of the critical point, evaluations based
on Egs. (203) and (217) do not allow relation go(r) < g(r) to be found for a large r even if
S is sufficiently large. The case of (a) found in Fig. 21 denotes that a fluid system includes
physical clusters of which the mean size is given as S = 6.43$ 10'. In this case, go(r) > g(r)
is found for a large r. The case of (a) found in Fig. 20 denotes that a fluid system includes
physical clusters for which the mean size is given as S = 7.33$ 10'2. In this case, go(r) > g(r)
is found for a large r. For a fluid maintained in the vicinity of both the critical point and the
percolation threshold, finding go(r) < g(r) for a large r is necessary based on the contribution
of P(r) to g(r). This is confirmed from (a) in Fig. 17. Nevertheless, relation go(r) < g(r)
for a large r can be found even if the mean size of physical clusters S is not sufficiently large
when a condition of a fluid is maintained in the vicinity of the critical point. The case of (a)
found in Fig. 18 denotes that the fluid includes physical clusters of which the mean size is
given as S = 146. The case of (a) found in Fig. 19 denotes that the fluid includes physical
clusters of which the mean size is given as S = 22.2. These indicate that the existence of
physical clusters contributes to the maximization of the density fluctuations at the critical
point even if S is not large.

The percolation of physical clusters occurs at the percolation threshold corresponding to
the condition given as 1 % €+ (0) = 0. Despite this fact, the magnitude of 371(9p/0P)y 1
given as Eq. (164) is prevented from diverging to infinity at the condition 1 % &*(0) = 0.
This is demonstrated by the form given by Eq. (165). Thus, the extremely large density
fluctuations that are specified through Eq. (166) at the condition 1 %¢(0) = 0 occur owing
to the second term on the right-hand side of Eq. (164). This term is equivalent to H(0), i.e.,
_ €*(0) + €*(0)P(0)

1%CE+(0) % E*(0)

F(0) (227)

where neither P (0) nor €*(0) are zero if a fluid system includes physical clusters. Examples
showing P (0) # 0 and @ (0) # 0 for ¢ > 0 are confirmed from Figs. 29, 30, and 31. Equation
(227) implies that the extremely large density fluctuations occur because particles belonging
to physical clusters restrict the behavior of particles contributing to the magnitude of H(0).

If particles specified as particle pairs contributing to the magnitude of H(0) are confined

among branches of physical clusters formed in a fluid system, the movements of the particles
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are restricted. According to the behaviors of H(r) and P(r) found from Figs. 17, 18, 19,
20, and 21, the minimum of H(r) occurs near the value of r at which P(r) is maximized.
This demonstrates that particles contributing to the magnitude of H(r) have a tendency to
be excluded from particles contributing to the magnitude of P (r). The magnitude of H(r)
includes the contribution of particle pairs characterized by the fact that two particles of
each pair interact in an unbound state where the contribution of the relative kinetic energy
of the pair particles exceeds the contribution of the attractive force between them. Unless
particles contributing to the magnitude of H(r) prevent physical clusters from contracting,
particles belonging to the physical clusters must undergo phase separation from the fluid
system. Particles contributing to the magnitude of H(r) are confined among branches of
physical clusters. Hence, these particles prevent phase separation. Then, the movements of
the particles are restricted by particles belonging to physical clusters.

A contribution of the exclusion effect owing to each hard core allows the degree of the
density fluctuations [3(0P/dp)v 1]|~* to be decreased as the density p of particles is increased.
Moreover, an increase in the density p, i.e., the volume fraction ¢ decreases the mean distance
between particles; hence, the increase strengthens the effects of attractive forces between
particles. Then, physical clusters can be stabilized even if the physical clusters are small.
Ultimately, at least the number of physical clusters is increased by the increase in the value
of ¢.

Simultaneously, the increase in the value of ¢ should raise the probability that particle
pairs contributing to the magnitude of H(0) are exchanged for particle pairs contributing
to the magnitude of P(0). An increase in the number of physical clusters means that the
particle pairs contributing to the magnitude of H(0) are confined in larger number among the
branches of physical clusters. Thus, the effect of increasing the probability should enhance
the instability of physical clusters.

An increase in the volume fraction ¢ can lead to at least three different types of effects,
i.e., a) the enhancement of the exclusion effect reducing [3(0P/dp)v 1], b) the stabilization
of physical clusters owing to the contraction of the mean interparticle distance, and c)
the enhancement of the instability of physical clusters owing to confinement of particles
contributing to the magnitude of H(0). Then, the effect of b) competes with the effect of c).
This competitive phenomenon should have the ability to enhance the density fluctuations.

The behavior of H(0) is changed when ¢ exceeds ¢, that is the value of ¢ at the critical
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point. The effect of a) becomes dominant. Moreover, the effect of b) becomes more dominant
than the effect of ¢). Thus, the maximized density fluctuations are reduced as ¢ is increased
beyond the value of ¢c. According to Eq. (227), 0 < ¢*(0) < 1,0 < ¢+(0) < 1, 0 < P(0),
and 0 < 1%E*(0)%E*(0) (1 must be satisfied when 0 < (¢ %¢¢)/¢ (1 is satisfied. As
¢ increases, the magnitude of ©*(0) decreases toward zero. Then, the magnitude of P(0) is
increased. The magnitude of H(0) decreases and reaches zero at ©*(0) = 0. As ¢ is increased
more, €*(0) becomes negative although its absolute value is not large. Then, P (0) reaches
a large value toward the percolation threshold. Thus, H(0) has a large negative value near

the percolation threshold, as confirmed by Fig. 28.
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3. Magnitude of D(r) vanishing at triple point

According to the compressibility equation expressed by Eq.(165), the pressure P of a
single-component fluid satisfies relation [3(OP/dp)y 1]t = 1/(1 % €T(0) + €*(0)). The
behavior of the pressure P at the triple point enables specific features of correlation functions
to be revealed.

According to Eqgs. (44) and (169), the mean physical cluster size S is given as S = 14+P(0),
in which relation 0 < P(0) is always satisfied. If a relation given by Eq. (88) is considered,
then it is expressed as S = 1/(1 % *(0)). As the relation 1! S is always satisfied, the

value of €1 (0) must satisfy
01 ¢HO)! 1. (228)

If (9p/OP)y 1 + 0 is generally satisfied at the triple point, then Eq. (165) requires €*(0) to
satisfy the following relation at the triple point:

0 < 1/(%E(0)) (1, (229)

because the magnitude of €*(0) is limited by Eq. (228). This denotes that the exclusion
effect owing to the hard core of each particle becomes sufficiently dominant at the triple
point.

According to Egs. (163) and (223), the density fluctuations are expressed as
-(N/V)?.%-N/V.?> = (-N/V./V)(P(0) + H(0) + 1),

where the mean number of particles included in a fluid system of volume V' is expressed as
-N.. Hence, requiring relation (0p/0P)y 1 + 0 at the triple point corresponds to requiring
relation -(N/V)2.%-N/V.? + 0. At the triple point, the density fluctuations are prevented.

This suggests the occurrence of two phenomena. One of the two phenomena indicates that
particular particle pairs contributing to the magnitude of D(r) are confined among branches
of physical clusters. The other represents that almost all physical clusters are in the state
of the percolation at least near the triple point. In the state of the percolation of physical
clusters, relation 1 ( P(0) is satisfied according to Eq. (44). The state of percolation
at the triple point requires relation 1 ( P(0) and 1 ( % H(0). Relation 1 ( % H(0) is

equivalent to (1/V) |, D(r)dr + 0 owing to D(r) = H(r) 4+ 1. Decreasing the magnitude of

v
D(r) toward zero means that the magnitude of %H(0) is made diverge. Particle pairs that
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contribute to the magnitude of D(r) includes specific particle pairs characterized by the fact
that two particles of each particle pair interact in an unbound state where the contribution
of the relative kinetic energy of the pair particles exceeds the contribution of the attractive
force acting between them. The particle pairs should contribute to maintaining the density
fluctuations near the triple point. This fact suggests the assumption that particle pairs that
contribute to the magnitude of D(r) are confined among branches of physical clusters formed
by particle pairs that contribute to the magnitude of P(r). The more densely branches of
physical clusters are developed, the more frequently particle pairs that contribute to the
magnitude of D(r) and which are confined among the branches of physical clusters can be
exchanged for particle pairs that contribute to the magnitude of P(r). The development
of branches of physical clusters allows for a decrease in the magnitude of D(r) and allows
1 (% H(0), which leads to (1/V) 1v D(r)dr + 0. This is consistent with a consequence

1
obtained from the discussion in Sec.II B3 as it shows that (1/V) |, D(r)dr + 0 is satisfied

v
near a liquid-solid transition point. The fluid system is allowed to be transformed from the

1
liquid state into the solid state when (1/V) |, D(r)dr + 0 is satisfied.

v

If the percolation of physical clusters does not occur even at the triple point, then the
magnitude of P(0) is not large according to Eq. (44). Then, the magnitude of %H(0) is
also not large as relation (9p/dP)y 1 + 0 requires H(0) + %1 %P (0). This means that the
magnitude of D(r) does not reach zero when an increase in the value of p allows the value
to reach a specific value given at the triple point. It is somewhat unreasonable to allow a
fluid system to be transformed from the liquid state into the solid state under the condition
that the magnitude of D(r) does not become sufficiently small.

Therefore, the condition 1 (P (0) denoting the state of the percolation should be satisfied
near the triple point. The occurrence of 1 ( P(0) means that branches of physical clusters
that develop densely over the entirety of V' can confine particle pairs contributing to the
magnitude of D(r) among them. The occurrence of 1 ( P (0) near the triple point is effective

for explaining why the density fluctuations decease toward vanishing as p increases toward

a specific value being given at the triple point.
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D. Effects on thermodynamic properties of classical fluids
1. Elects of physical cluster formation on features of various Ruids

(a) Pressure equation

In the gas state, the fluid should be characterized as an ensemble of particle pairs consist-
ing of only particles having large relative momenta. Then, each particle pair is characterized
as pair particles interacting in an unbound state in which a contribution of their relative
kinetic energy exceeds a contribution of the mutually attractive force characterized by a
specific pair potential u(r). By contrast, each particle pair forming an ensemble of parti-
cles having small relative momenta is characterized as pair particles interacting in a bound
state in which a contribution of the mutually attractive force characterized by a specific pair
potential exceeds a contribution of their relative kinetic energy. A physical cluster is an
ensemble of particles that are linked to each other via bonds defined by such bound states.
Particles that participate in the physical cluster formation contribute to the magnitude of
the pair connectedness P(r). These particles have small relative momenta; hence, they
cannot actively contribute to the pressure P.

According to the pressure equation, the pressure P for a single-component fluid involves
an effect of the physical cluster formation owing to g(r) = P(r) + D(r) and is given as

follows:
#

BP = p%(p*/6)3 y r[du(r)/dr][P(r) + D(r)|dr.

In the pressure equation, particles that contribute to the magnitude of a correlation function
D(r) can have large relative momenta. This can principally contribute to the pressure P.
A fluid must consist of particles contributing to P(r) and particles contributing to D(r).
According to a macroscopic aspect of the fluid, the expectation is that a group of particles
contributing to P(r) homogeneously mix with a group of particles contributing to D(r).
According to microscopic aspect, effects of the physical cluster formation on the fluid do
not allow the two groups to homogeneously mix with each other. Moreover, particles having
large relative momenta can be confined among branches of physical clusters. Thus, effects
of the physical cluster formation on the pressure should be observed. Features of the fluid
at a temperature at least below the liquid-vapor critical point should be generated via the

cooperation between a group of particles having large relative momenta and another group
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of particles having small relative momenta.

Based on Eq. (163), the compressibility estimated from the two differential equations Eqs.
(154) and (155) is equal to that estimated from the two integral equations Egs. (49) and (52),
unless a fluid includes extremely large physical clusters developed under conditions beyond
the percolation threshold. The two correlation functions P (r) and D(r) that are estimated as
exact solutions from the two differential equations Eqs. (154) and (155) should be adequate
approximations that allow the pressure P to be expressed as the sum of contributions of the

physical cluster formation and the other contributions.*?

( b)) Confinement of particles caused by branches of each physical cluster

Attractive forces between particles constituting each physical cluster must make the
branches of each physical cluster contract, and particles having small relative momenta
should not be allowed to microscopically homogeneously mix with particles having large
relative momenta. Despite this fact, the solid state cannot be found even in a specific fluid
being maintained near the freezing point. Hence, particles having large relative momenta
must be confined among branches of physical clusters and must prevent physical clusters
from contracting. The formation of a structure that prevents the phase separation between
a group of particles having highly kinetic abilities and another group of particles having
small relative momenta is consistent with the law of the increase of entropy. Moreover, the
fact that branches of physical clusters confine particles having large relative momenta should
allow the liquid-vapor interface to become macroscopically clear and smooth in a fluid sys-
tem being maintained below the critical point. A capability to allow a fluid to maintain the
liquid state® should be a result of the physical cluster formation, which allows particles of
large relative momenta to be confined, and the physical cluster formation should make the

liquid state differ from the gas state.

( ¢ ) Features of fluids generated by physical cluster formation

A microscopic fluid structure induced by the physical cluster formation should allow some
features of a fluid in a liquid phase to be interpreted. No matter how high the density of
particles becomes, a fluid in the gas state where the effect of the physical cluster formation

is not expected can microscopically homogeneously mix with another fluid in the gas state
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where the effect of the physical cluster formation is also not expected. However, a fluid
in the liquid state cannot homogeneously mix in each microscopic element of volume with
another fluid in the liquid state. This phenomenon is caused by an effect of the physical
cluster formation.

Physical clusters can contribute to forming a microscopic distribution pattern of particu-
lar particles (atoms or molecules) that are dissolved as solute particles in a fluid in the liquid
state. Solute particles that cannot actively participate in the physical cluster formation have
a tendency to be distributed among branches of physical clusters. Solute particles that can
actively participate in the physical cluster formation have a tendency to be distributed as
a portion of the particle group that consists of particles forming physical clusters. Thus,
physical clusters can make a microscopic distribution pattern of solute particles inhomoge-
neous in a fluid mixture, such as a liquid of metallic alloy or another solute-solvent mixture.
A microscopic fluid structure, resulting in a microscopic distribution pattern of solute par-
ticles, might aid in interpreting even the anomaly of the specific heat that can be obtained
from a fluid mixture near the consolute point® as the stability of physical clusters depends
on the temperature.

The formation of a microscopic inhomogeneous distribution pattern of solute particles
characterizes a macroscopic phenomenon called the osmotic pressure. The behavior of the
osmotic pressure when dissolving solute particles that cannot actively participate in the
physical cluster formation differs from that when dissolving solute particles that can ac-
tively participate in the physical cluster formation. The difference between microscopic
inhomogeneous distribution patterns can allow the temperature dependence of the osmotic
pressure for a fluid mixture to differ from that for another different fluid mixture.

Under the condition that the stability of physical clusters is low, both the formation
of physical clusters and the decomposition of physical clusters can occur as very sensitive
responses to slight variations in temperature. Such highly sensitive responses should allow
the thermal conductivity of a fluid to behave anomalously®®. A microscopic fluid structure
induced by the physical cluster formation should influence various phenomena found from a
fluid.

At the temperatures of a fluid that is beyond the liquid-vapor critical point although
is near this point, the physical cluster formation can cause inhomogeneity as the density

fluctuations'?. As physical clusters that are formed in a fluid in the gas state restricts the
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motion of particles, the fluid should gain a specific structure!*. After the density fluctuations
reaches the maximum at the critical point, they are reduced as the density of particles
increases!?.

The degree of the density fluctuations can be confirmed from the compressibility as known
from Eq. (223). In a hard-sphere fluid system, the density fluctuations are only simply
reduced as the density of hard spheres increases according to the equation of state®. No
existence of attractive forces between particles causes the phase behavior to be simple. The
presence of attractive forces between particles can cause complexity of the phase behavior,
which depends on features of the attractive forces®. Various characteristic phenomena!® 24
can be influenced by the physical cluster formation depending on features of attractive forces
acting between particles.

The dependence of the heat capacity of a fluid on temperature behaves characteristically
near the critical points.>”*® According to relation g(r) = P(r) 4+ D(r), the internal energy U

for a single component fluid involves an effect of the physical cluster formation and is given

as follows:

#
1 4 5
U= 30V +=p*V  u(r) P(r) +D(r) dr.
25 2”7,

The dependence of the heat capacities of liquids on temperature®*>?

should involve the in-
fluence of the stability of physical clusters. Although extremely large physical clusters occur
at the percolation threshold, the dependence of the heat capacity of a fluid on temperature
can be affected by physical clusters that do not reach a percolation state near the critical

pOth 42,57,58
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2. Pressure alected by physical cluster growth

Under the condition that Eqgs. (156) and (157) are satisfied, two correlation functions P (r)
and H(r) that are given as exact solutions satisfying the two differential equations expressed
by Egs. (154) and (155) should allow the pressure P maintained by a single-component fluid
to be adequately estimated. This is supported by the fact that the compressibility is given by
Eq. (163). Moreover, it is supported by the fact that a requirement for making the use of the
pressure equation SP = p%(p®/6)3 , r[du(r)/dr][P (r)+ D(r)]dr become effective requires
approximations for P(r) and H(r) to be adequate only in a microscopic range in which
|du(r)/dr| retains an effective magnitude. Hence, the pressure P that is estimated from the
two correlation functions given as the exact solutions should be an adequate approximation
for the pressure that should be estimated from two correlation functions derived from the

two integral equations corresponding to Eqgs. (49) and (52).

(a) Correlation functions for describing fluid
The correlation functions P (r) and H(r) are given as exact solutions of the two differential

equations. According to Eq. (182), P(r) is expressed by
P(r) = Po(r) + Pin(r) + Pex(r),

where Pg(r) expresses the direct contribution of the particle located at the origin, i.e.,
r = 0, and it decreases steeply as £'r is increased because it depends on an exponential
factor e+ =0 (g | 7). If a condition of the fluid is not in the vicinity of the percolation
threshold where 0 ! &*o (1 is satisfied, then the contribution of Py(r) can become

sufficiently small. According to Eq. (200), H(r) is expressed by
H(r) + 1= Ho(r) + HV (r) + HO (7)) + HE (7)) + HY () + 1
0 in ex in ex )

where Hg(r) expresses the direct contribution of the particle located at the origin, i.e.,
r = 0, and it decreases steeply as &r is increased because it depends on an exponential
factor e=* =0 (51 ). If a condition of the fluid is not in the vicinity of the critical point
where 0! ¢To (- 1issatisfied, then the contribution of Hy(r) can become sufficiently small.

According to the dependence of H(r) on ¢ in cases of P (r) # 0, an increase in the value
of ¢ can allow the absolute value of the negative magnitude of H(r) to be increased. This is

confirmed by a comparison between (a) and (c) in Fig. 20 and another comparison between
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(a) and (c) in Fig. 21. The behaviors mentioned here can be caused by the exclusion effect

owing to the hard-core potential of each particle.

( b)) Estimate of pressure
To consider the exclusion effect owing to the hard-core potential of each particle, the

pressure equation should be rewritten as

- # $ %, # $ %
( o0
_P 40 dfu(r) T l 0 dBua(r)
P_ﬁ 1%46 R g(r) —  —dr%4¢ ( o—9(r)

=
—  Zdr (230
- odr (230)

Here, the pair potential contributing to the interaction of a particle with another particle
is expressed as u(r) = u,(r) for 0! r ! o and u(r) = u,(r) foro! r < & . u(r)is a
repulsive pair potential owing to the hard core, and w,(r) is an attractive pair potential.
Then, lim«_ou(o %) # lim«_,ou(c + 0) appears. For 0! r! o, u(r) = & is satisfied. For

o<r<&,%& <u(r)<O0 is satisfied, and %u(r) has a finite positive value.

i) Direct effect of the hard-core potential on the pressure
To assess the second factor on the right-hand side of Eq. (230), the PY approximation

can be expressed as
c(r) =n(r)f(r), (231)
where f(r) is the Mayer f-function given as f(r) = e~Yr(") %1, and n(r) is defined by
n(r)" g(rye* ", (232)
According to Eq. (231), the hard-core potential u,(r) = & functioning for 0 < r! o requires
c(0%0) =n(oc %) f(oc %) =%n(c %0), (0<d( 1). (233)
The MSA requires Eq. (231) to satisfy
clo+06)=nlc+08)f(c+0)=%0u(c+0), (0<d( 1). (234)
Then,

clo+0)# c(c%d), (0<d( 1). (235)
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However, Egs. (233) and (233) require ¢(o + J) and c(o %¢) to remain finite values for
0 <0 ( 1. Therefore, n(o + ¢) and n(c %) are finite values for 0 < § (1, and it is

acceptable to assume that
limn(o + d) = limn(o %90). (236)
*—0 *—0

Thus, the use of Eq. (232) allows the second factor on the right-hand side of Eq. (230) to

be rewritten as

# $ %, #oo. $ %,
( 1 (+ ; 1
4¢ JdﬂuT(T)g(r) —  —dr =4¢lim adﬁur(r)n(r)e_ ue) Lo 2y
0 dr o o *50 0, dr$ 0/$00/ o
9646 lim v () Leue T dr. (237)
= o — —  —dr.
*=0 g dr o o

Then, the hard-core potential requires u,(r) =& for 0! r! o and u,(r) =0for o ! r to
be satisfied, and the direct effect owing to the hard-core potential corresponds to the impact
occurring at = o. Hence, a factor e="r(") for expressing the direct effect is equivalent
to the Heaviside step function 8(r % o). Thus, the derivative in Eq. (237) is expressed as

de=vrl) = 46(r %o) = §(r %o). Ultimately, Eq. (236) requires Eq. (237) to be estimated

as
# $ %, H oo $ %,
C q 1 (+ 1
4¢h a—ﬁz;(r)g(r) g ;dfr =% 113% on(r)é(r %o) g ;dr
0 0 %,
=%¢ liII(l) n(o +96) o0
=

—%drg(o). (238)

ii ) Pressure given by Eq. (230)
The use of P (r) and H(r) given as the exact solutions allows the pressure P of the fluid

to be expressed by the following formula:

P="21+4¢g(0) %gPC(P) %EPC(D). : (239)

& p
where D(r) = H(r) + 1.
On the right-hand side of Eq. (239), a factor (8/p)P.(P) is given by
$ %
/8 n /B 1

#
— — “Odﬁua(r) in (7 r r —dr
SRR CR(Po) 40 o R +Pal)] Dl (200
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where
# $ %,
> d
A G (241)

( dr o o

§PC<P0> " 4

If a condition of the fluid is far from the percolation threshold, then the expectation is that
the contribution of (8/p)P.(Py) is sufficiently smaller than the other factor.
Moreover, Eq. (239) includes a factor (5/p)P.(D) that is given by

B B B B

ZP(D)==P,(Hy) + =P, (H®) + EP(H® 4+ 1), 242
p (D) p (Ho) P (H™) P ( ) (242)
where
# $ %,
6] * dBua(r) r 1
EP.(Hy) " 4 B AN - Zdr 24
JPAH) " 40 0T s (243)
# $ %,
B > dBua(r) rool
EP.(HH) " 4 2 H, H(H —- = 244
PO 1o aSEEIHD 0+ HD0) L (244)
and
# $ %
s (%) " = dBua(r) (%) r -l
—P.(HY +1 4 H. H: 1] — —dr. 24
PAHY S 46 eEREHD0) HO0) 1) D Zdn (26)

If a condition of the fluid is far from the critical point, then the expectation is that the

contribution of (5/p)P.(Ho) is sufficiently smaller than that of the other factors.

( ¢ ) Effects of physical cluster formation on pressure

In Eq. (239), the contribution of (8/p)F.(P) to the magnitude of P corresponds to an
effect from the particles participating in the physical cluster formation. A requirement
%dfu(r)/dr < 0 for considering the mutually attractive force and another requirement
P (r) 0 0 for considering a feature of the pair connectedness allow a relation (3/p)P.(P) > 0
to always be satisfied according to Eqs. (240) and (241). Thus, recognition obtained from Eq.
(239) denotes that the contribution of (5/p)P.(P) plays a role in decreasing the magnitude
of P. This demonstrates that the physical cluster formation plays a role in reducing the
pressure of the fluid. This effect can allow each fluid in the liquid state to maintain its
volume without being confined, and it can allow each fluid in the liquid state to maintain its
surface without a container. Simultaneously, this can allow surface tension to be generated.

A factor (3/p)P.(H™)), which is given by Eq. (244), represents an effect induced in the

case that the physical clusters confine particles contributing to the magnitude of H(r). If
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the contributions of the physical cluster formation to the pressure are ignored, then the
factor (3/p)P.(H™®)) should be zero with (8/p)P.(P). Then, Eqgs. (239) and (242) require

the pressure to be expressed by

P="2 1+ 469(0) %gPC(HO) %%PC(H(*) + 1). : (246)

g
The magnitude of P that is estimated from Eq. (246) should be larger than that estimated
form Eq. (239) in which the contributions of the two factors (3/p)P.(P) and (3/p)P.(H™))
are not ignored. If the contributions of the two factors for P are not ignored, then the
physical cluster formation plays a role in reducing the pressure. Then, particles having large

relative momenta are confined among branches of physical clusters.*?

3. Internal energy alected by physical cluster growth

((a) Estimate of internal energy U for single-component fluid

The two correlation functions P (r) and H(r) are given as the exact solutions satisfying
Egs. (154) and (155) under the condition that Eqs. (156) and (157) are satisfied. The
internal energy can be sufficiently accurately estimated from the use of a specific equation
if approximations for P (r) and H(r) are adequate within a domain where a pair potential
causing the interaction of a particle with another remains effective. Then, this domain
retains a microscopic extent. On the contrary, the domain within which P(r) and H(r) are
estimated reaches a macroscopic extent. On the surface of the domain, the requirements
expressed by Eqs. (156) and (157) are satisfied.

The features of the pair potential require the equation for an estimate of the internal
energy U to be expressed by

- # % # % :
U= 3oV 1+ 8¢ ( ﬁur(7")g(7’)$Z 021d7"+8¢ Ooﬁua(r)g(r)$Z ozldr . (247)
25 0 o 0o ( o 0

The continuity given by Eq. (236) with Eq. (232) can be expressed as follows:
0 <limg(o %8)e () =limg(oc + 6)eV=(F) < & . (248)
*—0 *—0
Thus, Eq. (248) requires

0! limg(o %6)Bu.(0 %0) ( lim g(o %s)e =), (249)
*—0 *—0
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Then, Eq. (249) means that the following relation is satisfied:
lirr(l) g(0 %6)Pu, (0 %) = 0. (250)
*—

Therefore, the contribution of the second factor on the right-hand side of Eq. (247) disap-

pears, and the internal energy is estimated as
- # $ %
3pV > r E
U=—+ 1+8p  Pua(r)g(r) —
20 (

where g(r) = P(r) + D(r) with D(r) = H(r) + 1.

o
—d 251
(251)

If the approximations for P(r) and H(r) are adequate in the effective range in which
|u(r)] # 0 is satisfied, then the approximations allow U to be estimated in a sufficiently
accurate fashion. Hence, the internal energy U that is estimated from the exact solutions
should be an adequate approximation for the internal energy that should be estimated from
two correlation functions derived from the two integral equations corresponding to Eqs. (49)
and (52).

The use of the exact solutions given by P(r) = Py(r) + Pi(r) + Pe(r) and D(r) =
Ho(r) + HP (r) + R (r) + HY () + HE(7) + 1 allows the internal energy U for the

single-component fluid to be given as

25 1Dy . (252)

_3pv'1 283
3pV ¢

U= U(P) +

Y T
On the right-hand side of Eq. (252), a factor (28/3pV)U.(P) is given by
# 5$ %,

20 . 20 & 4 r 1
?)[)—VUC(P) WUC(P0)+8¢ ( Ba(r) Pin(r) + Pex(r) p ;dr, (253)
where
# $ %,
%UC(PO) "8 AulIPy) . %dr. (254)

If a condition of the fluid is far from the percolation threshold, then the expectation is that
the contribution of (28/3pV)U.(Py) is sufficiently smaller than the other factor. In Eq.
(252), relation (23/3pV)U.(P) < 0 is satisfied because u(r) < 0 and P(r) > 0 are satisfied.
The factor (28/3pV)U.(P) plays a role in reducing the magnitude of the internal energy.
The physical cluster formation contributes to reducing the value of U. The internal energy
as a thermodynamic property of a classical fluid system is affected by the formation of a

specific structure generated in the fluid.
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Moreover, Eq. (252) includes a factor (25/3pV)U.(D), which is given by

28 . 28 20 o m @y 1+ 2P e
3vaC(D) 3pVUC(H 0) + — 3V U(H™) + 3pVUC(H +1), (255)
where
0,
25 1 (H "8#00 H $T/021d 9256
3pV ( 0) ¢ ( ﬁua(T) 0(7“) 5 o r, ( )
# 5$ %,
28 gy e 4, (B> 7L
3V UC<H * ) 8¢ ( 5“8»( ) in (T) + He: (7") o Udr> (257>
and
# %,
ﬁU(H<*>+1) 8¢ 5ua( )4 D)+ HO) +17 = Lar (258)
3pV ( o o

If a condition of the fluid is far from the critical point, then the expectation is that the
contribution of (25/3pV)U.(Hy) is sufficiently smaller than the other factors.

The exact solutions given by P (r) = Py(r) + Piy(r) + Pex(r) and H(r) + 1 = Hy(r) +
HO )+ HE (1) + HY (r) + HE () + 1 satisfy Eqs. (156) and (157) as requirements before
reaching the percolation threshold. Hence, the internal energy that is obtained from the
substitution of the exact solutions P (r) and H(r) into Eq. (252) corresponds to that which
should be estimated in a condition before reaching the percolation threshold. The internal
energy obtained from the use of the exact solutions cannot be allowed to express the internal
energy that should be estimated under the condition that a fluid includes extremely large
physical clusters developed beyond the percolation threshold. Despite this fact, the internal
energy estimated from Eq. (252) should preserve an adequate approximation even near the
percolation threshold.

By contrast, if the contributions of the physical cluster formation to the internal energy
are ignored, then (23/3pV)U.(P) = 0 and (23/3pV)U.(H™)) = 0 should be satisfied. This
becomes adequately real at least at high temperatures. Then, Eqgs. (252) and (255) require

the internal energy to be given as
20

3pV L 20
28 3pV 3pV

If a fluid is the ideal gas, then the internal energy satisfies (2/3)5U/pV = 1, which is inde-

U = U (Ho) + —=U(H® + 1). . (259)

pendent of temperature. When ignoring the formation of physical clusters is acceptable for
a fluid, the exclusion effect owing to the hard-core potential of each particle becomes a dom-

inant factor that makes (2/3)8U/pV depend on temperature. This is confirmed according
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to the form of the above equation for a fluid that does not have a specific structure owing

to the physical cluster formation.

( b ) Relations of internal energy U with structures of fluid

A fluid in the gas state should be characterized as a specific ensemble of particle pairs
consisting of particles having large relative momenta. Then, each particle pair is charac-
terized as pair particles interacting in an unbound state in which a contribution of their
relative kinetic energy exceeds a contribution of the mutually attractive force characterized
by a specific pair potential u(r). Even in the fluid in the liquid state, such particle pairs
having large relative momenta are included. Indeed, the contribution of their large relative
momenta to the internal energy U should be dominant in comparison with that of small rel-
ative momenta carried by particle pairs forming physical clusters. Each particle pair formed
by pair particles having small relative momenta is characterized as pair particles interacting
in a bound state in which a contribution of the mutually attractive force characterized by the
pair potential exceeds a contribution of their relative kinetic energy. Each physical cluster
mentioned here is an ensemble of particles that are linked with each other via bonds defined
by such bound states.

Particles that participate in physical cluster formation contribute to the magnitude of
P (r). These particles have small relative momenta; hence, they cannot actively contribute to
U. Particles that contribute to the magnitude of D(r) have large relative momenta. These
particles can principally contribute to U. Thus, particles are classified into two groups.
According to the microscopic aspect, effects of the physical cluster formation on the fluid
do not allow particles belonging to the two groups homogeneously to mix with each other.
Particles having large relative momenta can be confined among branches of physical clusters.
Thus, an effect of the physical cluster formation must influence the internal energy. The
internal energy of the fluid at a temperature at least below the liquid-vapor critical point
should involve effects caused by the cooperation between a group of particles having large
relative momenta and another group of particles having small relative momenta.

The internal energy U given by Eq. (252) includes a contribution U.(P) of physical clus-
ters and another contribution U.(D). Movements of particles participating in the physical
cluster formation have a tendency to be inhibited by mutually attractive forces making

the particles interact with each other. The effect of the inhibition of kinetic abilities of
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the particles on the internal energy is given as (2/3)8U.(P)/pV in Eq. (252). If a fluid
includes physical clusters, then the magnitude of (2/3)5U.(D)/pV involves a confinement
effect that is generated by confining particles of large relative momenta among branches of
physical clusters. If a fluid include no physical cluster, then the temperature dependence of
(2/3)BU.(D)/pV is characterized by a contribution caused by the exclusion effect owing to
the hard-core potential of each particle.

Even if a contribution of the formation of extremely large physical clusters may not be
required, the dependence of the specific heat on temperature 1" near a special temperature
Ty, at which a property of a fluid varies anomalously, can be characterized by (1%7T/T,)~"
(0 < «). This can be expected at least for the measurements of heat capacity for argon
and oxygen.’” It is impossible to find the above dependence for a hard-sphere fluid system
without the formation of physical clusters.

For a fluid in the liquid state, the dependence of (2/3)5U/pV on the temperature of
the fluid is not simple.® A confinement effect that results from confining particles of large
relative momenta among branches of physical clusters can affect the temperature dependence
of (2/3)pU/pV. Indeed, the temperature dependence in a region of high temperature should
be different from that in a region of low temperature because the mean size of physical
clusters depends sharply on the temperature. When variations in the temperature of the
fluid occurs, even variations in the magnitude of (2/3)5U.(D)/pV can become more sensitive
in the region of lower temperature where physical clusters should be more stabilized.

The mean size of physical clusters is steeply decreased if the temperature of the fluid
is slightly increased from that at the percolation threshold. Hence, when variations in
temperature occur, variations in the magnitude of (2/3)8U.(P)/pV should be ignored in the
temperature region that is higher than that at the percolation threshold. By contrast, when
variations in temperature occur, the magnitude of (2/3)8U.(D)/pV can sensitively vary
even when the temperature is much higher than that at the percolation threshold because
particles that contribute to the magnitude of D(r) increase in number as the temperature
is increased. When the temperature approaches that at the percolation threshold, physical
clusters grow steeply in the vicinity of the percolation threshold. A steep growth of physical
clusters in the vicinity of the percolation threshold should allow for the contribution of
(2/3)BU(P)/pV to the internal energy to be considerably enhanced. As exemplified by the

internal energy, thermodynamic properties of a classical fluid system can be affected via
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the formation of a specific structure generated for the physical cluster formation and the

confinement of particles having large relative momenta.
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III. PHYSICAL CLUSTER FORMATION IN MULTICOMPONENT
FLUIDS

Phase behavior of a multicomponent fluid mixture system is complicated by the con-
tribution of physical cluster growth that involves several constituents of the system. It is
useful to establish an equation system corresponding to that composed of Eqgs. (49) and
(52) to analyze the effects of the physical cluster formation on the properties of the multi-
component fluid mixture system. Each physical cluster is formed as an ensemble of pair
particles that interact with each other in a bound state.

Two particles can interact with each other in a bound state or in an unbound state in
the multicomponent fluid mixture system. If the two particles are particle 1 of species ¢
and particle 2 of species j, the three-dimensional coordinates for the particles of species
1 and j can be denoted by rgi) and rg), respectively. Then, a bound state, i.e., Eéjm) +
Bui (|r§i) %rgj )|) I 0 corresponds to a specific state where the contribution Su; (|rgi) %rgj )|)
of a mutually attractive force between the particles 1 and 2 exceeds the contribution Eéj1,2) of
relative kinetic energy between the two particles because their relative momentum is small.
An unbound state, i.e., E(ij1,2) + Bu (|r§i) %rg)|) > () corresponds to a specific state where
the contribution E(ijl,Q) of the relative kinetic energy between the particles 1 and 2 exceeds
the contribution [u; (|r§i) %rgj )|) of the mutually attractive force between the two particles
because their relative momentum is large.

Unless phase separation occurs in a multicomponent fluid mixture system, the macro-
scopic picture of the system allows particles that have large and small relative momenta to be
homogeneously mixed. However, these particles cannot be microscopically homogeneously
mixed. Branches of physical clusters can confine particles that have large relative momenta.
Thus, the physical cluster growth wherein particles that have small relative momenta par-

ticipate can affect various properties of the multicomponent fluid mixture system.
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A. Two integral equations for describing an L-component fluid mixture

system

The probability that one particle each of species 7 and j are located in a volume element
drgi) at rgi) and in volume element drg) at I‘g) respectively is expressed using the pair
correlation function gj . Then, a three-dimensional coordinate rr(]i) denotes the location of
an h particle of species i (i =1, 2, -+, L). If the two root points are labeled 1 and 2, one
of two particles occupying the two root point is located at rgi) and the other at rg#). The
three-dimensional coordinates of field points labeled 3, 4, - -+ are expressed as rg#ﬁ? rg##ﬁ,

-+« respectively.

The above probability is given as pjpj g (T)drgi)drg), wherein p; and p; represent the
particle densities of species ¢ and j for a uniform distribution in a fluid mixture system of L
constituents, respectively. Parameter r is the distance between the two root points and it is

given as r = |r| and r = rgi) %rg).

The relationship between a particle of species 7 in drgi) at rgi) and a particle of species j in
drg) at rg) is characterized by two possibilities: Both of them belong to the same physical

cluster or each of them belongs to different physical clusters.

The probability that both of the two particles belong to the same physical cluster is ex-
pressed using the pair connectedness Pj . Then, the probability is given by pj p; Pj; (7“)dr§i)drgj ),
The pair connectedness Pjj (1) allows estimating the mean size of the physical clusters.?

The probability that the particle of i in drli) at rg) and the particle of j in drg) at rg)
belong to a physical cluster and another physical cluster respectively is expressed using a
correlation function Dj . Then, the probability is given by p;p; Dj; (r)drgi)drg ), Ultimately,
the probability that the particles of ¢ and j are located in drgi) at rgi) and in dr(zj) at rg)
respectively is represented as the sum p;pj Pjj (T)drg)drg) + pipj Djj (T)drgi)drg). Thus, the
pair connectedness Pj (r) for the fluid mixture system of L constituents is related to gj ()

as

gi (r) =Py (r) + Dy (r). (260)

This relationship holds the same meaning as that maintained by Eq. (38) for a single-

component fluid system.
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1. Probability that two particles interact with each other in the bound state

(a) Probability pj (r)

A mutually attractive force can make a particle interact with another. Hence, the re-
lationship between pair particles specified by an f-function have two possibilities. If the
pair particles are an h; particles of species ¢ and an h; particles of j, one possibility suggests
that the contribution of a mutually attractive force between the h; and hj particles exceeds
the contribution E(ijhi‘hj) of the relative kinetic energy between them. The other possibility
suggests that Eéjhi ") exceeds the contribution of the mutually attractive forces. When one
particle each of species 7 and j are located at I‘Si) and rgj) respectively, the distance between
them is rj = |r£]ii) %rﬁj)|. Then, the contribution of a mutually attractive force between the
two particles is given by Suj (rj ). This allows Eq. (30) to express the probability pjj (rj )
that the pair particles satisfy the condition E(ijhi‘hj y i (rij ) ! 0. The probability py (ry ) is
given by

(
pi (rij ) = 20712 T(3/2) %T'(3/2, %Bu; (r;)) - (261)

Indeed, this probability should behave as pjj (rj ) = 0 if w;j (rj; ) is a repulsive potential, i.e.,
Buij (rij ) > 0. If the particles are located outside the effective ranges within which mutually
attractive forces make the particles interact with each other, pj (rj ) = 0 should also be
satisfied. Further, the use of the Heaviside step function 6(7) =1 (7 > 0), 0 (7 < 0) allows
Eq. (261) to be rewritten as

py (ry ) = 2771"% T(3/2) %I(3/2,w (ry ))(7 (262)

where wyj is defined as

wi (i) " % Buj (ri )0[%Buij (rij ). (263)

( b)) ft-function and f*-function

An ensemble of particle pairs specified by f-functions forming a product in each term of
the density expansion of gj can be symbolized as a diagram with a structure formed from
particle pairs linked by f-bonds defined as the f-functions. Every diagram found in the
density expansion of gj has the same pair of root points; the density expansion corresponds

to the sum of all diagrams with structures that form f-bonds’ paths joining a root point

142



to the other root point. Then, the paths of f-bonds found in the density expansion allow
effects of the behavior of a particle at a root point to be propagated to the other particle at
the other root point.

Pair particles specified by an f-function fj (rj) interact with each other in a bound
state or in an unbound state. The use of pj (7 ) enables f;j (rj ) to be divided into two
contributions. One contribution is expressed as fij+(7’ij ), which is linked to the case that the
pair particles interact with each other in a bound state Eéjhi ny) T Ui (rij) ! 0. The other is
expressed as fjf (rj ), which is linked to the case that the pair particles interact with each
other in an unbound state E?hi,hj) + ujj (rj ) > 0. Thus, f;j (rj ) are expressed as the sum of

the f*- and f*-functions, i.e.,
fi (i) = fif () + £ (). (264)

Then, the fT-function and f*-function are given by

)
*
T )" oy (g e ),

. (265)
’ f|]'< (Tij ) " []. %plj (’["ij )]e*"U ij (I‘ij ) %1

2. Physical clusters

The use of Eq. (264) allows each f-bond in a diagram found in the density expansion
of gj (rjj ) to be expressed as the sum of the f™-bond defined by the contribution from the
interaction in a bound state and the f*-bond defined by the contribution from the interaction
in an unbound state. Thus, the use of Eq. (264) makes it be possible to find a diagram
wherein the root point is connected to the other root point through at least one path of all
f*-bonds given as a product of f*- functions. Particles that participate in forming such a
diagram constitute a portion of a physical cluster. Indeed, the two particles corresponding
to the two root points are two particles constituting the physical cluster. This fact allows
Pij (rjj ) to be given as the sum of contributions obtained from every diagram with at least
one path of all /™ bonds between the root points.

The second simplest diagram found in the density expansion of gj (7 )%1 comprises three

particles linked by two f-bonds. The three particles occupy a root point rgi), the other root

point rg ), and one field point rgk), respectively. The field point corresponds to a coordinate
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of a particle of species k. If the three particles participate in the formation of a physical
cluster, the three particles are retained via the f-bonds in the bound states characterized
as the conditions EEEB) + uik (|r§i) %rék)|) I' 0 and E(kéyz) + wy (|r§k) %rg)|) ' 0. The three
particles in these bound states correspond to those participating in a diagram in which a
root point is connected to the other root point through at least one path of all f*-bonds
given as a product of fT-functions. The two particles corresponding to the two root points
are two of particles that constitute the same physical cluster.

The above fact allows Pj (75 ) to be given as the sum of contributions obtained from every
diagram that has at least one path of all f* bonds between the root points. Particle pairs
contributing to the magnitude of Pj (7 ) should not have large relative momenta. Particle
pairs that have large relative momenta should principally contribute to the magnitude of
Djj (rj ), and those that have small relative momenta should principally contribute to the
magnitude of Pjj (rjj ). In a fluid mixture system, particle pairs contributing to the magnitude

of Pjj (rj ) cannot be homogeneously mixed with particle pairs contributing to the magnitude

of Dj (rjj ). This fact allows the fluid mixture system to exhibit various properties.

3. Integral equations for analyzing physical cluster formation

According to the similarity to a single-component fluid system, each diagram found in the
density expansion of gj (rjj ) %1 is a diagram that comprises paths of f-bonds between the
two root points. The diagrams found in the density expansion of gj (1 ) %1 are divided into
two groups: One comprises the nodal diagrams with nodal points, and the other comprises
the non-nodal diagrams that have no nodal point. A nodal point is a specific field point in a
diagram. Missing the field point in the diagram implies that the diagram is separated into
a group including a root point and the other group including the other root point. Thus,
if the contribution of the nodal diagrams is expressed as Nj (rjj ) and that of the non-nodal
diagrams as ¢ (75 ), then the density expansion of g; (rj ) %1 requires gj (rjj ) %1 to be given

as
Gii (7‘) %1 = Cij (T) —+ ]Vij (7‘), (266)
where 7 =1 " | rli) %rg )|. This equation is equivalent to the Ornstein—Zernike equation,®

and c¢j (1) corresponds to the direct correlation function. Nj (r) is given as the convolution
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integral, i.e.,

L # ' (
Nij(r)= " p  ck(rik) gq(rg) %1 dr{,
k=1 v
where rig " | rg) %ri())k)| and 7 " | rgk) %rg)|. In the above equation, L is the number of

constituents .
Similarly, the diagrams contributing to Pj () comprise the nodal diagrams and the non-
nodal diagrams. Hence, Pj (7) is given as the sum of the contribution of all the nodal

diagrams and that of all the non-nodal diagrams.® This implies that Pj (r) is expressed as
Py (r) = Ni" (r) + G (7). (267)

Here, Cif(r) denotes the contribution of all the non-nodal diagrams, and each non-nodal

diagram has at least one path of all f*-bonds between the two root points. N,J*(r) is the
contribution of all the nodal diagrams, and each nodal diagram has at least one path of all
fT-bonds between the two root points.

The direct correlation function ¢jj (r) represents the contribution of all non-nodal diagrams
that comprise paths of f-bonds between the two root points. A correlation function Cj (r)
that is similar to ¢j (r) with respect to the behavior at a large r is obtained from the

subtraction of Cj (r) from ¢j (r). It satisfies the following formula:
¢j (r) = Cf (r) + C§ (7). (268)

Equation (268) requires the correlation function Cj (r) to represents the contribution of all
non-nodal diagrams which do not include any paths formed by all f*-bonds between the
two root points rgi) and rg ),

Then, subtracting Eq. (267) from Eq. (266) allows useful relations to be found because

of Eq. (260). The relations are summarized as
g9i = Pj + Dj
gij Y1 =cj + Nj
+ P” - CIT + -ZV|J+
(269)

Ci " g %C'ifr (all non-nodal diagrams)

» N " Ny %N, (all nodal diagrams).
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The difference Nj; %Nij+ represents the contribution of all nodal diagrams that do not include

any paths formed by all f*- bonds between the two root points r{") and rd).
Yy Yy 1 2

Moreover, N (r) is provided as the convolution integral of the product of Cjf(r) and

1]
ij (7“), i.e.,

||£ #
Nif(r) = Cil(r)Py (rig )drd.

Therefore, Eq. (267) allows the pair connectedness Pj (7) to be provided as a solution of the

integral equation expressed as
Py(r)=Ci(N+  m Cilr)Py (rg)drs”, (270)

where r =17 " | rgi) %rg)|.

The integral equation given by Eq. (270), which is used in the limit V' / & | has the
same mathematical structure as the Ornstein—Zernike equation. The correlation function
C’if, which is an unknown function in Eq. (270), is composed of only non-nodal diagrams
of f*-bonds. The direct correlation function ¢ is composed of only non-nodal diagrams of

f-bonds. This fact guarantees that the use of a mathematical procedure similar to that for

solving the Ornstein—Zernike equation enables Eq. (270) to be solved.

An integral equation for the correlation function Dj (r) can be extracted from the
Ornstein—Zernike equation. Owing to Eq. (260), the Ornstein—Zernike equation is expressed
as

n L #
k
Py (ry) +Dy (ry) %1 =cy (ry)+  pc e (ric)Py (g )dr§”

k=1 v
||£ #

+ Pk Cik (Tik )[ij (rkj ) % 1]d1‘§k). (271)

To obtain an integral equation for Djj (), the contribution of Pj (r) expressed by Eq. (270)
must be subtracted from Eq. (271). Then, the direct correlation function ¢j expressed by
Eq. (268) must be substituted for ¢; in Eq. (271). Thus, the obtained integral equation

is equivalent to both an integral equation derived by Stell?® and the other one derived by
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Chiew et al.® The integral equation is expressed as

||£ #
Hi () =C; (") +  pc  Ci(ric)Py (rig )drS”
k=1 v
n/r # n/r #
+ o Ci(ri)Hyg (ng)dey” + g G (ric)Hig (g )deS?,  (272)
k=1 v k=1 N
where r=rj "| rgi) %rg)| and
Hij (’l”) " D ij (T) %1. (273)

Then, Eq. (272) requires N in Eq. (269) to satisfy

||£ # "[, # 6 7
Ni(ri) = p Culr)Pg(ng)dr$ + o ei(ric) Dy (rg) %1 drf). (274)
k=1 v k=1 v

Although Egs. (270) and Eq. (272) are not equivalent to the Ornstein—Zernike equation,
an integral equation system composed of Egs. (270) and (272) becomes equivalent to the
Ornstein—Zernike equation because of Eq. (268). Equation (270) contributes to estimating
the formation of physical clusters. Equation (272) contributes to estimating effects of the
physical cluster formation. In fact, the second and third terms on the right-hand side of Eq.
(272) represent the reason that the formation of the physical clusters affect the correlation
function Hj . The existence of these terms play roles in explaining various phenomena caused

by physical cluster formation and physical cluster growth.

4. Appendix:  Rewrite of integration equation Eq. (272)

With respect to mathematical structure, Eq. (272) is different from the Ornstein—Zernike
equation. Despite this fact, it is possible to rewrite Eq. (272) as an integral equation that
has the same mathematical structure as the Ornstein—Zernike equation. Then, the relation

given by Eq. (270) must be considered. Thus, a formal rewrite of Eq. (272) results in
n E #
i i)+ e C(ric)Hig (g )dry, (275)

where

Hi () "H iy (ry )% Cic(ric)Hyg (g )dry (276)



and
||£ #
Ci(ri)" Ci(ry)+  p  Ci(ric)Py (rig )dri. (277)

The correlation function 6; includes both non-nodal diagrams and nodal diagrams be-
cause of the second term on the right-hand side of Eq. (277). The correlation functions C’IT,
Cj, and ¢j are composed of only non-nodal diagrams. Only in the case that the contribu-
tion of the second term on the right-hand side of Eq. (277) cannot be considered important,
it is possible to solve Eq. (275) using a mathematical procedure similar to that for the
Ornstein—Zernike equation.

Further, a correlation function Hj (ryj ) is affected via Cjf (ri ) by the physical cluster for-
mation. In addition, the correlation function C; (rj ) is affected via Py (1 ) by the physical
cluster formation. Particles contributing to the magnitude of ﬁij (rjj ) are not prevented from
behaving independently of particles contributing to the magnitude of Py (7). The parti-
cles contributing to the magnitude of Hj (rj ) are not homogeneously mixed with particles
contributing to the magnitude of Pj (rj ). Therefore, a formal equation style of Eq. (275)

accompanying Eqs. (276) and (277) demonstrates that particles with large relative momenta

cannot be homogeneously mixed with particles that have small relative momenta.
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B. Features of correlation functions for multicomponent fluid mixture system

According to Kirkwood and Buff,* the pair correlation function gj (r) for the multicom-

ponent fluid mixture system? has the normalization given as

# - .
1 N.%& 1 1
— gi()dr=—"" 4~ _NN.%-N.-N. 278
y % Vo Vg o (278)

where -Nj. represents the mean number of particles of species ¢ within volume V. The

dependence of gj () on V' is negligible for macroscopic V. The dependence of -N;./V on V

and that of (-NiNj. % -N;.-Nj.)/V on V are also negligible. Thus, Eq. (278) results in
#

o1
Vlgr;ov . gij (r)dr = 1.

This relation and Eq. (260) require Pj (r) and Dy (r) to satisfy
"1 # ] # .
vlg%o v, Pj (r)dr + Vo Dj (r)dr =1. (279)

Moreover, the pair correlation function behaves as g (|r§i) %rgj )|) + 1 when two particles
located at rgi) and rg) in the fluid system are widely separated. In the limit V / & and
r | & it behaves as gj (r) = 1.? Thus, Eq. (260) allows the physical meanings of Pj ()

and Dj (r) to result in

)
*
+ hm,—_wO Pij (r) =0
*

! hmrﬁoo Dij (T’) =1.

1. Mean size S of physical clusters for multicomponent Ruid mixture system

The mean size S of physical clusters can be estimated from the use of Pj (). The
equilibrium number ng of physical clusters comprising s particles can be related to the pair
connectedness Pj. According to the formula given by Coniglio et al.,* the relationship
between ns and Pj is given as

n IIE "E # # - . - .
s(s%1)ns = Pi Pj Pij (|r1') %rg)|)dr§')dr;J ), (280)
2<s i=1 j=1 vV
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If probability p{) that a particle of i species exists in a cluster is independent of s, then
3
the factor ¢ sns included in Eq. (280) can be related to the density p; of particles of ¢

species in the volume V' as
"

Pizv

S

Sns.

. 3
If i£:1 p® =1 is considered, the sum ¢ SNs is estimated as

n ",
sng =V i -
5 i=1

3
The mean physical cluster size S is given as S = ( s?ns)/( ¢ sns). Hence,

$ n/r %_1 n
S=V i $’ns.

i=1 S
This formula allows Eq. (280) to be rewritten as

6"c  T7_ "L vc #
S=1+ Pk Li Pj Pij (T)dl‘. (281)
k=1 i=1 j=1 v

2. Percolation of physical clusters

((a ) System without percolation of physical clusters
If the percolation of physical clusters does not occur in macroscopic V' found in the fluid
mixture system of L constituents, S estimated for the fluid mixture system using Eq. (281)
should be sufficiently independent of V. The limit V' / &  does not influence S. Thus, the

limit V' /& allows Eq. (281) to result in

)

4 3
Flimy e[S %1)/V] T ¢k =0 (282)

* 1
! lim\/_mO(l/V) v Pij (’I")dI‘ = 0.

Eq. (282) allows Eq. (279) to result in the normalization condition given in the limit V' / &

as

#
lim (1/V)  Dj (r)dr = 1. (283)

V —o0 Vv
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( b ) System involving percolation of physical clusters
If the percolation of physical clusters occurs in macroscopic V' found in the fluid mixture
system, S estimated for the fluid system using Eq. (281) should be dependent on V. Then,

the magnitude of [(S %1)/V] f:l px can have a finite value different from zero, i.e.,

)

4 3
*limy 50o[(S %1)/V] Ty o # 0 (284)

ity (1/V) " Py (7)dr # 0.

If a state of the fluid is in the immediate vicinity of the liquid—solid transition point where

0 < pd %p:q (1 (p$ denotes p; in a solid state, and p:q denotes p; in a liquid state that can

be transformed into the solid state) is satisfied, the dependence of S on V' may be estimated

as S/V + 3 il::1 p?d, which corresponds to the case that the growth of the physical clusters

reaches the limit. If this estimate for S/V is considered, in the limit V' / & | Eq. (281)
should have the meaning expressed as

wg owg # np ng
(1/V) pipy Py (r)dr+ e (285)

i=1j=1 v i=1 k=1

Thus, Eq. (285) allows Eq. (279) to result in
#

(1/V) Dij (r)dr + 0. (286)

A state specified by (1/V) lv Dj (r)dr = 0 means there are no particle pairs that com-
prise particles interacting with each other in unbound states. In a fluid mixture system
characterized by (1/V) , Dy (r)dr + 0, it is extremely impossible to observe an unbound
state where the contribution of the relative kinetic energy between pair particles exceeds the
contribution of a mutually attractive force between them, for each particle pair. This implies
that the fluid mixture system loses a feature found as liquid. Thus, the growth of physical
clusters can contribute the phase transition from the liquid state of the fluid mixture system

to the solid state.
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C. Effects depending on physical cluster formation in multicomponent fluids
1. Classibcation of constituents

In a multicomponent fluid mixture system, an ensemble of particles linked with each
other as each pair of particles interacting in a bound state cannot be microscopically ho-
mogeneously mixed with an ensemble of particles that is formed by each pair of particles
interacting in an unbound state. However, it is possible to prevent the former and latter en-
sembles from separating from the mixed condition that seems macroscopically homogeneous
in the multicomponent fluid mixture system. Branches of each physical cluster correspond-
ing to the former ensemble have a tendency to microscopically confine particles that belong
to a latter ensemble to prevent the phase separation. Then, the constituents of the multi-
component fluid mixture can be classified into A and B. Particles belonging to constituents
A have a tendency to participate in the former ensemble, and those belonging to the other
constituents B have a tendency to participate in the latter ensemble. Particles belonging to
constituents A have a strong tendency to participate in the formation of physical clusters,
and those belonging to constituents B have a strong tendency to be confined among branches
of the physical clusters. As a result, the relationships between the physical cluster formation

and features of constituents can affect phase behaviors of the multicomponent fluid mixture.

2. Various phenomena and interpretations

For multicomponent fluid mixtures in their liquid phase, the contributions of the physical
cluster formation to their features are not ignored in comparison with multicomponent fluid
mixtures in their gas phase. The results of the Monte Carlo simulations indicate that the
statistics of cluster size diversity can contribute to the statistical description of a complex
system.®® The phase behaviors of a multicomponent fluid mixture should be complicated®”

when the contribution of the formation of physical clusters is not ignored.

( a ) Occurrence of microscopic nonuniformity known from the behavior of colloidal
particles
For temperatures beyond the consolute point, a binary fluid mixture composed of two

constituents L; and Ly should be macroscopically homogeneous. For temperatures being
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below the consolute point, the binary mixture is separated into an L;-rich phase and an
Lo-rich phase. Then, the binary mixture forms a boundary between the two phases. If
the temperature is raised near the consolute point, the dense areas of Lo particles in the
Ly-rich phase should be microscopically developed near the boundary, whereas the dense
areas of L, particles in the Ls-rich phase should be microscopically developed near the
boundary. If colloidal particles are distributed in this complex medium, colloidal particles
that prefer the Lo-rich phase should be aggregated close to the boundary in the Lao-rich phase
near the consolute point. Further, colloidal particles preferring the L;-rich phase should be
aggregated close to the boundary in the L;-rich phase near the consolute point. Such
phenomena were experimentally demonstrated for the binary fluid mixtures of 2,6-lutidine
plus water.%® Either the aggregation of colloidal particles® or the contraction of a flexible

8

linear polymer®® in binary fluid mixtures can be induced by developing the nonuniform

distribution of each constituent.

( b ) Density fluctuations induced in multicomponent fluid mizture

Density fluctuations for a specific constituent in a multicomponent fluid mixture can
induce density fluctuations for other constituents as predicted from the aggregation of col-
loidal particles described above. This phenomenon can be a factor complicating a phase
diagram for a multicomponent fluid mixture. Monte Carlo simulation revealed the compli-
cated phase diagrams for a binary fluid mixture composed of particles interacting with the
attractive force caused by a square-well potential.®” Furthermore, the complexity in the mul-
ticomponent fluid mixture is characterized by the extent of density fluctuations. According
to the results demonstrated by the Monte Carlo simulations,®® the diversity of dense areas

for a constituent can be considered a measurement of the complexity.

( ¢ ) Physical cluster formation in multicomponent fluid mizture
In a multicomponent fluid mixture, particles that interact with each other via mutually
attractive forces that are strong can effectively contribute to the formation of physical clus-
ters. These particles should belong to the group of A. Further, particles that cannot interact
both with each other and with other particles via mutually attractive forces that are strong
cannot effectively contribute to the formation of physical clusters. These particles should

belong to the group of B. Particles within regions surrounded by branches of physical clus-
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ters interact with each other in unbound states. Particles belonging to B can be surrounded
by branches of physical clusters.

Particles belonging to B should receive passively attractive forces generated from the
cooperation between the exclusion of the particles caused by the hard-core potential and
each mutually attractive force between particles belonging to A. Passively attractive forces
need to contribute to driving the phase separation of particles belonging to B; however,
features of forces cannot be simple because they can depend on the stability of physical
clusters. The phase separation of particles that belong to A can be driven by the strength of
each mutually attractive force that interacts between particles belonging to A. The stability
of a phase should be influenced via the growth of physical clusters caused by an increase in

particles belonging to A.

( d) Effects caused by bismuth atoms added in mercury fluid

If particles added into a fluid interact with a sufficiently strongly attractive force between
one of them and another particle composed of the fluid, the addition of the particles should
stabilize the physical clusters in the fluid. Bismuth atoms migrating into physical clusters of
mercury atoms will further stabilize physical clusters if an interaction similar to that caused
by the added particles is achieved when atoms of bismuth are added into a mercury fluid
maintained at a low density at a temperature near the critical point. The stabilization of
the physical clusters achieved by the addition of bismuth atoms will enhance the electrical
conductivity of the mercury fluid because the physical clusters are electrical paths that help
electrons to migrate. Furthermore, their stabilization reduces the pressure of the mercury
fluid because branches of the stabilized physical clusters can confine unbound mercury atoms.
These phenomena caused by the addition of bismuth atoms has already been experimentally

demonstrated.?

(e ) Viscosity anomaly near consolute point
The stability of physical clusters in a fluid mixture should be reduced if the temperature
of the fluid mixture rises. Then, it can become difficult for branches of the physical clusters
stably to confine particles belonging to the group B stably, within regions surrounded by
their branches. This phenomenon can disturb a macroscopically homogeneous phase of the

fluid mixture. The physical clusters can not only contribute to prohibiting a transition from a
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liquid phase of a fluid to its gas phase, but also prohibit the transition from a macroscopically
homogeneous phase of a multicomponent fluid mixture to its macroscopically inhomogeneous
phase. Therefore, a multicomponent fluid mixture can be considered a good medium for
examining the contribution of physical clusters to phase behavior; however, the mathematical
procedures for examining the mixture becomes complicated.

Hydrodynamical transport phenomena need to be influenced by generating the nonuni-
form distribution of particles in a fluid mixture. The nonuniform distribution of particular
particles can be a significant factor for inducing the viscosity anomaly. The nonuniform
distribution can be developed near the consolute point.

The formation of physical clusters allows a specific distribution structure of particles to be
formed; unbound particles do not homogeneously mix with particles that form the physical
clusters, and they are surrounded by branches of the physical clusters. It is expected that the
distribution structure can play a role in microscopically interpreting phenomena found for
a specific fluid mixture. For a binary fluid mixture, the viscosity anomaly®' can be induced
near the consolute point that corresponds to the critical transition point for demixing the
two constituents macroscopically. It is considered for the distribution structure caused by

the formation of physical clusters to contribute to the viscosity anomaly.

( ) Binary fluid mizture composed of 2,6-lutidine and water

Particles belonging to a group B can be stably confined within regions surrounded by
branches of physical clusters if their particle sizes are small. If particles have larger sizes
than those of the regions, the stable confinement of these particles will become more difficult
than that of the small particles. Such size effects can contribute to the phase behavior of
a binary fluid mixture.®? This size effect can contribute to the phase behavior of a binary
fluid mixture of 2,6-lutidine plus water near the consolute point because the size of the
2,6-lutidine molecule is considerably larger than that of the water molecule.

2,6-lutidine molecules should be considered molecules belonging to the group A with
water molecules. Either the attractive force between 2,6-lutidine molecules or that between
a 2,6-lutidine molecule and a water molecule cannot be ignored, although these attractive
forces are weaker than the attractive force between water molecules. Thus, it is possible
for two types of physical clusters to be generated in a binary fluid mixture of 2,6-lutidine

plus water; these include water molecule clusters that are principally composed of water
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molecules and 2,6-lutidine molecule clusters that are principally composed of 2,6-lutidine
molecules. However, a partial amount of 2,6-lutidine molecules should have a tendency to
enter regions surrounded by branches of water molecule clusters. The size effect mentioned
above can induce the phase separation of 2,6-lutidine molecules when 2,6-lutidine molecules
in the binary fluid mixture exceed a specific amount.

2,6-lutidine molecules participating in the formation of a water molecule cluster with wa-
ter molecules can contribute to cutting branches of the water molecule cluster because the
attractive force between 2,6-lutidine molecules is weaker than that between a water molecule
and a 2,6-lutidine molecule. Therefore, 2,6-lutidine molecules participating in the formation
of water molecule clusters can contribute to expanding the sizes of regions surrounded by
branches of the water molecule clusters in cooperation with the temperature effect. If re-
gions surrounded by branches of the water molecule clusters expand, 2,6-lutidine molecules
can be confined within the regions. Then, even 2,6-lutidine molecule clusters should be
found within the regions if the regions are sufficiently large. The contribution of 2,6-lutidine
molecules to the cutting branches of the water molecule cluster can decrease the average
extent of water molecule clusters. Therefore, declining water molecule clusters should allow
2,6-lutidine molecule clusters to exist among them. Thus, it is expected that a macroscop-
ically homogeneous mixture of 2,6-lutidine plus water should be generated, although the
microscopic distribution of water molecules and 2,6-lutidine molecules is nonuniform.

Further, the microscopically nonuniform distribution of 2,6-lutidine molecules can be
developed in binary fluid mixtures of 2,6-lutidine plus water near the consolute point. The
microscopically nonuniform distribution can be realized through the aggregation phenomena
of colloidal particles.®3 Density fluctuations in a specific constituent in a multicomponent
fluid mixture can induce density fluctuations for other constituents as predicted from the
aggregation of colloidal particles. This phenomenon can be a factor that complicates a
phase diagram for a multicomponent fluid mixture. The Monte Carlo simulation revealed
such complicated phase diagrams even for a binary fluid mixture composed of particles

interacting with the attractive force caused by a square-well potential.®”

( g ) Specific phenomenon appearing near consolute point of fluid mizture
When colloidal particles have mesoscopic sizes as hard-core spheres in the absence of

attractive forces, it is possible for passively attractive forces to be generated between the
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colloidal particles immersed in a molecular fluid mixture. At a temperature near the conso-
lute point of the fluid mixture, a distribution structure that is formed by branches of physical
clusters and unbound molecules surrounded by them can vary considerably. If the average
extent of physical clusters increases beyond that comparable with the diameter of a colloidal
particle, passively attractive forces between the colloidal particles should be strengthened
because the surface of a colloidal particle cannot contribute to the growth of a physical clus-
ter. Thus, it is expected that such attractive forces can contribute to Casimir forces, which
can act between colloidal particles (or between parallel plates) immersed within a binary
fluid mixture near the consolute point (or a single-component fluid near the liquid-vapor

critical transition point).®

( ) Pair connectedness for multicomponent fluid mizture

Particles belonging to group A should effectively contribute to the magnitude of Py (7);
those belonging to group B can be a principal portion of particles that contribute to the
magnitude of Djj (r). These particles should have a tendency to be distributed within regions
surrounded by branches of physical clusters. Thus, the distribution structure of particles
characterized by Pj (r) and Dj (r) should play a role for describing several features of a
multicomponent fluid mixture. The percolation concerning physical clusters of particles
belonging to A is estimated using Pj (7).

In a binary component fluid mixture of constituents L; and Lo, the mutually attractive
force between an L, particle and an L, particle is considerably smaller than that between
L, particles. Further, the mutually attractive force between L particles is much smaller
than that between L, particles. Then, physical clusters of L; particles can be principally
developed under certain conditions. If L, particles are added into the mixture, then it
is expected that the addition of Ly particles raises the probability that an L, particle is
located near another L, particle. However, the percolation concerning physical clusters of

L, particles can hardly be perturbed by the addition of Ly particles into the mixture.
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D. Closure schemes for two integral equations
1. Formal closure schemes for estimating correlation functions P; and Dj

An approximate relation between Py (r) and Cj (r) is obtained from a formula represent-
ing the PY approximation.® The procedure for obtaining the approximate relation is the
same as that for a single-component fluid system discussed in II B4. The procedure can be

summarized as follows.

(a) Approzimate expressions of Py and Dj
For an L-component fluid mixture system, Eq. (269) and e~"Vi (") = fiFo)+ fi(r)+1
allow a formula giJP Y(r)e"i =1+ Nj (r) representing the PY approximation to be rewritten

' ( (
g; " (r) =fi (r) 1+N3T(r>+Ni}* <r() + fi (1) +1 N (r)

+ fi(r)+1 1+ Nj(r) . (287)

Eq. (287) is divided into terms contributing to Pj (r) and those contributing to Dj (7).
Thus,
Py (r) = fif (r)gi ¥ (e © + [f (r) + 1][Py (r) %Cf (r)], (288)

and
D (r) = [fi (r) + gy (r) %ci™ (r) % Py (r) + Cf (r)], (289)

where cf¥ (r) /(1 %e" ) = g (r).

Because of Eqgs. (262), (264), (265), and (269), Eq. (288) is rewritten as
2F[3/2,wij (7”)] 0-7’_(7’)
7l 2e" i (1 %21 [3/2, wy (r)] "

_ 2{T(3/2) %I[3/2,wy (r)]ye™i O ™ (r)

Pij (7“) +

. . , 290
1 2ei (0 %21 (3/2, wy (r)] 1 %e™i (1) (290)
where wjj () is defined by Eq. (263). Similarly, Eq. (289) is rewritten as
2I°(3/2, w

D: _ _ 4

i (7) 2T[3/2, wij ()] Yort/ 2e"vi (1) Y

According to Eq. (290), the symmetry C’Jr = CJT is maintained because of the symmetry
Py = Pji. Similarly, Eq. (291) allows the symmetry Cif = Cjj to be maintained due to
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the symmetry Dj = Dj. Equations (290) and (291) can be used when either Suj < 0
or fuj > 0. Egs. (290) and (291) enable Pj (r) and Dj () to be characterized by a pair
potential if ¢f¥ (r), Ci7 (r), and Cj (r) are given. For solving Eq. (270), Eq. (290) becomes a
closure scheme if ¢} (r) is given. If Py (r) is estimated, Hj () can be obtained by solving

Eq. (272) with the use of Eq. (291).

( b ) Advanced interpretation on Egs. (290) and (291)

Egs. (290) and (291) implies that separating Pj (r) from gj (r) allows a pair potential
characterizing Pj (1) to be made different from a pair potential characterizing Dj (r). A pair
potential controlling the behavior of pair particles can depend on their relative momentum
when the behavior of each particle is affected by many-body effects. A pair potential con-
trolling the behavior of pair particles can be specified when a contribution of an attractive
force between them exceeds a contribution of their relative kinetic energy. If many-body
effects are not ignored, then the pair potential can differ from that controlling the behavior
of pair particles under a condition that a contribution of their relative kinetic energy exceeds
a contribution of the attractive force between them. Then, the use of Egs. (290) and (291)
enables Pj () and Dj (1) to be estimated.

2. Behavior of correlation functions at large r

( a ) Behavior of Ci;“ for Buj <0 and1( r/oy.

The use of the closure scheme given by Eq. (290) does not allow Eq. (270) to solved analyt-
ically. It is necessary to find a practical method of solving Eq. (270) analytically. The integral
equation given by Eq. (270) has the same mathematical structure as the Ornstein—Zernike
equation. With the use of the mean spherical approximation (MSA),?¢ the Ornstein—Zernike
equation can be solved analytically for some fluids. In the MSA, the direct correlation func-
tion ¢ is given as the sum of short-range contribution cfj) (r) and long-range contribution
%Bujj (r). The MSA indicates that ¢ () behaves as ¢ (r)/(%Buj (r)) = 1 and ¢ (r) = 0
outside the effective range of the hard-core potential. According to the analysis of diagrams

of f-bonds, ¢ (r) represents the contribution of all the non-nodal diagrams of f-bonds.

Ci;“(r) represents the contribution of all the non-nodal diagrams of f*-bonds. This implies
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that C’i;r has the form given by the sum of the short-range and long-range contributions.
Therefore, a procedure similar to that for the MSA is available for solving Eq. (270).

When the distance (r = rjj ) between ¢ and j is sufficiently large, |Sujj | should be small.
Equation (262) can then be approximated as

4 4
P (1) == %(%ﬁuij )32 %ﬁ(%ﬁuij )52

3
2
+ = (%Bu; )2 (292)
The substitution of Eq. (292) into Eq. (290) results in
py '
+_ S 4 \3/2 22 \5/2
O =gy 37 7 0 )7 g (W00 )7

4 1 32 (
+Pij %ﬁuij % 3 (%ﬁuij )3/2 %5(%511,” )2 + 5 %(%ﬁu” )5/2 4+ (293)

T
Therefore, if ¢ /(%Buj ) = 1 for the MSA is substituted into Eq. (293), the behavior of Cj

for 1 ( r/oj is expressed as
Cif + 4/(8" m)(%Bu; )™, (294)

To derive Eq. (294) from Eq. (293), the condition (%08u; )Py ( 4/(3" 7)(%Bu;j )*? is

assumed for 1 (/o .

The MSA results in lim, oo & —1 = L witha general assumption lim, _,, ujj (r) = 0, since

"Ujj 2
PY
the PY approximation is given as giJP Y = % The condition Py /(gj %1) ! 1is always
satisfied. Thus, P for 1 (7 satisfies 2”—;]1 0 % This implies that Py * [%8u; |* and
1! v are satisfied. Therefore, lim,_,, (fﬁ = 0 is derived. Thus, the above assumption
iy

is validated.

( b ) Behavior of Py for |Buj| ( 1 and 1( 7/0y
Using Eq. (292), the expansion of Eq. (290) in powers of %5ujj can be performed as

Y oy 16 6 64 4 7
Pi :%%gu__ o= (%0u; )“2+9—W(%ﬁu“)+ oz P = (%0 )RR
ij
o 61 167 (
(%P )2 4 (%Bu 2
+%ﬁui,- 1+3 7T( 05ujj )" < + 2+97T (%5u;j ) + (295)

If the approximation given by Eq. (294) and ¢ /(%pBuj) = 1 caused by the MSA are

considered in Eq. (295), the result can be expressed as

%05 ujj 32 for wi < 0. 296
j j

22
Pij + 1

a—
™
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If a physical cluster in the fluid mixture has a fractal structure, then Pj (r) given by Eq.

(296) represents the characteristics of the fractal structure.

( ¢ ) Behavior of Ci for |Buj| (1 and 1 ( r/oj
Equation (260), relation ¢ /(%06u; ) = 1 caused by the MSA , and behavior of Py (r)
given by Eq. (296) allow the relation g™ (r) = ¢ ¥ (r)/{1 %exp[Buj (r)]} to result in

Djj (r) %1+ %(1/2)puw (r) for 1( r/oj. (297)
Because of Eq. (297), Egs. (262) and (292) allow Eq. (291) to result in

Ci (r) + % pu (r) for 1( r/oy. (298)

3. Simple closure schemes similar to MSA

(a ) Ezxpression of simple closure schemes similar to MSA

The direct correlation function c¢j () formed by the contribution of all non-nodal dia-
grams comprising paths of f-bonds between the two root points is given as the sum of the
short-range and long-range contributions. A correlation function C’ij*(r) is formed by the
contribution of all non-nodal diagrams that have at least one path of all f™-bonds between

the two root points. Thus, C

i can be given as the sum of the short-range and long-range

*

contributions.?” Further, a correlation function Cf can be given as the sum of the short-range
and long-range contributions because of G = ¢j % Cj".
Owing to the consequence given by Eq. (294), an analogy with the MSA allows CijJr to be

expressed as

4
Cij+ — Ci?+ + 31 %

(%Buij )3/2 for ﬁuij < 0, (299)
where C’i?+ is the short-range contribution, i.e.,
C’ﬁ”(r) =0, for r0 gj. (300)
Here, o is defined as
L1
Oij §(O'i +Uj), (301)
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where o; and oj denote the diameters of the hard cores of ¢ and j particles (i.e., particles of
species ¢ and j), respectively. Thus, Eq. (270) can be solved using the closure scheme given
as Eq. (299).

Owing to the consequence given by Eq. (298), an analogy with the MSA allows Cj to be
expressed as

G = G + (%Buy ) for fuy <0, (302)

where C’i?* denotes the short-range contribution, i.e.,
Ci*(r)=0, for r0 oj. (303)

The formula given by Eq. (302) is available for either Suj < 0 or fuj > 0. Thus, Eq. (272)
can be solved using the closure scheme given by Eq. (302).

( b ) Effective range in which Py (r) # 0

The consequence obtained from recursively solving Eq. (270) indicates that particles (i.e.,
species ki, ko, - -+ ) distributed around ¢ and j particles (i.e., particles of species i and j) allow
the correlation function Py (r) to decay to zero more slowly than G (r) decays. C;(r) can
decay to zero more rapidly than %pSu; (r), which represents a microscopic feature. The
effective range in which Cj(r) # 0 is satisfied remains microscopic according to Eq. (299).
Yet, Py (r) # 0 can be satisfied for a large r at which C;(r) + 0 is satisfied.

The recursive solution of Eq. (270) guarantees that a feature of Pjj (r) estimated with the

use of Eq. (299) can become macroscopic. The recursive solution for Py is given as

nr #
k
Pij :CI+ + Pkq C”J(rl Cl:rlj drg v
ki=1
n/ n/ # #
k k
ki=1ko=1

If a fluid mixture system includes extremely large physical clusters, Pj (r) should have a
long-range feature on the macroscopic scale even if C’i;“(r) retains a microscopic feature.
The long-range feature is formed by convolution integrals found in Eq. (304).

If contributions of particles (kq, ko, -+ ) distributed around the ¢ and j particles are not
negligible in Eq. (304), it is possible for Pj (r) to remain nonzero even out of the effective

range where Cj (r) # Ois satisfied. The pair connectedness Pj (r) that must satisfy the

ij
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integral equation given by Eq. (270) involves contributions of many particles expressed as
convolution integrals found in Eq. (304). This implies that the pair connectedness Py ()

+

derived from the use of an approximate Cj (r) involves the contributions of many particles,

even when the approximate C.

i (r) results from the contributions of limited principal par-

ticles. Even without the use of an accurate Ci (r) obtained from the contributions of all

i
particles that should be considered, it possible to succeed in replying to the necessity of
considering the contributions of many particles if Pj (r) satisfy the integral equation formed
by Eq. (270) and the approximate C;"(r) .

Pjj is proportional to the probability that both ¢ and j particles belong to the same
physical cluster. Indeed, each term on the right-hand side of Eq. (304) is proportional
to the probability that both the ¢ and j particles belong to the same physical cluster via
the contribution of other particular particles (ki, ks, ). The first term C;" without the
contribution of other particular particles (ki, ko, -+ ) is proportional to the probability. The

first term Ci;r has a simpler bonding structure compared to that of the other terms.

( ¢ ) Effective range in which Hj (r) # 0
The effective range in which Cj (r) # 0 remains microscopic according to Eq. (302). The
recursive solution of Eq. (272) guarantees that a feature of Hjj () estimated with the use of

Eq. (302) can become macroscopic.

i) Basis of usefulness of MSA

The MSA allows the direct correlation function ¢j () to decay to zero as rapidly as

%05ujj (r). Then, the effective range in which w; (r) # 0 is satisfied retains a microscopic

feature. The correlation function g (1) %1 can decay to zero much slower than ¢ (r).'>!®
The recursive solution of the Ornstein—Zernike equation is given by
n L #
k
g Bl=c; +  p Ciylidrs®
ki=1 v
n/r n/r # #
ki) 5. (k
+ Prs Prz Ciks gl Oy A drf® + - (305)
ki=1ko=1 VoV

Convolution integrals found in Eq. (305) denote contributions from particles (kj, ko, ),

which are distributed around ¢ and j particles. These contributions cause the behavior of
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gij %1 to differ from the behavior of ¢j . The recursive solution indicates that the pair cor-
relation function g (r) that satisfies requirements based on the Ornstein—Zernike equation
involves the contributions of many particles. This allows the pair correlation function g (r)
derived from the use of an approximate ¢ () to involve contributions of many particles,
even when the approximate ¢j (r) results from the contributions of limited principal parti-
cles. Without the use of an accurate cjj (r) obtained from the contributions of all particles
which should be considered, gj (r) estimated from the Ornstein-Zernike equation and the

approximate ¢ (r) replies to the necessity of considering the contributions of many particles.

ii ) Usefulness of approzimate Cj (r)

As known from the case of gj (r) %1, particles (ki, ko, ---) distributed around i and j
particles enable the correlation function Hj (r) to decay to zero considerably slower than
Ci (r) decays. Cjf (r) can decay to zero as rapidly as %Bu;j (r), which expresses a microscopic
feature. Hy (r) # 0 is satisfied at a large r where Cj (r) + 0 is satisfied. This can be known
through a solution obtained by recursively solving Eq. (272) for Hjj . The recursive solution

for Hj is given as

u£ # n E n E # #
* k * k k
Hij _Olj Pk |klck1j dI‘( 1) Pk Pk Cik 1 Ckaka Okzj dri(’, l)drz(l ?) +
ki=1 v ki=1ko=1 vV V
n L" # n E n ﬁ # #
k1) * k k
+ Pka ik, Plaj dr( Y Pk1 Pkz Cik, Gy, Pleai dr:(s 1)d1'z(1 ?
ki=1 ki=1kz=1 vV VvV
npr nwr n,r # # #
* k k k
+ Pka Pro Pk Ciky Chaks Ciys Psj g drf@ el (306)
ki=1kz=1ks=1 V.V v

The magnitude of Hj (r) at a large r, where Cj (r) + 0 is satisfied, remains a finite value
that is not zero because of the convolution integrals. The correlation function Hj (), which
satisfies the integral equation given by Eq. (272), involves the contributions of many particles
that are expressed as convolution integrals found in Eq. (306). The correlation function
Hj (r) satisfying Eq. (272) with the use of an approximate Cjf (r) involves the contributions
of many particles, even when the approximate Cj (r) results from the contributions of limited
principal particles. Without the use of an accurate Cj () obtained from the contributions of
all particles that should be considered, Hj (r) that satisfies the integral equation formed by
Eq. (272) and the approximate Cj (r) replies to the necessity of considering the contributions

of many particles.
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( d ) Expression of practical closure scheme similar to MSA

A mutually attractive force between particles must be characterized by a pair potential
for analyzing an L-component fluid mixture system. Hence, the contribution Suj of the pair
potential must characterize the interaction between a particle of species i (an i particle) and
a particle of species j (a j particle). Thus, it is assumed that Suj is given by a potential
formed as the sum of N terms to analyze the L-component fluid mixture system. The
potential is expressed as

N ) mexp(%zr)
%Buij (r) = ko di ' ————=  for 10 oy. (307)
r
n=1
Then, the closure scheme given by Eq. (299) is expressed as
4 Y £ 3/2

—— k:(()n)di(n)dj(n) exp(%znr) —5. (308)
s

Ci?_(T) = Ci(j)Jr(T) + 3 732
n=1

Here, z, and k:(()n) are independent of the species of the particle. A factor k(()n) is propor-
tional to 1/kgT’, and it is proportional to the strength of a common effect that contributes
to each mutually attractive force that causes two particles to interact with each other. 1/z,

represents a feature that corresponds to the effective range of the mutually attractive force
(n)

between the two particles. A factor d; ’ represents the feature of an ¢ particle, and it repre-

sents the strength of a common effect contributing to each interaction that occurs between
the 7 particle and another particle. Further, the feature of the i particle is independent of
the magnitude of k(()n).

The decrease in Ci

i (r) caused by each term of the exponential function can be con-

siderably more dominant than that caused by the factor (1/7)¥?2, as r increases. Hence,

significant terms that contributes to the long-range coptribution of the closure sc?eme need

3/2
to be extracted from the terms included in the factor n k:én)di(n)dj(n) exp(%znr) in Eq.

(308) by considering an assumption made as

O0<z! 2zl 2y <&. (309)
Based on this assumption, the above factor should be modified as
TN =32 T £ 3/2
kén)di(n)dj(n) exp(Y%znr)  + k(()l)di(l)dj(l) exp(%z;7)
n=1
CosemEn) ™ e e '
$ ko 'didi exp(Yozar) . (310)

595 (1) (1) (1
4,
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Then, the terms on the right-hand side of Eq. (310) correspond to significant terms that
should be considered in the long-range contribution of the closure scheme

An approximate expression for the factor (1/7)¥2 in Eq. (308) can be given by Eq.
(83). The approximate expression help avoid the mathematical difficulty caused by (1/r)%?2
when solving Eq. (270) analytically. According to Eq. (83), the approximate expression is
expressed as

0y explfa] expl( /oy )]~ (311)

r r
In this expression, the value of fx need to satisfy the relation 0 < fu ! 1/2. Despite this,
Eq. (84) allows the value of fs to be reasonably determined without the restriction given by
Eq. (82). Thus, a reasonable value of fz can be obtained as a solution of Eq. (85) for n = 3.
This value is expressed as fx + fy,, with fy, , = 0.1018532115.

Equations (311) and (310) yield an approximate expression for a long-range contribution
of the closure scheme; thus, the approximate expression for Eq. (308) is derived. The

approximate expression is characterized by the parameter fy, and expressed as

o <, exp(%z,7)

Cifr)=C{"(r)+  kdld ———=, (312)
n=1 r
where
O<51' Z’QI 5’3' , (313)
L=z + %, (314)
1
5n=Zn+§Zl+%, (n=2,3,--+,N), (315)
siv v dexp(fe)
k(l)dlldl _ m(kél))3/2(di(1))3/2(dj(1))3/2? (316)
and
VNNV 2
khdrd = %Ug)(kg”)mkg”)(di(”)“Zdi(”)(dj(”)l’?dj(”), (n=2,3,---,N), (317)
with
)
%_ a = Uij y
% 0< ful 1/2 (318)

or fa+ fa,, with fi,, = 0.1018532115.
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If the closure expressed as Eq. (312) is used, then the integral equation system given by Eqs.
(270) and (312) can be solved based on the method for exactly solving the Orstein-Zernike
equation system®® that has the Yukawa closure for the MSA.

Further, the approximation given by Eq. (312) for fs = 0 overestimates the long-range
contribution of QT(T) This is because the approximation specified for fy = 0 implies that
the long-range contribution described by the factor (1/7)*?2 in Eq. (308) is approximated as
(1/" a)(1/r). The alternative approximation given by Eq. (312) for fx = 1/2 overestimates
the decay of OiT(T) dependent on r because the long-range contribution described by the
factor (1/r)¥?2 in Eq. (308) is approximated as (e'2/" a)(1/r)exp|%r/(2a)].

According to a previous study on Yukawa fluids®, overestimation of the long-range con-
tribution of Cj(r) can lead to an overestimation of 1/ (kD d JJ”) at the percolation threshold.
However, the diagram of the percolation threshold for overestimating the long-range contri-

bution has the same pattern as that for overestimating the decay of C;(r).
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E. Solution of integral equation for Pj (r)

Equation (270) and the practical closure scheme given by Eq. (312) result in an integral

equation system that can be solved analytically without an additional approximation. Then,

a mathematical procedure similar to that used for solving the Orstein-Zernike equation®3:83:84

is used. The use of Baxter’s @ function®® enables Py (1) and Cj (r) to be estimated from

Eq. (270) for the L-component fluid mixture.3"5?

1. Fourier transforms of integral equations

If each correlation function is expressed as Fjj (r) that satisfies lim,_,o 7 Fj (1) = 0, then a

Fourier transform of Fj (r) is given as
#
Fy (k)" lim (pip )1/2 Fjj (r) explik - r|dr
V —o0 # v "

W2 coskrdr  tdtFy(t) (r"| x|, k"] K]). (319)

0 r

=47 (pi py

If V is macroscopic, the integral * pip; \, Fj (r)e’®"dr can be expressed as Fj (k), which is

v
given by Eq. (319). According to the expression of Eq. (319), the Fourier transform of Eq.
(270) is given as

h -5ik %Ci?(k). Py (k) = € (k). (320)

k=1
The Fourier transform of Eq. (272) is given as

||£ = . ||£
O B (k) i (k) Fhg (k) = E5 (k) + i (k)Pyg (k). (321)
k=1 k=1

The Fourier transform of the Ornstein—Zernike equation expressed as Eq. (271) is given as

nwpe - ! (
Oik Yo ik (k‘) ij (k‘) -+ ij (k‘) = Gj (k‘), (322)

k=1

where
g (k) = € (k) + &5 (k) (323)
because of Eq. (268).
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The use of Baxter’s Q function®® allows the equation given by Eq. (320) to be expressed

as )
E2 2 e+ Pulble () = &Y o)
o % (k) = > £, O (WL (%) (324)

3 - . .
T QY (k) W (Y0k) =05 Gi =1; 0 =0 (i # ).
If an inverse Fourier transform is applied to the first and second equations included in

Eq. (324), the following equations can be obtained as

d
2Py (1) :%EQ” (r)
n/r 0o
+27 Pk ij (t)(?" %t)Pik (l’f‘ %tl)dt,
k=1 Tk

for )\ji ' r<&, (325)
and

d
277'7“0”7’_ (7“) :%aQij (T)

||£ # 00 d
+ Qi (t) 7 Qi (r + t)dt,

k=1 supl- kj - ki —T] r
for )\ji I r< & , (326)
where A is defined as Aj " 3(0j %o0i). The function Qj (r) in Egs. (325) and (326) is

introduced as
# [o¢]

Qi (k) = & % (pip)"? e Qji (r)dr, (327)

-ji

where 6 =0 (i # j) and & = 1.

The short-range contribution to C;f (r) is expressed as Cj*(r) in Eq. (300). The corre-

lation function Cjf (r) is related to Qj (r) via Eq. (326). Hence, the characteristic of the

short-range contribution C{*(r) is provided by Qj (r). Similarly, the characteristic of the

long-range contribution to Cj (r) is related to a form of @y (). Therefore, @ (r) must be
expressed as
u N/
Qij (7") = |(J) (T’) + DIT e T ()\ji <r < 0j ), (328)

n=1



Qij (r) = DIT Pl (O‘ji ! r), (329)
n=1
and
§(r)=0 (o ! 7). (330)
In the above, Dy (i,j = 1,2,---,L) are unknown coeflicients, and these coeflicients must

be determined via the use of Eqgs. (325) and (326).

Hard-core potentials that are characterized by uj (1) = & at r = ojj allow lim«_,q gjj (o +
d) =0 (6 > 0) to be satisfied. Similarly, lim«_,o Pjj (o5 +0) = 0 (6 > 0) is satisfied because of
Egs. (265) and (288); hence, Pjj (r) = 0 for \;j < < gji is derived. This feature maintained
by Pj (r) requires the function @ (r) derived from Eq. (325) for |pk| (1 to not include the
powers of r in the range Aj < 7 < g . If this fact is considered with the behavior of Qj (r)
expressed by Eq. (328), the feature of Q{ (1) given by Eq. (330) requires Qf (r) to have a

specific form, i.e.,

"NOT "L .
i (1) = %Dy + 2w P oy (%0) Dy (e7" %e (i)

n=1 k=1

(Ai <7 <o0j), (331)
where
# o
Pic (%) " Pic (t)e *'tdt. (332)
0

Because of Eq. (313), the quantities Py (%,) should satisfy
Pu(5)0 Py ()0 (0< 3! %l ). (333)

Thus, the quantity Py (Zn) is small, if the effective range of the attractive force between
pair particles ¢ and k is short. The effective range of the attractive force between the pair

particles is characterized by the coefficient Z, given by Eq. (314).

2. Formulas for determining coe"cients Ibi,- (2n) and Dy

(a ) Formula for determining P; (%,) and Dy
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Equations (328)-(330) and Pj (r) = 0 should be satisfied over the range \j < r < oji;

hence, Eq. (325) for r < g yields the following formula because of Eq. (331):
IV ne : Y%

5 %D +21 KBy (5D e+ 5Dl
n=1 k=1 “n n=1
nr IIN # 00
% 27 p D e Pi (t)e *'tdt = 0. (334)
k=1 n=1 0
If Eq. (329) is considered, then Eq. (326) can be rewritten as
n A/ u A/ n,
2rrCf (r) = ZDj % G DR O (%), for o <7, (335)
n=1 n=1 k=1
where
# o
Qi (s)" Qe
g
npN ! "y, (
= %D} + 2r 5—'#’,-. (3m) DI =S4 =2 (i
6m=1 =1 ~m ;
Zm (j O e—S(i 0 S '
N T gy LN T L pmete s (336)
S+ Zm S S+ Zm

Here, Eq. (336) can be derived using Eqs. (328)-(331). The relation between Py (%,) and
Gik (%0) can be obtained fromFEq. (336) as

n A\ 6 —Zn(j 1(y —zn(j7
Qjk (%)= e 777 etnls Dt~ 20
m=1 Zn T Zm <n
"E 2mp I e~ K 6 e~ (] 1%e 2 7(G
Py () D e _ (337)
|1 ~m Zn T Zm Zn T Zm Zn
By considering Egs. (328) and (331), Eq. (325) for r < gji can be rewritten as
u N\ = n/ . u N\
0= % %D} +2r Py )Df e+ 5 D)™
n=1 k=1 N n=1
||L # 00
2 e Q) %Py (%) (339)
k=1 '

Equation (338) is equivalent to Eq. (334), which has no singularity for 0 < r < & ; hence,
Eq. (338) is satisfied for 0 < r < & . If the terms in Eq. (338) are then subtracted from

those in Eq. (325) for gji ! 7, a formula can be derived as
n A\ = n/ .
2mrPy (7“) =% Zm %D:]n + 27 {)—k#’ik (fm)DE; e Im'
Zm
m=1 k=1
nr # r
+27 Pk ij (t) (7” %t)Pik (T %t)dt. (339)
k=1 L
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The Laplace transformation of Eq. (339) results in

||N o = n/ .
27T|bij (8) =% Z_mue_(erzm )G %DIT‘] + 27 e—k|bik (ém )D;;T
S+ Zm Zm
m=1 k=1
||£
+2r kP (5)yg (s). (340)
k=1

Ultimately, substituting Eq. (337) into Eq. (340) for s = Z, alows the relation between
P (%,) and f?,? to be determined by

n N\ 5 6 nwg 7
27-‘-[_')”. (En) = %6_(2” +2m )i Dlrj‘n % 27 f—klbik (ém )DE;
Zn + Zm Zm
m=1 E k=1
"L "N 6 -z (« 1 % ~zn (i 1
121 P (Bn)e Bk e~ 2m (i Dy ve — + O(i
Zn T Zm <n
k=1 m=1 G
"L - 6 - (i 1(
2 Zm - ik Zn (k 1 9% e—2n(k
+ P G )DP el °¢ . (341)
1 Zm Zn + Zm Zn + Zm Zn
( b)) Another formula for determining Py (3,) and Dy
If Eq. (300) is considered, the substitution of Eq. (312) into Eq. (335) results in
nw,r
onkidld) = % D) % Zapc D Oj (%), (342)
k=1

Further, substituting Eq. (337) into Eq. (342) yields another formula to determine the rela-

tion between Py (%,) and Djf as follows:

||_/\/’ nr o o o _y (
VIRV . R Zn FEm YozZne
2rkgd; d = Z, Dy % pDjy Dig e ¢ Zm (i —
m=1 k=1 Zn + Zm
||N nye o onp
2mp)
n m v —Fn-i  —7 ;
% Px D Dy ijl (3m)e 2 e lu
m

m=1 k=1 I=1
%% % Zm + Zme U 4 2,62

Zn + Zm

(343)

( ¢ ) Simplification of two formulas
Each term on the right-hand side of Eq. (341) includes coefficients Di with suffix j. Each
term on the right- hand side of Eq. (343) includes coefficients D with suffix 7. The term
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on the left-hand side of Eq. (343) is formed by a product composed of a factor related to
suffix 7 and that related to suffix j. This implies that a coefficient Dj can be divided into

factors related to suffixes i and j. Thus, coefficient Djf is given as
Dy = %cz,-naj” exp(Znoj /2), (344)

where aj” is an unknown coefficient.

Further, to simplify Eq. (341), a coefficient P" is defined as

" |07_|"|blj (%n)

P"" 12 — 345
P el (345)
where ¢, is the volume fraction of species [ given as
T .
¢ " oy (346)

6
The coefficient PJ" defined by Eq. (345) must always be positive because CZJ”/ o should be
positive for each value of j and each value of n. According to Eq. (333), the coefficient P}"
should be small if the effective range characterized by Z, is short.

The use of Egs. (344), (345), and (346) simplifies Eq. (341) as

||N am
%P = zfa"m (347)
m=1 Uj
where
nmn ﬁv = In(jl2 (348)
q W%qe
n = v v %
L (12 —2m (112 n$ m
m ue |Ue i ! ,émme_z”('d—l i%ul pm
-1 ZnUI(Zn + Zm)0'| a| | ZmO|
Jm %.
+PM Ly P Z™ g (349)
0|
Y™ " —— (% + Zm)ot %o Zmore (350)
Zn0-|
1 | _
jrlnn " Zoeml % (Zn + Zm)o + Sooe G (351)
ngj Zn0-|

Further, the use of Eqgs. (344), (345), and (346) simplifies Eq. (343) as
||N n/ €_Zm(J/2 -CZJm .

— Y™ +P"Z"M . (352
IO'| 0| (5n +§m)d| O'j i + ! i ( )

k0 db _ a 6
LLe 02 — 9L op—
Zn Oj Oj

n m
al' a
ot e i B

m=1 |=1
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3. Coe'"cients estimated for two termsO potential ( N =2)

The potentials composed of the two terms are remarkable for describing the simplest fluid
mixture, and are expressed by Eq. (307) for N = 2. Further, the fluid mixture can involve
two species of particles: one includes particles interacting with each other via a mutually
attractive force contributing only within a short range, and the other includes particles
interacting with each other via a mutually attractive force contributing over a long range.

For N = 2, coefficients q; /oj can be readily derived from Eq. (347) as

n "o

Qi 1
d —opm Xj”m ij7 (353)
9j T m=1
where
H J H
11 y12 122 ogpl 12
I XA K | lex ng K 7 (354)
Xj21 Xj22 %#xm ;11_2%11
and
T n 1'11122 %1'121'21. (355)

To derive an equation to determine unknown coefficients PJ", Eq. (353) is substituted

into Eq. (352), which results in

un Vn n 2
27?6_2”(j/2]f—0—1x2 %r  X"P
“n O] r=1
6"2 ng mQ up T e*zm(j/2 $ "/m %
+— o XM X"SPPS Lym Pz =0, (356)

m=1r=1 s=1 =1 (Zn + Zm)or 0]

where X" and z include P/" because of Eq. (349).
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4. Value of Pj (0y) estimated for N =2

The behavior of the pair connectedness Pj (r) can be readily estimated for r = oy with
the particular distance at which hard spheres of i and j particles contact each other. The
second term on the right-hand side of Eq. (325) is a continuous function of r at r = oj .

Thus, the pair connectedness Pj (r) given by Eq. (325) must satisfy

' (
lim 27T0ij Pij (O'ij + 6) % Pij (O’ij %E)
.—0 " ( . ( <
v d d
— 041 .. 0 "
Sl Q) %) 57

If Egs. (330), (331), (344), and (345) are considered with Pj (r) = 0 (r < oj) after
substituting Eq. (328) into Eq. (357), the pair connectedness Pj (1) at r = oy can be found
as

||N $ v % n

P _0 . i n 7zn(i/2aj
i (o) =%——  Zoi—+P e = (358)

2w Oijj n=1 Jj Oj

For N = 2, the use of Eq. (353) allows Eq. (358) to be expressed as

L] "o $ v %
L o 1 ¥ |n n 7z (i/2ynmpm
Pij (O’ij ) = ——— Znoi— %P et Xj Pj . (359)

2w gij T gj
m=1n=1

The probability that a particle of 7 species exists in the immediate vicinity of a particle of 5

species can be known because the magnitude of Pj (oj ) is proportional to the probability.
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F. Mean size S of physical clusters
1. Estimate of of S for an L-component Ruid mixture

The mean physical cluster size S can be related to the pair connectedness Pjj because of
Eq. (281). The relation between the pair connectedness Py and Baxter’s Q function can be

expressed by Eq. (324). A specific relation is derived from the first equation in Eq. (324) as

#
lim Pij (k) :(pi Pj )1/2 Pij (r)dr
k—0
n/r
“lim (965 (k) %6, (360)
N
h=1
Ultimately, substituting Eq. (360) into Eq. (281) allows the mean physical cluster size S to
results in
wg =ug tugp 6 .73._1/2 >,
S = o1 07'(0) . (361)

=1 o1 ke DOk
Equation (361) denotes that the mean physical cluster size diverges to infinity if ¢;'(0)
reaches infinity. Q”_ 1(0) = & indicates the occurrence of the percolation of physical clusters.
The comparison between Egs. (327) and (336) allows the relation between @ (0) and

@ij (0) to be found. Thus, & (0) is given as

$ %9
6" ¢ ¢
GO =5 % TG 0) (362)

If Eq. (336) for s = 0 is used with Eqs. (344)(346), an expression for &; (0) can be derived

as
6$ & o %/ 5 "N$6 %5 $6 1%U2a-m
- 22 b= Zse QM —g— L (363)
T 0} 0 ™ T 0 Oj
m=1
where
—Im (il2, Zm (i 01 % % o Cz-m <
le . € _ %6 u0 02mJij Pim %;(Z’mai + 1)
Zm O Zm O gj
B ezm (i/2 @m (364)
_<2m0_i)2 ()
with
. ' ( dm
Q"% 1%(1+ Zmoi)e ™ PM %~ Zn0i (Zmoi + 1)e i (365)
|
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If N is restricted as N = 2, then ¢ (0) can be given as

ny mg $ %5 $6 1%1/2
@y (0) = 05 + — —¢| o Q' —¢—  X"P" (366)
i T

o
m=1n=1 J

2. Percolation requirements

(a ) Percolation requirement for two-component mizture (L =2, N =N )
The inverse QU_ 1(0) can be readily estimated for a two-component mixture comprising
particles interacting with each other via mutually attractive forces described by N terms’

potentials. Thus, the use of Eq. (362) results in &' (0) expressed as
H J H , 3
| @1 (0) @13(0) K _ 1 |_ 1 %ﬁ"/"z @22 )g % "/(2 @12

- ¥ eon)
@2_11(0) @2_21(0) det |@ii (0)] O/Q %1 @21 1 /0) % 11(0)

where

$ %,
det @y (0)] " %%@u %9@@22 b Al 0)m0)
1Y2

$
% - gbl@@u @21
||2 ||2 $ 0/% 6 7$ %
6 alm 6 at a2  ala?
=1%— AN+~ b QIQINQIQ; 2% 2
T =1 1=1 1 @ 0102 0301

(368)

The final line in the above equation is obtained using the relation given by Eq. (363).

If det |@j (0)] reaches zero under a certain condition, then @[1(0) diverges to infinity.
This implies that the mean physical cluster size S given by Eq. (361) diverges to infinity.
Therefore, the percolation threshold concerning the percolation of the physical clusters can

be estimated as particular states satisfying

det |Qij (0)' = 0. (369)

( b ) Percolation requirement for two-component mizture (L =2, N =2)
The percolation threshold can be readily estimated for a two-component fluid mixture

(L = 2) composed of particles interacting with each other via mutually attractive forces
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caused by two terms’ potentials (N = 2). After substituting Egs. (353) into Eq. (368), Eq.
(369) result in

6"2 $ 22 12 % $ 21 L %.
T+ ¢ Qr _Pll %_P| +QF %?Pll + ?Pﬁ
Zi | |
$ 0 @ %
0 296(Q? 1 PP % Lppl =
t - %o Q Q3 %Q1Q; v = 0. (370)
1 L9

To derive Eq. (370), Eq. (354) must be considered. Thus, a particular state satisfying Eq.
(370) allows the physical clusters of macroscopic sizes induced at the percolation threshold
to be found within the two-component fluid mixture.

Furhter, the two terms’ potential (N = 2) enables a mutually attractive force between
particles of species 1 to be distinguished from a mutually attractive force between a particle
of species 1 and a particle of species 2, and it allows the mutually attractive force between
particles of species 1 to be distinguished from a mutually attractive force between particles
of species 2. Hence, the estimations of the percolation threshold described by Eq. (370) can
contribute to identifying the variations of percolation behaviors caused by the distinctions

among these attractive forces.

3. Estimate of S for two-component Buid mixture

The mean size of physical clusters S can be estimated for a two-component mixture
system (L = 2) composed of particles interacting with each other via mutually attractive
forces caused by two-term potentials (N = 2). For a two-component mixture (L = 2), the

use of Eqgs. (353), (363), and (367) allows Eq. (361) to result in

- %,.
¢2$U1 16 =
S = 3 o det |Q; (0)]
F- no w9 $$ v 0/01/2 %
$ 1%§1 ¢1(beimUl eZm(1/2Qr1n€me-1z %¢262m(2/2Qg1
me:u:l mO2
‘9 $0%g-$¢0%1/2 61"2 "2 $$ 3 0%1/2
gemGizympr 4 1 o 7 61 D1
02 $1 02 [ #m 02
% e
$€zm(l/2QEn %¢262m(2/2Qg‘]6—2m'21 6—2m(1/2X{m’ P{ . (371)
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G. Pair correlation function
1. Pair correlation function for L-component Buid mixture

For the potential given as Eq. (307), the Ornstein—Zernike equation can be solved
analytically.828* If the solutions®?#* given for the potential are modified, the correlation

function gj (r) can be expressed as

npr nN = - nr
3 i O 1 12 1 1 1
gi (o)) =A +SA2 2Dy % AT oy % +
2 -1 0| 0jj 2 n—1 ZnJijj -1 Zn 0| 2 Zn Oj
IIE - (n)$ %
i d 1 1
$ATT g Wy (z0)zore B + T eI
_, “n0l o 2 o
IIL $ (n) %
N 3 AT g Znoi N %(Z”U')znmez"('Bl(n) e
Zn jj -1 Zn0| 0| Zn0|
$ % > (n)
d_ —Zn (i . . ) . a:
0 —— %—2 Zn O 62”('Bi(n) i N R N e_Z”(J/2J—, (372)
o (znai) Zn Ojj Oj
where
IIL
A" 1% R
I=1
Uy (2n01)" (2001) 3[1 % 2001/2 % (1 + zn0|/2)e_2“('],
and Do(zna)" (2n01) (1 %e 1), (373)

A coefficient expressed as Bi(n) in Eq. (372) is defined as

N Ly H o '
znoie Bi(n) "12 o '—n—'2622”' e e 4 (7/s)Tdr ) (374)
=1 o1 (Zn 1 ) 0 s=zp
Then, the values of Bi(n) should satisfy
(M) () 4 e ooy, %) m% -
0 :27_‘_2'1 i kO di_dj_e—zn(j Zn0;j dl /U| dl Zn U|6_Zn(| a'l_ e—zn-“ Zn 0| (5”
Zn Oi O] _, “n0l dl(n) /oy Ol o Zn 0]
$ 0/% $ nup %.
= d ) 0 = i A z
N o) O(anj) OA 700 o] 1(Zn01) + A - ¢hzn0'h + QZnUI
nN ll£ uﬁ $ %
%— Skl di(n)/ai Pk d‘((n) znoye 2k alin)
T —1ke1 1=1 “n9k dlin)o/ak Ok Ok
$ m L m %
$ X znoge ek i (375)
Ok Ok
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where the coefficient M{l' in Eq. (375) are defined as

1 1 1

mn n

F

Zn 0|

- $ %,

S 7 -
e njke m - |k

jki

dl(m)/m Zm O eZm('B|(m)

(2n + 2m )0} Zm Ok Zm O]

Zn0j

12$ 1 "e

Zn 0|

%

ZmO]|

dl((m)/J (m)/m

L

$

1+zmat/2d )/at gty 4 3 3

3
%ormoi— 1+ —zmor + —

A2 A:¢“

Zm0Oh

nr

ézl (zmot)?

0/ 1 + 1 + 3 ||£

() —2m0o| + —
9 MATA

h=1

eZm(h B(m)

$ ZmO'hTh
/on

l|£ $
h=1

d(m)/ah Zm 0|

e—zm‘hl + i

12
O %—<Z5

/Uk

Zm O]

% n/r

d,&m)/ah 2Zm Ol
dl((m)/O'k Zm0h

®n PnW1(zmon)

Zm0Oh

dﬁm)/ah Zm 0|

€Zm (h Bém)

A
h=1

m)
1—|—zmah2/2 d /Jhefz’“ " %s o
(ngh) d(m /O’k

eZm(hBr(] )

(m)/Uk ZmOh “mh d(m)/ah
n/r

(Po(2mar)din
h=1

—Zm - hl

12
[\ A h
A)A ¢h\1}1(zmah))dl((m

= n/

% ZmO| (5Ih %

2
)/O'k ZmOh m
12
Z¢h

(m)/oh Zm 0]

Oh
d(m)/O'

0
1+Zm0h/2 d /Uh eImn 4

(ZmUh) /Uk

nge
(®o(2mor)din

L
3 Zn 0]

Pn
1

Zn0h

/o’k ZmO0h "

¢| (I)O(Zno-j ) % —

%.
1

+ _Zn0|

2

2. Estimation for two-component 3uid mixture

For N = 2, the factor znoje —zn (/2

Znt (&

where

—z(r2% L

/a in Eq. (375) can be given as

(n) 1 n9

(%1)|"|—|-m YES—m,S—anm ,

_Z.
e m - hl

(376)

(377)

(378)



no '||2 $ %
y;nm w §.Z”Uj | “m 9] o~ (Zn+zm)-y eI S %ngk 1+ zno /2 d|(<n)
J TZmoj | (zn + 2m )0 - A (znok)? Ok
L] $ % -
+ e K (I)O(Zn(ﬂ)(;”( %Egbk\lfl(zndk) ezn(kBﬁn) Vlm
k=1 A (zm01)?
"9 $ % (m)
12 1 2 d
+ e O Y% —én * mon/2 - dy
- A (zmon)? Oh
L] $ 12 % .
+ e Zm i (I)O(Zmal)(slh %Zqﬁh\l’l(zmgh) ezm(hBr(]m)
h=1
no “n9 $ % (m)
%§ Zn0j | Zn0j e—(Zn +2Zm )- | e~ Zm K 6”( % E@( 1+ zm Uk2/2 dk
TZmoj | (zn + 2m) 0 - A (zmok) Ok
L] $ 12 % . Vn
+ e M Dy(zmo1)dk Y — k1 (2mok) eZm(kBlEm) ! 5 (379)
k=1 A (zn01)
no - $ n 0 (n)
. 93 3 Zn o 1 1+ zh00/2 znoj dy
VIt 4 T+ e + S0 ”'/%zn,¢|”1' Zn-
A i A g 0k 2 Zn 0| Zn0| O]
||2 '$ %_1 $ ||2 %
3 3 znO-J g 3 ZnO’ 1
%— — e 5 %4 14 — L4 - v
N _ Aznme j % + A _ o o + 5% 0] OV (zno))
+¢ nI; Dy(zn0)) SR Zn 0| ez”('Bl(n). (380)
Zn 0| Zn 0|
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H. Two-component specific fluid mixture system
1. Formulae for evaluating correlation functions

((a) Specific fluid mizture

All coefficients expressed as P’ in Eq. (356) must be assessed to evaluate the percolation
threshold for a fluid mixture composed of particles interacting with each other through a
two-term potential (N = 2). The evaluation of the coefficients can be simplified for a

two-component specific fluid mixture. This fluid mixture is specified as

o1 =0y =0, (381)
=2, 0<zo0<zo, 1( z0, (382)
d(l) d d(l) ) d !
1 _ 0! 2 = (1, (383)
o o o o
d(Z) d(2) 5 5
=2 = 0! —( 1, (384)
o o o o
kYD =k, and 01 EP (1. (385)
Then, Egs. (314)—(317) result in
3
3o = 5410 + fu, (386)
1
520': 200 + 5210’ + f#, (387)
. $ (1) %y
akidd 4 R .
éu—o—'—J = —exp(fs) 7o -1 : (388)
21210 O 3 7 21 0 O
oy v $ (1) %y (2)
Lk dd 2 c kY d) d TR R a® g
2ROT 2 exp(fe) T oS T fo GO (389)
2222 0 O 7r 21 0o O 29 O O
Thus, Eqgs. (388) and (389) lead to the simplest assumption made as
b $d(1)%3/2
= = 390
- - (390)



and

g $d_(1)°/01/2d_(2)
4= 2 —. (391)
g g o

Therefore, according to Eqgs. (386)—(389) and Egs. (390)-(391), Eqgs. (381)—(385) require

that the parameters for estimating the pair connectedness be expressed as

21" Z, 0< o< Zo, Zo/zo( 1, (392)
b d dl
< ==, 0! 2( 1, (393)
01 o 09

2 B b
S22 0! Z( 1, (394)

g1 g2 g o
ki=k and 0! k3( 1. (395)

For 01 = 09 = 0, Eq. (352) can be rewritten as
o vy $ %
Qﬂﬂﬁe—zn(/ 2 :%ﬂ 0 — ¢1ﬂ£ + ¢2§ﬁ
Zn O o T o o o o
m=1
Zm(l 2 T gm _ —mn
T (o) Y™y prz™ (396)
Zm0(Zn + Zm)o o
where Y and Z " are defined as

e L oV (307

Zm(
' n e gm (398)

G=0=C 3.0
The above two coefficients behave as limy,, (00 Y™ <& and limy, (o0 7" < &.
For an extremely large Zy0 satisfying 0 < 2/, (1, coefficients a' given by Eq. (353) are
required to satisfy af # 0 and af + 0 (which are known from Eqs. (427) and (428)). Hence,

this allows Eq. (396) to be simplified as

o $ %
1 1
ka_(l)d_je—z(/2+%a_i %§ 1a_%&_%+ 2@_5@_%
Z o o T oo oo
2L '

e _ _
oy L(zo)2e Y 4P 7 (399)
Zo o
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A specific fluid mixture described by Egs. (381)—(385) is a two-component fluid mixture
that comprises particles of species : = 1 and the other particles of species ¢ = 2. Particles
specified by ¢ = 1 interact with each other through the contributions of the hard-core
potential and mutually attractive force. Particles specified by i = 2 interact with each other
only through the contribution of the hard-core potential. Within the fluid mixture, the
hard-core spheres interacting with each other via the contribution of the mutually attractive
force are mixed with the hard-core spheres interacting with each other in the absence of
mutually attractive forces.

Further, it is easy to assess the pair connectedness Pjj (o) and the pair correlation function
gi (0), if d/o =1 is selected. For this condition, the relation d/o = 1 is satisfied because of
Eq. (390). Then, Eqs. (386) and (388) results in
- 1%

9 AL

= %exp(f#) zZ0 + gf# . , (0 < fu! 1/2). (400)

N | T

( b ) Pair connectedness Py (o)

A mutual attractive force acts between particles of species 1. No mutual attractive force
acts between particle of species 1 and that of species 2. Moreover, no mutual attractive
force acts between particles of species 2. Then, the three types of pair connectedness are
required to satisfy Py1(r) # 0, P12(r) = Pai(r) = 0, and Pay(r) = 0. Equation (358) allows
the three types of pair connectedness to be estimated for the fluid mixture characterized by

Egs. (392)—(395). They are given as

$ . %
Pi(o) R T ! (401)

1 2 o ! o’
Plg(O') + 07 Pgl(O') + 07 and PQQ(O‘) + 0. (402)

A coefficient a} for the fluid mixture is given by Eq. (440) in the appendix of this chapter
(ITTH4), ie.,

1

a 1
—+ %Py
o Tix

Then, another coefficient a} is required to satisfy a}/c + 0. Coefficients z} and z'! for the

fluid mixture are expressed as Eqgs. (415) and (442) in the appendix of this chapter (III H4).

11

The product ziz'' is independent of ¢,. Therefore, P1;(0) estimated for the fluid mixture
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is independent of ¢, although ¢, # 0 is satisfied. This effect is caused by the behavior of
P. that satisfies 0 < PJ (1 for 0 < d}/o (1.
If aj/o # 0 and ai/o + 0 are considered with Eqgs. (401) and (402), then Eq. (399) is

rewritten as

ooy $ %,
k(l) d —Z(/ 2 1 1 3 1 1
271'?;6 +%WP1 %;le W 1
ez( ) CZ v N2 —4( o711 1—11.
$ o)? ;(20) e Y +PZ . (403)

Coefficient P{, which is nonzero, is estimated from Eq. (403). Other coefficients must satisfy
Pi+ 0, P2+ 0, and P2+ 0. In addition, Eq. (403) implies that P{ is independent of
-

( ¢ ) Percolation threshold

The percolation threshold for the fluid mixture characterized by Egs. (392)—(395) is de-
termined as a particular state wherein the mean physical cluster size S expressed by Eq.
(371) diverges to infinity. The magnitude of P{ at the percolation threshold can be assessed
from formulae that are given in the appendix of this chapter (III H4).

Substituting z'' and @, with those given by Eqs. (442) and (448) allows Eq. (447) to
yield an approximate formula, which does not include ¢;. If P! at the percolation threshold

is denoted by (P{)P, then the approximate formula is expressed as

3 1y d _, |
% + (24 Zo)e %56_22( (PHP(PHPY%—e 2 Z0(20 +1) + 1+ 20 (P])P
g
1$ %,
+5 Zoe 2 + 0. (404)

Q| &

Equation (404) does not include both ¢; and ¢2. However, the percolation threshold can
depend on ¢; in the phase diagram because P depends on ¢;. Then, the percolation

threshold is independent of ¢, because P{ is independent of ¢,.

( d ) Pair correlation function gj (o)

For a two-component fluid mixture specified by Eqgs. (381)-(385), Eq. (372) can be sim-
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plified as

3 P14+ P2 0 12 3 1 1 1
i — 4 = / - %— — — 4+ — % -
gi (0)* A+2 A2 6 A A(¢1+¢2)za+za 02
- $ % 2 $ %
1 1 1 ! -« 1 14
$ — %+ —%— %- s B+ -4+ — Zg
zo 2 zo 2 o 2 zo o
"2 $ (1) _ % >
3 3 d d; e
+5%0(0)  dee B+ Taim % % B o
. k=1 %
12 1 1+z0/2
$ o Bj(l) %Z L+ DY (¢1 + ¢2) (zT)z/gb ¢1—
3' $ 1 % - n9 >
%Z 4 1+ %0+ % (<Z>1 + ¢2) Vi(z0) + Po(z0) Pre™ Blgl)
k=1
:||2 - (1)
dl 12(1 —+ 20/2) (1)
- % — 7 0] 2R
$ _ o % A(0)? qb —i— o(z0)e*' B,
L] . 2> —1
12
%Z\Ifl(za) ¢k€z( Bél) 3
k=1
where
uL

ATI% 4, (L=2)
1=1
Uy (20) " (20)3[1%20/2 % (1 + z0/2)e 2],

and  ®y(z0) " (20)7 (1 %e20).

(405)

A coefficient expressed as Bi(n) in Eq. (405) is defined by Eq. (374); it must always be positive

because di(n) /oi should be positive for arbitrary values of i and n.

According to Eq. (374), this coefficient should be small if the effective range characterized

by 1/zq is short. In fact, Eqgs. (375) and (377) for n = 2 results in

lim % B(2 0.

Zp—00

(406)

Thus, the coefficients sz) and B§2) are not included in Eq. (405). The above relation helps

derive Eq. (405) from Eq. (372). In addition, even a product zoe?2( Bj(2) has a finite value

as limg,( o0 [200€% B %] < & , according to Eqs. (375) and (377).
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Equation (375) for n = 1 and j = 1 results in a formula given as

ka0t g

0+ 6;56 ( - & '7 %—A(zo—)2

o %,.5 wo wy 9
$  aedBY o+ @) BY ¢

k=1 vy h:%)/oz vy | $
12

12 1 1 1 1
%Z\Ill(za) e B+ pom & e By )%Z 1+ 570X <¢1 + ¢2)
k=1 I=1
1+ z0/2 a3 % B '
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Wﬁb . ¢1—%Z 4 14520+ % (le + ¢2) Vi(z0) + Po(z0)

"o > 2: d d 4 L] >
$ o™ BY =4 2000(20)= Wozo Do(z0) (%)X B (407)
g g
k=1 h=1

12(1 2 d 12
( +ZO'/ )¢1_ +<I)0(za)ez( Bl(l) %qul(za>
g
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df o 121+ 20/2)
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A(zo)? $1— +‘I)0(ZU) g

%

$

Equation (375) for n =1 and j = 2 results in a formula given as

8
0r oy G o120t 20/%)
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gij (o) = gji (o) imposes a restriction on the coefficients BP and Bél), and it is given as

$ %ll 2 = "o
0+% 4%2:0 + -2 <¢1 + ¢2) (%1)'¢? BY %(20)2W,(20) @12 BY
I=1 I=1
% 1+520 —¢1 + 44220+ 1 (d1+ ) (%1)'BY + 20—
o o
I=1
'$ 2 %ll 2 $ 1 %d
$ = %(20)*V,(z0) 0BV % 14 20 —¢y
20 - 2 o
$ 1] 2 %' n 2 .
0 ~2( 1 2( p(1) d —2( 2( p1) d
+ %(1%e ) (%l)e” B 4+z20— (1%e*) @e® B +z0—¢1 z0
o o
I=1 I=1
sAd
+(zo)? == BV, (409)
3o

Thus, the use of Eqgs. (407), (408), and (409) allows coefficients B ) and B( in Eq. (405)

to be assessed.

For the two-component fluid mixture specified by Eqs. (381)—(385), Equation (377) can

be simplified as
(1) = $ %

aj 12 1 1+ 2
e 2! 217 +%% e Bj(l) %Z 1+ 390+ X (¢1 + ¢2) (Z+;/¢ ¢1—
3 = $ 1 % .9
%Z 4 1+ 520 + — (gbl + ¢9) Wy(z0) + Pg(z0) Pne?t Bh )
h=1
=u 2 = (1)
d, 12(1 + z0/2
s o o0 oot B
h=1
19 o T |
% V1 (20) dee? B (410)
k=1
and
o
e 202+ 0. (411)

( e ) Adequate relation between B and B!
Correlation function g;2(r) should be proportional to the probability that an ¢ = 2 particle

exists in a volume element dr;y located at a particular place specified by a distance r from an
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i = 1 particle. Hence, g12(r) should become zero, when i = 2 particles separate from a phase
in which the particles are macroscopically homogeneously mixed with ¢ = 1 particles. Near
a specific point at which this phase separation occurs, gi2(r) should extremely rapidly decay
to zero as r increases. The coefficient Bél) is an integral involving gio(r) as an integrand, as
shown in Eq. (374) with coefficients given by Eq. (384). The coefficient B is an integral
involving g11(r) as an integrand, as shown in Eq. (374) with coefficients given by Eq. (384).
Therefore, Bél) should be considerably smaller than B%l) when the phase separation of i = 2
particles occurs. Numerical pairs of B%l) and Bél) that satisfy Eqgs. (407)—(409) depend on a
parameter such as k given by Eq. (395). When the value of k is close to the value at which
the phase separation of ¢ = 2 particles occurs, adequately numerical pairs of BP and Bél)

should satisfy Bél)/Bﬁl) ( L

2. Evaluations of correlation functions

((a ) Pair connectedness evaluated from Eq. (401)

The pair connectedness Py;(0) at the percolation threshold can be assessed from Egs.
(401) and (404). For an arbitrary value of k& and an arbitrary value of ¢;, the pair con-
nectedness Pq1(0) must be assessed from Eqs. (401), (403), and (404). Then, the pair
connectedness P1;(0) depends on a parameter fy that expresses the characteristics of the
closure represented by Eq. (312) with Egs. (314) and (316).

When the closure represented by Eq. (312) is specified for fy = 0, the closure overesti-
mates the long-range contribution of C};(r) given by Eq. (308). When the closure is specified
for fs = 1/2, it overestimates the decay of Cf;(r) dependent on r. Fortunately, the values
of P11(0) assessed from Egs. (401), (403), and (404) for fy = 0 hardly differ from those for
fu = 1/2, unless ¢1 or zo is too small. Therefore, the pair connectedness Pi;(0) derived
from the use of the closure represented by Eq. (312) can well approximate that derived from
that given by Eq. (308), unless ¢; or zo is too small. When ¢; or zo is too small, it is
possible to select a specific value of fx as fs = fs, ,, which is expressed by Eq. (86). If both
Eqgs. (403) and (404) are satisfied for ¢1 = (¢1)p, kd* /o = (kd*/0)p, and zo = (z0)p, these

values correspond to the values of ¢1, kd?/o, and zo at the percolation threshold.

( b ) Contribution of physical clusters to phase behavior
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A physical cluster as an ensemble of particles that interact with each other in a bound
state should form a dense region of ¢+ = 1 particles. Then, there is a possibility that branches
of the physical cluster has a fractal structure because the approximate behavior of Py;(r) at
a large r, where 0 < %Bu;;(r) (1 is satisfied, can be expressed as Pyy(r) * [%8uq,(r)]¥ 2.
This structure is hardly perturbed by the addition of ¢ = 2 particles because the added
i = 2 particles are not allowed to participate in the physical cluster formation of ¢ = 1
particles. Further, a considerably different model from that treating physical clusters formed
by mutually attractive forces between particles was used to demonstrate that the fractal
dimensions found from the clusters aggregated in the binary mixtures can be insensitive to
molar fractions within the range of the high molar fraction.®’

Unbound particles must comprise ¢ = 1 particles with large momenta and i = 2 particles
both. With the growth of the branches of physical clusters, the branches confine unbounded
particles within regions surrounded by the branches. This is predicted based on the use of
Egs. (401) and (403).

Values of P{ evaluated from Eq. (403) can satisfy 0 < P{ (' 1 under various conditions.

This relation allows Eq. (403) to yield an approximate P{, which is given as

B Pees 0
Pl+ 230257 O1% 1%24—~ = Y '¢R. (412)
g z O

Moreover, if 0 < P{ (1 is considered with Eq. (412), then Eq. (401) allows an approximate
P11(0) to be obtained from the substitution of coefficient a} that is given by Eq. (440) in

the appendix of this chapter (IIIH4). It is expressed as

B e 9N Py 2
=) + —20 27" Oy 1wyl & vUe R 413
11(0) 126 o 0 0 Y o ¢1 ¢1 ( )

The mean physical cluster size increases as ¢, increases, and it diverges to infinity at
é1 = (¢1)P, which denotes the value of ¢; at the percolation threshold. If P{ in Eq. (412)
is substituted by (P])P obtained from Eq. (404), then conditions 0 < P{ ( 1 and 1 ( zo

allow the magnitude of (¢1)p to be approximately estimated. It is expressed as

(61)p + %(za)%—ﬂ Fo(fo + 1) +1+e %], (414)

Although the mean physical cluster size increases as ¢, increases, the pair connectedness

P11 () hardly varies as ¢; increases.5 In fact, if 0 < 24(k/%)(d/c)?Y" (1 is satisfied, then
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the numerator on the right hand side of Eq. (413) is proportional to ¢;. This indicates that
P11(0) is insensitive to variations in the value of ¢;. Therefore, each physical cluster grows
toward that with a larger span as ¢; increases. Such growth of physical clusters implies that
an increase in ¢; enhances the number of unbound particles confined by the branches of the
physical clusters.

Unbound ¢ = 1 particles within regions surrounded by branches of physical clusters should
become denser than those outside of the regions, if their branches prohibit the boundaries of
the regions from expanding freely. This implies that the densities of unbound ¢ = 1 particles
in the regions should be enhanced, and therefore, their densities outside of the regions should
be reduced. If a contribution of the latter to a decrease in g;1(¢) is more dominant than that
of the former to an increase in gi1(0), the value of g;1(0) should decrease as ¢; increases.
There is a possibility that the branches of physical clusters prohibit the boundaries of the
regions from expanding freely.

Parameter f4 found in Eq. (413) specifies the characteristics of the closure given as Eq.
(312). The closure specified for fz = 0 overestimates the long-range contribution of C(r)
given by Eq. (308), and the closure specified for fy = 1/2 overestimates the decay of C{(r)
dependent on r. Nevertheless, Eq. (413) shows that Py;(0) cannot be insensitive to ¢;. This
means that the pair connectedness Pj (o) derived from the use of the closure represented by
Eq. (312) leads to the same behavior as that derived using Eq. (308). Therefore, it should
be inferred that the growth of physical clusters caused by an increase in ¢; enhances the

number of unbound particles confined by the branches of the physical clusters.

( ¢ ) Behavior of i = 2 particles

i) Separation of rich i = 2 particle phase

The formation of physical clusters cannot directly be helped by ¢ = 2 particles. There is
no mutually attractive force between two of the i = 2 particles, and they behave as hard cores
in the absence of an attractive force between an ¢ = 1 particle and an ¢ = 2 particle. Hence,
the ¢ = 2 particles should be distributed with unbound 7 = 1 particles among branches of
physical clusters. The ¢ = 2 particles can then be confined with the unbound ¢ = 1 particles
within regions surrounded by their branches. Then, their distribution contributes to the
magnitude of Dy (7).

If a state of a fluid mixture allows physical clusters to be small and their stability to
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be low, ¢+ = 1 particles should be mixed with ¢ = 2 particles because i = 2 particles can
be distributed with unbound ¢ = 1 particles among small physical clusters. The separation
between ¢+ = 1 and ¢ = 2 particle rich phases cannot occur in the fluid mixture because
physical clusters that do not have a sufficient stability allow ¢ = 2 particles to be distributed
among branches of physical clusters. The stability of physical clusters is enhanced with an
increase in the value of (¢1). Then, i = 2 particles can be stably confined among branches
of physical clusters. This implies that the number of ¢ = 2 particles that are allowed to be
confined among branches of physical clusters is limited. Thus, stabilized physical clusters

allow the separation between i = 1 and ¢+ = 2 particle rich phases to occur.

ii ) Passively attractive force between i = 2 particles

In a fluid mixture, ¢ = 2 particles can receive a passively attractive force generated from
the cooperation between the exclusion of ¢ = 2 particles caused by the hard-core potential
and mutually attractive forces between ¢ = 1 particles. Such a passively attractive force
contributes to stuffing many ¢ = 2 particles within a region surrounded by branches of
physical clusters. Then, ¢ = 2 particles in the region should have larger relative momenta
than those of i = 1 particles in the region. Hence, the probability that a large number of i = 2
particles are stably retained in the region is low; the ¢ = 2 particles can be redistributed.

A passively attractive force generated from the cooperation between the exclusion of
1 = 2 particles caused by the hard-core potential and mutually attractive forces between
1 = 1 particles should depend at least on both the diameter of the hard core of an i = 2
particle and the effective range of the mutually attractive force between the pair particles.
Hence, particles of a constituent contributing principally to the magnitude of Dj (r) can
contribute to the phase behavior of a fluid mixture through their particle sizes. If the
particles are small, they can be confined relatively stably within regions surrounded by the
branches of physical clusters. If the particles have larger sizes than those of the regions, the
addition of these particles into the fluid mixture can more strongly disturb the stability of
the phase that seems macroscopically homogeneous.

The probability that these particles are stably retained in the regions is low if the parti-
cles interacting through only their hard-core potentials are considerably larger than regions
surrounded by branches of physical clusters. Yet, it is expected that the particles can be

diffused into areas among the physical clusters, if the average extent of the physical clusters
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is sufficiently smaller than the sizes of the particles. When colloidal particles are considered
hard-core spheres that do not interact with each other via attractive forces, the colloidal
particles can be distributed into a molecular fluid mixture wherein the physical clusters hold
only sufficiently small extents. If the physical clusters develop near a specific temperature,
then passively attractive forces generated between colloidal particles should be strengthened.
The attractive forces may contribute to special forces that act between colloidal particles

immersed within a binary fluid mixture near the consolute point%.

3. General perception found from elects of physical cluster formation

A fluid mixture comprising ¢ = 1 particles and ¢ = 2 particles cannot become homoge-
neous if physical clusters of 1 = 1 particles are formed. In a fluid mixture wherein mutually
attractive forces make particles interact with each other, particles that have small relative
momenta are prevented from being homogeneously mixed with particles that have large rel-
ative momenta. If the formation of physical clusters is ignored, the dependence of gj (r) on
r can be characterized by the product of r~! and a particular function which can be given as
the Taylor series with respect to . Nevertheless, particles that have small relative momenta
can contribute to physical cluster growth, which allows particles to be distributed in a a
characteristic structure. The distribution of particles allows the dependence of g(r) on r to

deviate from the behavior characterized by the product of the factor r—!

and a particular
function that can be given as the Taylor series with respect to r.*” The distribution of par-
ticles allows the fluid system to acquire various features. Therefore, particles contributing
to the magnitude of Dj (r) are confined in local small areas surrounded by particles that
contribute to the magnitude of Pj (r).° Particles contributing to the magnitude of Dj (r)

lead to a structure that prevents physical clusters from contracting.
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4. Appendix: Formulae for evaluating P for specibc Ruid mixture

A specific fluid mixture that is specified by Eqgs. (381)—(385) requires that the parameters
for estimating pair connectedness be expressed by Eqgs. (392)—(395). Unknown coefficients
P/ depend on z,. Modifying Eq. (345) allows the dependence of P" on 2, to be known as
oo e

| )
a1 (Zn01)?

P"" 12 Py (1/s)e 4rdr

1=1 SZZn

Thus, 0 < PJ-2 (P 1-1 is satisfied for the specific fluid mixture because of 0 < z;/Z, (1.
((a ) Estimations of coefficients

i) Estimations for large Zoo satisfying 1 ( Z5/Z

For the specific fluid mixture, each coefficient zj given by Eq. (348) is represented as

6
ol =2l = —Zoe % 2 (415)
T
2 2 6. 52
T =25 = ;220'6 , (416)

Each coefficient 2™ given by Eq. (349) is represented for the specific fluid mixture as

follows:
X "4 d Cod
21— 6u e Zxge20 2(1+ e~ )P11 01+ 272 235074
2(z0) o o T 5 9
+2(1+ e OPS 63+ (1% )2(01PIP] + 6:P3P)) (417)
22 el o
+ o 4].8
€T 2(520_)3%’ y ( )
522 " ¢1P12P12 +¢2P22P227 (419)
2 7 2
z'? + eu—eu—_ua (420)
Zo (Z90)2
72" ¢,PIP2 + ¢,P)P2, (421)
Zo(l 2,—2(
22 4 ﬁzﬂ, (422)
d d e 2 %1
zH ;P12¢1 + fP%aﬁz + N (01P1PF + 2P, P3). (423)
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Then,

T .7711.'1722 %x12 21

e
e (424)
Thus,
H J H o
R S TR L .
T %X—ljfle %m“ 00§exf((zlzf/(2) e %ex;()z(zzi()/zz)%%“‘r

Therefore, for an extremely large Zy0 satisfying 0 < 2/Z, (1, Eq. (354) yields an approxi-

mation given by

H J H »
1y1l 1 y12 1 1 0 X

L xS kN K X xit oyr T (426)
1y2l 1322 z (/ (. x*# (Z 0> 1
XX XXJ %)§ expz(Zz(/ 2) x11x22 )§exp(222(/ 2) x22

Eq. (426) allows coefficients a' given by Eq. (353) to be estimated for an extremely large

Zoo satisfying 0 < Z/Z5 (1. Then, the coefficients are expressed as

11 1 s LopoZ 2%
2 +%:leﬁ P %25 P, (427)
and
a—’? + (%50)%e 220 2 12 (428)
o O'
where .
a, w1 o T b o P2A). (429)

o 372 ZoZyo !l

If Eq. (429) is used, then Eq. (396) multiplied by (Z,0)2e=22( 2 can be rewritten for n = 2

as
=$ % -

72 — / 1
L N
(200)2 %5 0 oo oo Zo(k+ZzZo o

—12 asa; 6262% 1 & 22 —22'>
+P'Z7 + g2ttt —— L(%o)?e YT+ P2ZT . (430)
oo O 0 2Z0 0

Because of limy,( o0 aj? /o < & , Eq. (430) requires 612 /o + 0 to be satisfied for an extremely

large Zy0. Then, Eq. (429) yields

=21
LT (431)

Z0Z90 o1l

P+
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Eq. (431) requires P2/P? to be given as

P PJ
==+ —==. (432)
Pz P}
Moreover, Eq. (431) requires that a factor (z'%/7**)P}? in Eq. (427) satisfy for an extremely
large Zy0
—12
?Pf + 0. (433)

Therefore, Eq. (427) can be rewritten as

ajl
— 4+ 0p il

o 23]

Pl (434)

1l

Because of Eq. (428), coefficient aj2 for an extremely large Zy0 is required to satisfy

a?

T 4o (435)
g

ii ) No attraction between particle of species 1 and that of species 2

A mutual attractive force acts between particles of species 1. No mutual attractive force
acts between a particle of species 1 and that of species 2. Moreover, no mutual attractive
force acts between particles of species 2. Then, the three types of pair connectedness are
required to satisfy Pq1(r) # 0, P1a(r) = Pai(r) = 0, and Pay(r) = 0. Hence, Eq. (345) for
the fluid mixture specified by Eqgs. (381)—(395) requires that the following four relations be

satisfied:
Pl#0 (436)
Pl + 0 (437)
P2+ 0 (438)
P2+ 0 (439)

These relations allow Eq. (434) to be simplified as

1
aj 1 1
i rLeE (440)
1
%240, (441)
g



Then, 2! given by Eq. (417) can be rewritten as
>

T L0d |
M+ 2(20)3 ;e_z( géae_z( +2(1+e2OPl + (1% 2O)’PIPL ¢,. (442)

This implies that z}z!'! is independent of ¢y. Therefore, coefficient ai given by Eq. (440)

independent of ¢s.

( b ) Requirement for percolation threshold

i) Requirement for large 20 satisfying 1 ( Z3/%

The percolation threshold for the fluid mixture specified by Eqs. (381)—(395) is determined
by applying the requirement given by Eq. (370). For 0y = 0o = 0 and 1 ( Zy0, Eq. (370)

~22( /722 can be rewritten because of a:% = 1 as

multiplied by 2(%,0)3e
6" ez(/ 2 $ 1 712 % Q o2 321 %.
4= Ql PI %2 22P|2 + 29 %——Pl + Dpup?
$ % —2 %$ %
12 PQP2 Q2 Q1 2

+ P P12 =22 QiPQ %<5 Qz P11P2 %P} + 0. (443)

For oy = 0y = 0, Eq. (365) can be rewritten as
Cim
e~ (444)

Am 4 Z 5 | Z
Q "% 1%(1+4 2no)e ™ P %35 0(5mo 4+ 1)e (.
g

For a large zo0, Eq. (444) yields an approximate relation as
Q.+ %P2, (445)

If Eqgs. (432) and (433) are considered with Eq. (445), then Eq. (443) multiplied by 1/¢;

can be rewritten for a large zo0 as

il 6 Qi rl! ¢2 Q. m U (PI/PHE
“iploy” 2 2plog .
o T r S PIP es 6 o 2 3 1 (PiPLy
(446)

ii ) No attraction between particle of species 1 and that of species 2
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If Egs. (436)—(439) are considered, then Eq. (446) can be simplified as

el z!t
——Q,P1%— + 0. 447
(20_)3 Ql 1 ¢1 ( )

Then, Eq. (444) allows coefficient @ll to be expressed as

v

4 5 d
O+ % 1% (1+ 20)e X P1o " 55(30 + 1)e X 448
1 1
g
Q,+ 0. (449)

In Eq. (447), ' is given by Eq. (442). Equation (447) does not include ¢, and is indepen-
dent of ¢,.
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IV. PHYSICAL CLUSTER FORMATION IN IONIC FLUIDS

An ensemble of charged particles distributed in an ionic fluid system includes both charged
particles that have large relative momenta and and those with small relative momenta.
Charged particles that have small relative momenta have a tendency to interact with each
other via attractive Coulomb forces in the bound states. The charged particles can actively
contribute to the formation of physical clusters. The distribution of the charged particles
is caused to become nonuniform by the attractive Coulomb forces. Then, there is a pos-
sibility that a nonuniform distribution of charged particles have a specific pattern that is
characterized as a fractal. The formation of a nonuniform distribution pattern contributes
to various features that appear for an ionic fluid system. Phase separation that occurs in
the ionic fluid system is caused by the contributions of attractive Coulomb forces between

charged particles.™

The same method used for analyzing the behavior of a multicomponent nonionic fluid
mixture system can be used to analyze the behavior of a multicomponent ionic fluid mixture
system. The equation system composed of Egs. (270) and (272) can be employed to analyze
effects of the physical cluster formation on the properties of a multicomponent ionic fluid
mixture system. The equation system are equivalent to the Ornstein—Zernike equation,
which is expressed by Eq. (271).

An attractive Coulomb force causes a charged particle to interact with another charged
particle that has a different type. A repulsive Coulomb force causes a charged particle
to interact with another charged particle of the same type. These Coulomb forces have
an extremely long-range feature. Thus, such specific features of forces that cause charged
particles to interact with other charged particles require additional ideas for analyzing the
physical cluster formation. Even in an ionic fluid mixture, physical clusters are formed
by charged particles that interact with each other in bound states that can be caused by
their small relative momenta and the attractive Coulomb forces between them. In addition,
unbound states are generated depending on their large relative momenta and depending on

repulsive Coulomb forces between them independently of their relative momenta.

The features of Coulomb forces allows characterizing the behavior of a multicomponent
ionic fluid mixture system via the physical cluster formation. However, it is possible to

identify specific behaviors that are similar to those found for multicomponent nonionic fluid
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mixture systems. Unless phase separation occurs in the multicomponent ionic fluid mixture
system, the macroscopic picture of the system allows charged particles with large relative
momenta to be homogeneously mixed with charged particles that have small relative mo-
menta. Then, these charged particles cannot be microscopically homogeneously mixed with
each other. The branches of physical clusters can confine charged particles with large rela-
tive momenta; therefore, physical cluster growth wherein charged particles that have small
relative momenta participate can affect various properties of the multicomponent ionic fluid

mixture system.

A. Correlation functions for describing an L-component ionic fluid mixture

system

One of the two integral equations for analyzing an L-component ionic fluid mixture
system corresponds to Eq. (270) for the pair connectedness Pj ; the other corresponds to
Eq. (272) for another correlation function Hj. Analyzing an L-component nonionic fluid
mixture system is enabled via the use of the two integral equations. For the L-component
ionic fluid mixture system, the electroneutrality is required as an additional requirement; it
causes the features of correlation functions including P and Hj to be different from those
for the L-component nonionic fluid mixture system. The structural features of large physical

clusters formed in ionic fluids can be understood via the long-range features of Pj (r) and

Hij (T) + 1_40767770

1. Requirement of Electroneutrality

((a ) Electroneutrality

Electroneutrality indicates that the whole charge of an L-component ionic fluid mixture
system is zero. This is based on the assumption that the whole system is electrically neutral.
According to the electroneutrality of an L-component ionic fluid mixture system, the nor-

malization of the pair correlation function gy (r) for macroscopic volume V' requires Py ()
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and Djj (r) to satisfy
n/r # n/r #

€ Pj Pij (T)dr + €j Pj Dij (r)dr + e =0, (450)
j=1 v j=1 v

where e; denotes the charge of species ¢, and ¢ represents the charge of species j. Equation
(450) is used for an L-component ionic fluid mixture system, instead of Eq. (279) for an
L-component nonionic fluid mixture system.

For large r at which gj (r) %1 + 0 is satisfied, the electroneutrality expressed by Eq.
(450) means

"L # r4*r
0+4r €k Pk [Pik (t) + Dix (t)]t2dt =+ ¢

k=1 0
n/ # ny #

r r4*r
=47 €k Pk [Pik (t) + Dik (t)]tht +e +4rm €k Pk [Pik (t) + Dik (t)]tht.
k=1 0 k=1 r
(451)
. . 3 L 1r 2 .
Then, electroneutrality requires 47 | _; expk , [Pik (t) + D (¢)]t?dt + ¢; = 0. Ultimately,
the electroneutrality requires Eq. (451) to result in a relation satisfied for for a large . The

relation is expressed as

IIE IIL
4T ex ok Pik (r)r?0r + %4 expkDik (r)r*6r  for 0 < dor/r (1. (452)
k=1 k=1

( b ) Behavior of correlation functions at large r

If the value of le expkPik () is equal to ¢, Eq. (452) requires 3 le ekpxDik (1) to
be equal to %q. This is, the absolute value of the charge carried by a group of particles
contributing to the magnitude of Py is equal to the absolute value of the charge carried
by a group of particles contributing to the magnitude of Djc. The pair connectedness Pk
represents the contribution of particle pairs characterized as pair particles that interact
in bound states wherein the contribution of an attractive force between the pair particles
exceeds that of their relative kinetic energy; further it represents the correlation between
particles involved in the formation of physical clusters. The case that ¢ is not zero means that
physical clusters have charges on average. However, the physical clusters should maintain
no charges on average, if an increase in the densities of particles allows physical clusters to

grow readily. Further, causing physical cluster to grow without difficulty requires that ¢ be
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equal to zero. Therefore, Eq. (452), which represents the requirement of the electroneutrality
results in an assumption is given as
L

expkPik (r)+ 0 for 1( r (453)
k=1

and
L

expkDik (r) + 0 for 1( . (454)
k=1

When two particles located at rgi) and rg) in a fluid system are widely separated, the
pair correlation function that expresses a correlation between these particles behaves? as
Gi (|r§i) %rg)|) + 1. This fact requires the physical meanings of Pj (r) and those of Dj ()
to result in )

&

:’ Pj(r)+ 0 for 1( r (455)

» Dj(r)+ 1 for 1( r,
because of Eq. (260). This consequence is wholly adequate if the state of an ionic fluid is
far from a state wherein the percolation of physical clusters occur in a macroscopic volume.

The relations expressed by Eq. (455) allows the assumption given by Eqgs. (453) and (454)
to be satisfied for a large r without physical clusters inducing the percolation. If physical
clusters with macroscopic sizes caused by the percolation are included in an ionic fluid,
Pij (r) # 0 and Djj (r) # 1 can be satisfied for a large r despite Pjj (r) + Dj () + 1. Yet, the
assumption given as Eqs. (453) and (454) is satisfied at a large r if each physical cluster is
electrically neutral.

If the growth of large charged physical clusters allows the percolation of the physical

clusters to occur in a macroscopic volume, it is possible to assume

)
% 3
+ le expkPi (1) # 0

* 3
’ le expxHik (1) # 0.

Even if it is possible, the electrical repulsion allows charged physical clusters to be expanded.
The electrical repulsion requires the charged physical clusters to be unstable, and therefore,

it should be reasonable to assume Egs. (453) and (454).
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2. Features of correlation functions for multicomponent ionic Ruid mixture

system

(a ) System without percolation of physical clusters

The mean size S of physical clusters estimated by Eq. (281) should be sufficiently inde-
pendent of V| if the percolation of physical clusters does not occur in macroscopic V' found
in an L-component ionic fluid mixture system. In the limit V' / & , the independence of S

from V allows Eq. (281) to result in

o 3.

limy ,o0[(S %1)/V] | _; k=0
* 1
! hmvﬁoo<1/V) v Pij (T‘)dI‘ = 0.

This corresponds to Eq. (282).
In the limit V' / & , Eq. (282) requires Eq. (450) to result in the normalization condition

for Dy . It is given as
n L #

€j P Dij (T)d[' = 0/06i. (456)
j=1 v
Instead of Eq. (283), Eq. (456) must be applied for the L-component ionic fluid mixture

system.

( b ) System involving percolation of physical clusters

If the percolation of physical clusters occurs in macroscopic V' found in an ionic fluid
system, S estimated for the ionic fluid system by Eq. (281) should be dependent on V.
Then, [(S %1)/V] 3 le px # 0 should be satisfied. If a state of the ionic fluid is in the
immediate vicinity of a liquid-solid transition point where 0 < p%d %p!q (1 (p? denotes p;
in a solid state, and p!q denotes p;j in a liquid state which can be transformed into the solid

state) is satisfied, the dependence of S on V' can be estimated as
nr
S/V+  pf
i=1
which corresponds to a state wherein the growth of physical clusters reaches the limit. Then,
Eq. (281) should result in

nC ||£ # ||L ||E

(1/V) pipp Py (r)dr+ o
i=1j=1 v i=1 k=1



1
This consequence requires (1/V') , Pjj (r)dr + 1 to be satisfied in the limit V' /& . There-
fore, it requires Eq. (450) to result in

) 1
+ (1/V) Vv Dij (r)dr + 0
* 3 r

j=1 €j Pj v Pij (T’)dI‘ = 0/06i.

A state specified by (1/V) 1v Djj (r)dr + 0 should considerably lack particle pairs charac-
terized as an ensemble of pair particles interacting in unbound states wherein a contribution
of the relative kinetic energy of the pair particles exceeds a contribution of an attractive
force between them. The lack of the particle pairs allows a feature found as a liquid to
be lost from the ionic fluid system. The growth of physical clusters must allow the phase

transition from the liquid state of an ionic fluid to the solid state.
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B. Various phenomena depending on physical cluster formation in ionic fluids

(@) Physical clusters of charged particles formed in ionic fluids

The Coulomb force, which is an extremely long-range attractive force between positive
and negative charged particles, can efficiently contribute to enhancing density fluctuations
in an ionic fluid system. It has the capability to make the distribution of charged parti-
cles become nonuniform. The nonuniform distribution of charged particles developed by
attractive Coulomb forces among them allow phase separation to occur in the ionic fluid

system. !

In an ionic fluid system, charged particles with small relative momenta are distributed
with those that have large relative momenta. The charged particles with small relative
momenta can contribute to physical cluster formation because their small relative momenta
enhance the possibility that the contribution of the attractive Coulomb force between a
positively charged particle and a negatively charged particle exceed the contribution of their
relative kinetic energy.

176 can allow a discussion of the critical

The Bjerrum theory based on the ion pair mode
thermodynamics of an ionic fluid to result in a satisfactory description for the ionic fluid.!®
However, the ionic cluster model beyond the ion pair model based on the Bjerrum theory

50,51 Qaveral

need to allow the thermodynamics of ionic fluids to be estimated more precisely.
features of the ionic fluid should be caused by the cooperating effect of many charged parti-
cles. Hence, it is significant to consider the fact that the distribution of charged particles in
an ionic fluid have the strong tendency to become nonuniform. The precise estimate of the
thermodynamics of ionic fluids®! indicates that an ionic cluster model beyond the ion pair

model need to be considered.”™

A numerical calculation allows the estimation of the mean size of ionic clusters formed
in an ionic fluid.”™ The physical clusters, which can be easily formed by charged particles
with small relative momenta, can grow as the densities of the charged particles increase.
If the physical clusters reaches extremely large sizes, then the features of an ionic fluid are
influenced by the physical clusters.”” ™ Large physical clusters of charged particles formed in
an ionic fluid influence the viscosity of the ionic fluid. A viscosity anomaly is detected near
the critical consolute point of an ionic ethylammonium nitrate-n-octanol mixture.”” This is

evidence of the formation of large physical clusters.
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( b ) Electrical conductivity in ionic fluid

If pair-charged particles interact with each other in the bound state, they cannot freely
migrate away from each other even when an external electric field is applied. If the free
charged particles that can freely migrate decrease in an ionic fluid despite the increase in
the densities of the charged particles, the contribution of the free charged particles to the
electrical conductivity will decrease. An increase in the densities of charged particles can
make the physical clusters of charged particles grow via the process of cluster—cluster ag-
gregation in the ionic fluid. If physical clusters of charged particles percolate,® physical
clusters that have macroscopic sizes can effectively contribute to the electrical transport
as paths for the electric current. The contribution of the physical clusters to the electric
current can be generated by only a small shift in each charged particle caused by the ex-
ternal electric field. As the densities of charged particles increase, the percolation state is
developed, and the electrical conductivity should be enhanced. As the densities of charged
particles increase from a sufficiently low level, the electrical conductivity of an ionic fluid
can decrease; after reaching a minimum, the electrical conductivity can increase. This be-
havior of electrical conductivity can be experimentally demonstrated.” The behavior of the
electrical conductivity can become evidence of the formation of physical clusters that have

macroscopic sizes.

1. Fractal structures of physical clusters formed in ionic Buids

(a ) Estimates of pair correlation functions

The feature of an attractive Coulomb force via which a positively charged particle and neg-
atively charged particle effectively interact with each other can differ depending on whether
charged particles are distributed near the two charged particles. Within an ionic fluid sys-
tem, a feature of the effective interaction between two charged particles surrounded by other
charged particles is assumed to have a shorter range than that without contributions from
other charged particles.

A pair correlation function exhibits the possibility that pair-charged particles are located
at a specific configuration in an ionic fluid, and it involves contributions from charged par-

ticles distributed near the pair-charged particles. The estimate of pair correlation functions
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can aid in examining the effects of the contributions of charged particles distributed near
particular pair-charged particles in an ionic fluid; further, it can aid in examining specific
configurations of charged particles on a large extent scale.5” %89 The magnitude of a pair
correlation function is decreased with the increase in a large distance r between specific
pair-charged particles. Under several conditions, the long-range features of pair correlation

1

functions can be expressed as the product of r~—" and a particular function expressed by a

Taylor series with respect to r.15:16

( b ) Fractal structures of physical clusters

If the developed physical clusters of charged particles are formed in an ionic fluid, then
there is a possibility that the structure of each physical cluster has a specific pattern char-
acterized as a fractal. The formation of physical clusters with a fractal structure causes
the dependence of a pair correlation function on r to deviate from that expressed as the
product of r~! and a particular function expressed by a Taylor series with respect to r.
This is implied from examples in ionic fluid systems wherein charged colloidal particles are
suspended.

In ionic fluid systems wherein charged colloidal particles are suspended, charged colloidal
particles are not distributed homogeneously.®” ™ Electrostatic interactions between charged
colloidal particles cause their nonuniform distributions to occur. According to numerical
simulations, nonuniform distributions of charged particles have fractal structures.” The
fractal structures depend on the densities of charged colloidal particles.”™ According to the
experiments for ionic fluids wherein charged colloidal particles are suspended, the nonuniform
distributions of charged colloidal particles have various fractal structures.” Further, the
growth of physical clusters of charged colloidal particles can induce gelation with a fractal
structure.™

The growth process of physical clusters caused by the contact of small physical clusters
corresponds to a growth process known as cluster—cluster aggregation that results in the
fractal structure with the fractal dimension d;i determined as di * 1.75.4° This fact and the
numerical simulations™ support the possibility that a nonuniform distribution of charged
colloidal particles in a suspension has a fractal structure with the fractal dimension ds
expressed as df < 2.7 Hence, a nonuniform distribution of charged particles, which

can considerably affect the properties of an ionic fluid, should have a particular structure
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characterized by pair correlation functions involving a contribution of the factor r% =3 (dy <
9).40.72

2. Correlation functions for examining elects of physical cluster formation

Attractive Coulomb forces via which charged particles comprising an ionic fluid system
interact with each other, allow the distribution of charged particles to become inhomoge-
neous. Charged particle pairs contributing to the magnitude of the pair connectedness Pj
belong to a group of charged particle pairs characterized by particles that have small rel-
ative momenta. Then, charged particles forming each pair interact in bound states where
the contribution of an attractive Coulomb force between the pair charged particles exceeds
the contribution of their relative kinetic energy. Charged particle pairs contributing to the
magnitude of Djj belong to the other group of particle pairs characterized by particles that
have large relative momenta. Then, the charged particles that form each pair interact with
each other in unbound states where the contribution of the relative kinetic energy of the pair
charged particles exceeds the contribution of the attractive Coulomb force between them.
The attractive Coulomb forces cannot allow charged particles belonging to the former group
to be homogeneously mixed with those belonging to the latter group. Charged particles con-
tributing to the magnitude of Dj have a tendency to be confined in local areas surrounded
by charged particles contributing to the magnitude of Py .49

Equation (453) indicates that the electroneutrality is maintained for each physical cluster
of charged particles. Electroneutrality enables each physical cluster to grow toward macro-
scopic sizes. According to the above examples of charged colloidal particles, each physical
cluster of charged particles formed in an ionic fluid can have a fractal structure. Then, the
dependence of a pair correlation function on r deviates from a form expressed as the product

1 and a particular function given as a Taylor series with respect to 7.

of r—

The pair correlation function gj related to a charged particle of species ¢ and another
charged particle of species j is equivalent to the sum of the pair connectedness Pj and
another correlation function Dj . The structure of each physical cluster of charged particles
is characterized by Pj. The dependence of Py on r should not have a form expressed as

1

the product of r~ and a particular function given as a Taylor series with respect to r,

according to an example found from analyzing a non-ionic fluid.*” A consequence obtained
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from analyzing ionic fluids demonstrates that the dependence of Pj on r does not have the
form.* A differential equation for Pj can be derived from the integral equation expressed
by Eq. (270) being relevant to Py . The differential equation corresponds to Eq. (154)
for a single-component fluid. The pair connectedness Pj obtained as a solution from the
differential equation has a specific form that is different from that expressed as the product

1

of r" and a particular function given as a Taylor series with respect to 7.
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C. Closure schemes for two integral equations

1. Approximate features of correlation functions due to ionic Ruid mixture

( a ) Behavior of Cij*(r) for Buj < 0 in L-component ionic fluid mizture system

The behavior of Cj () at 1 ( /oy in an L-component ionic fluid mixture system is
equivalent to that expressed by Eq. (294) if fuj < 0. Thus, the behavior of Cj (r) caused
by fuj < 0 allows a closure scheme for solving the integral equation given by Eq. (270) to
be given by Egs. (299) and (300). The closure scheme for solving the integral equation for

the L-component ionic fluid mixture system is given as

4
G (r) = () + 5

Fa—
™

(%05 ujj (7")]3/2, for Buj <0,
and

C’i?+(r) =0, for r>gj.

( b)) Behavior of Cf (r) for Buy >0 and 1 ( r/oy

i) Behavior of Cif (r) in L-component ionic fluid mizture system

For puy > 0, Pj(r) is equal to zero unless the contributions of both Suy > 0 and
Buji > 0 coexist at a large r. In an ionic fluid mixture system, a j particle that attracts
both i and [ particles by the Coulomb force coexists. Thus, Pj (r) # 0 occurs for Suy > 0.
A physical cluster can grow via a particle corresponding to the j particle that satisfies
Buij (r) < 0 (i # j) and Suy (r) < 0 (j # [). When the distance r between ¢ and [ is
sufficiently large, Eq. (290) can be approximated as

(
Bui Py (r)%Cyf(r) +Cf(r)+ 0, for Buy(r)> 0.

For 1 ( r/ojy, this relation must be satisfied. Then, the dependence of Su; Py (r) on r
should be the same as that of %C; () on r. Thus, an approximate formula for 1 (/o

can be simplified as

ﬁu” P (7’) + %CJ(T), for ﬁu” (T‘) > 0. (457)
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By substituting Eq. (457) into Eq. (453), the behavior of C; (r) caused by the Coulomb

potential that satisfies Suy > 0 is estimated as

| 5Z:|p(lr)0ifr(7”) * y expkPic(r),  for r/oy " 1. (458)

for uj >0 for uik <0

According to Eq. (296), a long-range contribution to Pj () should be expressed as Pj (r) +
[22/(15" 7)][%Bu; (r)]* 2 for Buj < 0. The use of this long- range contribution allows Eq.
(458) to be rewritten as

€1p + +
| Bui (7,) C(|I (T) ) €k Pk 5 =

for uy >0 for uyk <0

[Y6Bui ()] 2, for /oy ' 1. (459)

Therefore, this result and analogy with the MSA should allow the behavior of C (r) to be

approximately expressed as

(
ap (r)%CT(r) = e
| Buj (’I“) C(iI ( ) % QI ( ) ) k Pk

as Uu; >0 as Uk <0

22

B %[%ﬁuik (r)]*2, (460)

and

C’ﬁ”(r) =0, forr>oj. (461)

If the Heaviside step function 6(z) = 0 (x < 0), 1 (z > 0) is used, Eq. (460) can be rewritten

as a specific form that can be mathematically readily treated, i.e.,

" am o i ot
1y Pui (T)H[ﬁu” ()] G (r) %G (r)
’ = 32
= i €k Pk 5 = {1 %0 [ﬂuik (7’)]} [%ﬁuik (T’)] ) (462)

ii ) Behavior of Ci (r) in two-component ionic fluid mizture system
If an ionic fluid is a two-component mixture (L = 2), ¢j p; /(eipi) = %l (i # j) is satisfied.

Then, Eq. (460) is simplified as

O (r) = P (r) Yo = (1) 968y ()Y, for By <0, (463)
and
CIt(ry=0, for r>oj. (464)
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If this expression for C; (r) is a closure scheme for the integral equation given by Eq. (270),
the closure scheme allows Eq. (270) to be readily solved.
Moreover, for L = 2, Eqs. (299) and (463) allow the long-range contribution to Cj (r) to

be expressed as

1 . , .
Ci;r<r) + Kir 75l 2—i—j| for r/ail' 1 (Z =1,2; j= 172)7 (465)
where $ % % % . . $ %y
L1 T4 99 Beie T oggeie, .
Ktv — 2 Y il S i = 2% 466
L "7 3 15 dre e (= ) (466)

Here, € denotes the macroscopic dielectric constant of the medium wherein charged particles
are distributed. Equation (465) is applicable to both the case of Juj < 0 and the case of
ﬁuij > 0.

( ¢ ) Behavior of Ci for 1( /oy in L-component ionic fluid mizture system

Features of Cj (r) in the case of wj < 0 (i # j) is caused by the contribution of
the group of charged particles characterized as each pair of charged particles interacting
with each other in unbound states wherein the contribution of their relative kinetic energy
exceeds the contribution of the attractive Coulomb force between them. Further, features of
Ci (r) in the case of 0! w; is caused by the contribution of the group of charged particles
characterized as each pair of charged particles interacting with each other via the repulsive
Coulomb force between them. Then, the behavior of G (r) can be simply estimated for a
large 7.

According to Eq. (297), Dy (r) %1 + %(1/2)Bw; (r) is satisfied for 1 ( r/oj in two cases,
ie, 0! w and wj < 0. Further, according to Eq. (298), Ci (r) + % Suj (r) is satisfied
for 1 ( r/oj in the two cases, i.e.,, 0! wj and wj < 0. Thus, Eq. (298) represents the
long-range contribution of Cj (r) for an L-component ionic fluid mixture system in the two
cases specified by fuj < 0 and fuy > 0.

An integral equation for Hj (r) applied to the L-component ionic fluid mixture system is
equivalent to Eq. (272) derived for an L-component nonionic fluid mixture system. Accord-
ing to the above discussion, an analogy with the MSA allows Eq. (302) to become a closure

scheme for solving the integral equation when Suj; < 0 and Swy > 0. Thus, the closure
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scheme is expressed as
Ci(r) = Ci?*(r) % Buj (r), for fuj <0 and Puy >0, (467)
where

Ci*(r) =0, for r>oy. (468)

Then, the long-range contribution to Cj (r) in terms of %B3u; (r) can be expressed as

1
Ci(r)+ Kj— for r/oy ' 1, (469)
r
where
x on /86|€]
Ki "% e (470)

Moreover, relations formed by Egs. (299), (300), (460), (461), (467), and (468) can be
consistent with the MSA because ¢j = C;" + Ci given in Eq. (269) behaves as ¢ + Cj for

a large r.

2. Expression of practical closure schemes similar to MSA

(‘a ) Closure scheme for solving Ornstein—Zernike equation in L-component ionic fluid
maixture system

To avoid a mathematical difficulty caused by x = 0, the contribution of the Coulomb
potential to the closure scheme is regarded as a Yukawa potential type that have the effective
range expressed by 0 < k™1 < & although ! is sufficiently large.®* Then, the MSA allows

a closure scheme for solving the Ornstein—Zernike equation to be given as

+>(-\/

ci(r) = (r)+ Kje™ " /r, for 0! w( 1
i} 'J() Ij() 1 / (471>
v A (r) =0, for r/oy > 1,

where )
%Ku " BKj
; BKij " % (ag/4m)(ei/eo)(ej /o) (472)
g Pegle.
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*
J

Here, ey represents the elementary charge and Kj is equivalent to K .

( b)) Closure scheme for solving Eq. (270) in two-component ionic fluid mizture system

i) Closure scheme for solving Eq. (270)
Equation (471) requires the long-range contribution expressed by Eq. (465) to involve a

factor e=" . Thus, the closure scheme given for the Ornstein—Zernike equation as Eq. (471)

requires a closure scheme for solving the integral equation given by Eq. (270) to be given as
$ _r 0/%/2_|i_j|
e

Cif () = GiT(n) + K — c (=12 j=12), (473)

where
C’i(j)+(7“) =0, for r>gj. (474)

Instead of using the long-range contribution expressed by Eq. (465), a long-range contribu-
tion involving a factor e™" is applied to the closure scheme for solving Eq. (270).
ii ) Practical closure scheme for solving Eq. (270)

An approximate expression for the factor (1/7)"2 (7 = 3,5) in Eq. (473) can be given by
Eq. (83). The approximate expression enables mathematical difficulty caused by (1/r)"?2
to be avoided when solving Eq. (270) analytically. According to Eq. (83), the approximate
expression is given as

1 —f/ 241 L
A + (0j) exp| fu| exp[%( fy/0jj )r];, n" 2n+1, (n=1, 2). (475)
In this expression, the value of fx should satisfy 0 < fu ! 1/2. Despite this, Eq. (84) allows
the value of fx to be reasonably determined. Thus, Eq. (85) allows its value for n = 3 to be
expressed as fy + fa,,, which is given by fg,, = 0.1018532115. Similarly, Eq. (85) allows
its value for 7 = 5 to be expressed as f4 + fy,,, which is given by fu, , = 0.8457924344.

The approximate expression of Eq. (475) depends on diameters of hard cores of particles.
If an approximate relation between ¢(r) = 1/7" 2 and ¢(r) = (e~ " /r with two unknown
coefficients ((z, and a, ) is formed independently of diameters of hard cores of particles,

then it is easy to proceed to calculate for considering a condition 0 < xojj (1. Hence, the

two unknown coefficients (;, and «;, are determined using the following relation:

(1) ¢(r1) = &(r1) and @(r2) = @(r2) for ri < ro,
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(2) assumption: 7o =1/zy (n =1, 2) with z, =nk/2 (" 2n+1),
- oo T/ A 100
(3) L(ir1) = I(fr1) (0 <f < 1) with I(fr1) ", ¢(r)dr and I(jri) "

1

o(r)dr.

The above relations allows the following formulae to be obtained:

. A 21 201 (0 2-1)/ (znT1—1) o 1/2%1 '
0="9%l+ (n/2%1)7 (znrp)'t nTYUEL Yoz In(znry) ,(476)
znr1 Y1
n/2 %1
Oy, = znn/—o/ol In(znr), (477)
anl 0 $ %
n/ 2—1 Oz,
Gon = ()" " exp — (478)
n

If n, N, and 2z, are given, then 71, az,, and (,, are assessed from the above formulae. When
zn is required to sufficiently approach zero, ag, given by Eq. (477) approaches zero, i.e.,
lim' 9z, =0.

Thus, a S)ractical closure scheme is given as

* 3
TOHr) = Ot )+ 2o KD exp(%sr)/r, (i=1,2; j=1,2),

. (479)
) Cﬁ]+<7”) =0 (7“/0'"' > 1),
where
K (0K ) 2, (i# ) (430)
3 7
K20, (i#)) (1s1)
Ki "0, (482)
22 ) )
K" (0K ) (1) (453)
BKi = BKii , (484)
and
27 (3/2)k + g, (limag, =0) (485)
Z" (5/2)k + ag,, (.hi% az, = 0). (486)

( ¢ ) Closure scheme for solving Eq. (272) in L-component ionic fluid mizture system

Equation (471) requires the long-range contribution expressed by Eq. (469) to involve a

factor e=" . Thus, the closure scheme given for the Ornstein—Zernike equation as Eq. (471)

requires a closure scheme for solving the integral equation given by Eq. (272) to be given as

* k * 6_‘r
Ci (r) = O () + K ©—, (457)
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where

Ci(j)*(r) =0, for r>oj.

(488)

The closure scheme given by Eq. (487) is applicable both when fu; < 0 and when Su; > 0.

3. Solution of integral equation

Equation (270) and the practical closure scheme given by Eq. (479) result in an integral

equation that can be solved analytically. If the consequences given by Eqgs. (320)%(343) are

used, a solution for the integral equation can be summarized as

"o
Q;Li(_l)(%k)@ﬁ; (%k) =05, & =1; & =0 (i # ),
k=1
i (k)" g_jj %(Pipj)ll2 ﬁr(%ﬂf)a

J»(Zk)u efikl’ #QJ» (T‘l)dT‘/,
i
||2
oy #
J(r’): ﬁro(r’) + DiTe Znr® (N <71’ <aji),
n=1
||2
f)= Dje™ (o5 ! 1),
n=1
Qﬁf—o(r,): 0, (Uji ! 7“,),
"2 T 6 7n (; o o—ik( ; 0 ik 7
T(Zk): Cigne—ik— ji eme(ji € .J /Of : (%)1 /0.6 :
. ik + Zm ik
1 oy e
- .. m-=j L
Ty e e T
||2
Ci"% D + 21 (pk/Zn)Pi (30) DYy
4 k=1

oo

Ii.’ij (Zn)" Pi (t)e 2nttdt.
0

Here, \j " (o) %o0i) and o " (0] +0i).
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(492)

(493)

(494)

(495)
(496)
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Two relations need between P (%,) and DP;

ij 3 one is glven as

L] o $ "o %
27T|bij (én) = — Zmu e~ (I +2m)Gi DIT’I % 27 e—k|bik (5m)DLT
m=1 N T Zm k=1 M
"o n9 = 6 72n(k 10/ 72n(k7
+27 pklbik (én)e_z”'l'k e Im (ik DL? ve — + Of
k=1 m=1 Zn 1 Zm “n
1) - 6 - o 7>
2 Zm - ik Zn (k 1 9% e 2n(k
by (Zn) DR < Qpe—tm(n & 1 1€ . (498)
-1 Zm Zn + Zm Zn + Zm Zn
The other is given as
] } ] . "o "o ] - . . L] "o "o 27rp|¢
27TKij = ZnDij Yo pr Dy Djk ij Yo px Dig Di (% )§|q , (499)
m=1 k=1 m=1k=1 =1
where
PG et G (i 4 2 Bome ) (5 + )
(500)
, gl?jm " eIy e—Zm(kj (%Zn %Zm + Zme—Zn(j + 5’n€zm(j )(En + ém)_l.
Modifying Eq. (499) allows Pj (%) to be given as
n 2 #
2mpiPii (%) = Iy Rk =D ny
m#=1 Pi
n 2 n 2 n 2
% s YDy fﬁjm D
m=1 m#=1 h=1
L] L] "o o
0 <n nm#—1) /m#(—1) . -m*
Yo 21 D éhj Dy Ky, (501)
m#=1 h=1 k=1
where )
FI amtongn g,
m#=1 Sij ij -
3 (502)

-k

2 —1
e DRVDY =6
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D. Ionic fluid structures characterized by formation of large physical clusters

If an ionic fluid mixture system includes extremely large physical clusters, Pj (r) should
have a long-range feature on a macroscopic scale even if Ci;“(r) retains the microscopic
feature. The recursive solution given by Eq. (304) clearly denotes that particles (ki, k2, - +)
distributed around an ¢ particle and a j particle enable the correlation function Pj (r) to
decay to zero considerably slower than Cj (r) decays. Further, Cj(r) can decay to zero
more rapidly than %5u; (r), which expresses a microscopic feature. If the contributions of
particles (ki, ks, -+ ) distributed around the particles of species i and j are not negligible,
Eq. (304) demonstrates that Pj; (r) can retain a finite positive value except zero even out of
the effective range where Cj (1) #

Convolution integrals found in the recursive solution given by Eq. (306) allow a feature
of Hjj (1) to remain in a longer range than both that of Cj (r) and that of ¢; (r). Eq. (306)
denotes that particles (kq, ko, - ) distributed around the particles of species i and j enable
the absolute value |Hjj (r)] to decay to zero considerably slower than [Cj (r)| and |cj (r)]
decay.

The ranges within which the correlation functions ¢; (1), Ci (r) and Cj (r) retain effective
values different from zero, can remain microscopic sizes in comparison with other correlation
functions such as gj (1) %1, Hj (r), and Pjj (7). The known assumption that the feature of
¢j (r) is retained in the short range'®'® restricts the features of Cjf (r) and C (r). Thus,
the features of ¢; (r), Cif (), and Cj (r) allow Py (r) and Hj (r) in the convolution integrals

found in Egs. (270) and (272) to be approximated using the Maclaurin series expansions.

1. Maclaurin series expansions

( a) Maclaurin series expansion of convolution integrals in Eqs. (270)

If a polar coordinate system with the origin located at rgi) and a point rg) located on the

2®) axis is applied, Eq. (270) can be rewritten as

"/, # 00 # )
P(r)=C* )+ Ci (r”)Pyg (I 9or D)2m (1) sim 04 03,
k=t 0 0
(503)
where r " | rli) %rg)| = |rg)|, rék) " rgi) %rék)| = |rgk)|, and Gék) = cos_l[r(j rgk)/(rrg )].
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In Eq. (503), the short-range feature of Cjf (r:(),k)) allows 0 < rék) /T (1 to be maintained for
large r. Thus, a Maclaurin series expansion for P (|r§k) %rg)|) found in Eq. (503) is effective
for representing the behavior of Py (r) at large 7.

Then, the Maclaurin series expansion corresponds to

oo

| L om K) (k)
P(ri¥o%rl)= —— P! )2 (r$Hm, (504)
P pemlaEm T e

where

_ (12
rg;) " r:())k) %rg)| =r (7“§k)/7")2 %2(r§k)/r) cos 9§k) +1

The substitution of the Maclaurin series expansion given by Eq. (504) allows Egs. (503) to

be given as
n/ # 1 n/r #
k k k k k
Py () =Ci )+ pc GLI NPy (dry” + o pc - GO DI P2 *Pyg (r)dr”
k=1 v k=1 v
9 "/ #
k k k
e Vq—'r(lré)D'ré)ﬁArij (r)deg? 4 (505)
k=1
where
8103 2 ot

" Tror o
If the formula defined by Eq. (116) is used as the forms of coefficients, Eq. (505) is simplified

as
nye - . nr

S %Y Py (r) = Gy (r)+ P2 2Py (r)

k=1 k=1

ng

+= T IAPG () (506)
k=1
The formula defined by Eq. (116) is expressed as (!Z'"J(r(! ) (=0,2,4), and it is given as
$ 1%./ o #
! k k k
&) — G , CH(IeS D) del ) (0 =0,2,4). (507)

3
In Eq. (506), the factor 2 le pk(!;’i:(4)Ar Pyj () corresponds to a correction term under the

condition that the value of r is not large although its value is out of the microscopic range

in which C*(r)i # 0 is satisfied.
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( b ) Maclaurin series expansion of convolution integrals in Eq. (272)

If a polar coordinate system with the origin located at rgi) and a point rg) located on the

2®) axis is applied, Eq. (272) can be rewritten as
Ly # # )

Hy () =Gi )+ ac ¢ (rSNPG (e %rd 2m (r$))2 sin 650 dr$ a6y
k=1
L #OO#)

+ o Cif (rSNH(IeS %ord )2 (ri9)2 sin 59 dri a6
+ (PSS %rd ) 2r ()2 sin 05 dr{O oy (508)

A Maclaurin series expansion for H(|r§k) %rgj )|) corresponds to

Hr$ %l = ———HEY) (rg )™, (509)
T e T =

The substitution of the Maclaurin series expansions given by Egs. (504) and (509) allows
Egs. (508) to be given as

"/ # wr #
¥ * k k 1 * k k k
Hi () =Ci(n+  pc CillDPy (drs? + 2 e Gilieg?DIeg? P2 Py (r)r”
k=1 \ K=1 \Y
9 nr #
* k k Kk
+4,62 Pk v ik (lr;(),)|)|1‘;(z,)|4Arij (T)dré) +
k=1
nr # 1 wp #
+ e adefDHg (rdrd + g P (r%DIe® 2 2Hy (r)dr®
k=t VY k=1 V
9 ", #
+4 . 62 Pk Cik (|T§k)|)|r:(;k)|4ﬁr Hy (T)dr;(;k) + (510)
k=1 v

If the formula defined by Eq. (116) is used as the forms of coefficients, Eq. (505) is
simplified as

nye - . nr
Sic Yty Hig (r) =C; () + pey” Py (r)
k=1 k=1

nE "C

+  adilP2Pg () + a2 P Hy (1)

k=1 k=1
nr 9 nr
—+- ,OkdjiT((4)Ar ij (7") + Z_l pkbi(lf)Ar ij (7") + (511)

k=1 k=1
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where the coefficients @ii(! ) and bi(li) (=0,2,4) are given by Eq. (116) as

$ % o #
«(! . 1k Kyt g (k
djik( ) = 6 ik (|r§) )|)|1"§, )| dré )7 (@=0,2,4), (512)
v
and
$ % ,#
b eIl Al (a=0,2,4). (513)
v

Then, Eq. (269) requires the following relation to be satisfied.
=&+ 8 (a=0,2,4). (514)

In Eq. (511), factors %Pk(bi*k(4)Ar Py (r) and %pkbi(,f A Hy; (r) correspond to correction terms
under the condition that the value of 7 is not large although its value is out of the microscopic

range in which C*(r) # 0 and C*(r) # 0 are satisfied.

2. Estimates of &7, &F@ &0 and &

Equation (324) allows a coefficient (!Z’!T(O) to be estimated as

= "o

1 , '
&0 = G O % ()@, (%) (515)
’ h=1

If the three-dimensional elements of k are denoted as (kx, ky, k;), a differential operator
with respect to k can be defined as 2 " (0/0kx,0/0ky,0/0k;). For a correlation function

Fy (r) satisfying lim, _, Fjj (r) = 0, the above definition results in

#
11
o CNU2(32 /372 ) 1. _ I . .
fim Jim ()" (/AR () explike - aldr = 5 Jim(2 - 210 (k)
This relation implies
#
()" Fy (r)r2dr = 9(6/11) im (k) Fy (k).
\V] —

According to this formula, Eq. (324) allows a coefficient (t’;.r(z) to be estimated as

+(2 1 1 . " d2 + + (0 0 d + d + (0,
@pf):ﬁmm @i (M@ (96) % @3 (1) g @4 (46)
+ @ (B) 3G () (516)
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A coefficient ;. (k) in Eqgs. (515) and (516) is described by Egs. (490) and (495). Ac-
cording to Eq. (514), @;(0)7 and (!Z’!f@) can be estimated as

& — 1D oo &) (517)
& — 1P o &) (518)

The coefficients b!(..o) and b!(..Z) can be estimated by solving the Ornstein—Zernike equation.
When @!J..F(O) and é‘;.r@) for a point charge system are be assessed, Eqs. (572), (573), (574),
and (575) can be used with Eqgs. (490), (495), (515) and (516).

3. Dilerential equations for characterizing long-range features of Pi (r)

( a ) Differential equation for L components

The magnitude of Pj (r) in Egs. (506) and (511) cannot be neglected in an ionic fluid
including sufficiently large physical clusters even when the particles of species ¢ and j are
located at a great distance out of the effective range in which the magnitude of w; (r) cannot
be neglected. Differential equations that contribute to estimating Py (r) and Hj (r) for the
ionic fluid can be derived from Egs. (506) and (511).

A differential equation derived from Eq. (506) is expressed as

||£ ||£ $ %
pk('bi:@)z 2ij (T) % 5ik %pkdji:(o) ij (T) + %CT(T) (519)
k=1 k=1
If Eq. (519) is multiplied by (pip; )"?,
n L IIE $ %
P2 P (% sk % paln @ P (r) + %" pip G (),
k=1 k=1
(520)
where
Py ()" pkpi Py (7). (521)

If the determinant of the matrix My is expressed as det|My;|, the inverse matrix of

Do P+ @(J,Z(Q) is given as

det]’ pnodt |

det|" popto®

(%1>h+i
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where matrix ’ m&‘ﬁ - does not include the specific elements ’ W@;;(Q) (6=1,2,---L)
and ’ m@éﬁ@) (v=1,2,---L).

If this inverse matrix is used, Eq. (519) can be rewritten as
we $ %

||£
= (det|” prp G R =
27Py ()% (%)™ I @ O %" il P (r)
h=1 det | pop é'o* | k=1
ng +(2).
det|” oo &
het det | pop G|

where C’ﬁ} (r) must be given as the long-range contribution. Equations (519) and (522) allow
Cij*(r) to become a source of generating the correlation characterized by Pj (r). Thus, Egs.
(519) and (522) enable the estimation of the long-range feature of Pj (1) for an ionic fluid

including large physical clusters.

( b)) Approzimated differential equation for L =2 at large r

The behavior of Pj (r) at large r must be restricted by 3 E:l expxPik (r) = 0, which
is given by Eq. (453). This fact denotes that Eq. (453) requires Pj (r) = Py (1) (i # j)
at large r because the electroneutrality requires 3 i=1 exkpxk = 0. Thus, Eq. (522) can be

approximated owing to Eq. (521) as

, @ 12 (h)+$ ot %52 h-j|
22, ()% &P )+ , (523)
h=1
where
8 9
o y —— (2. "2 6 78_ 1/2
det o .
fr e S AC LT s 0 i (s
h=1 det | POP*(!jo* | = P
and
det|" pnpi€ |S On

det|" pop- @3’52(2” P

The form of Gy (r) that should be considered for deriving Eq. (523) is given by Eq. (473)
as the long-range contribution; it is expressed as C}J]Jf (r) = Kﬁjf (e7" /7“)5/27“]7” for h=1,2
and j = 1,2. Further, an advantage of the above equation is that the long-range feature of
Pj () is estimated without knowing the contribution of Ci?’L (r), which is strongly dependent

on the hard-core potential of each particle.
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( ¢ ) Solution of differential equation for L = 2

i) Solution of differential equation Eq. (523)

To form a solution satisfying the differential equation Eq. (523), the ionic fluid system
should be imaginarily divided into the internal area of a spherical region of radius r and the
external area of the spherical region. Then, the center of the spherical region is located at
the origin, t = 0, of a spherical coordinate.

A bound state wherein the contribution of the mutually attractive force between two
charged particles exceeds the contribution of their relative kinetic energy is specified as
an f*-bond. The correlation generated between a charged particle at ¢ = 0 and another
charged particle at ¢ = r via charged particles linked by only f*-bonds is given by two
partial contributions. One of the two partial contributions results from charged particles
distributed inside a spherical region of radius r. This is approximately estimated from the

differential equation given by Eq. (523), and it is given by
"o # . $e"t %5 h-j B y %, )

PP = %oy GV (e PR GET) Gy (Eh) o o
h=1 (ij 0ij Jjj

(t<r),  (526)

where Gj (§';¢) is defined using the spherical Bessel function jo(7) and the spherical Hankel
function of the first kind hél)(T). The function Gy (§;¢t) is expressed as

o et o ol ) ay,
Gy (&750) " Joli&'t) /Omhol (i), (527)

where

The remainder of the two partial contributions results from charged particles distributed
outside the spherical region. This is approximately estimated from the differential equation

given by Eq. (523); it is given by
no ) # 00 ) $ 6_.t (y%/ 2—|h—j |$ " (yOZ
PP(r) = %S oy GV (00 )76y (§5r) UGS — —  —dt,

het ‘ t Oij O
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The pair connectedness Pj given as solutions that depend on the term on the right-hand
side of Eq. (523) are obtained as the sum Pi* + P¢*. In Eqgs. (526) and (528), the product

hél)Gij can be expressed as

0
e~ (r=1) $ 2sinh fiJrJij A)e_J'i+ (r+)

RV GETG (61 1) = % . : 529

A (e A
—+ (t-r) 92sinh & o —+ (t4r)

Gy (&7 7)hS" (i€ ) = Y% §opg 2sihloy e (530)

2£|+t§|+7’ €_+i+ ( ij 2£|+2f£|+7’ ’

If the expressions of Eqgs. (529) and (530) are considered, the sum P{"* 4+ P¢* is given as
$ Moy ® %

€_+i+ r h 1 r +
P. (1) = % M + )+ (5.)2 - & IR P
i (r) 0 IVl; 2£i+r - Cu (Uu ) 2&+T G e ; S
+ 2 4+t
+ i (0§ ) e — — —dt, (531)
where
"2 # SR (PN TR I 1
+ _ G (h)+ 2 -+t € t 1
MI] = e I CI] (0'” ) (& ! e — _dt (532)
het Gi t ojj O

Further, the above solution does not include the contribution given in the case that the term

on the right-hand side of Eq. (523) is equal to zero.

ii ) Behavior of Pj (r) revealed under the condition that & =0 is satisfied
According to Eq. (524), & = 0 is satisfied if dpx %’ pn pk(tﬁ((o) = 0 is satisfied. According
to Eq. (320), the following equation must be satisfied:

IIE = .
o %" oo PP (0) =" By (533)
k=1

If 6p % pn pkéﬁ((o) = 0 and Eq. (533) are satisfied, then (pkp; ) 2|bkj (0) must diverge toward
the infinity. Then, the percolation of physical clusters must occur. This implies that the
ionic fluid mixture system includes extremely large physical clusters in the condition & = 0.

If & (1 is satisfied, Eq. (557) is approximated as

Gy (G758) + 1% 7 + ZL(5" 0y %8 1). (534)
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FIG. 32. Behaviors of 1((,&#;&r) (( = 3, 5) for &*# = 0.1 and 0.05. |3 and |5 correspond to
(3, &#;&r) and 1 (5, &#; &r), respectively. -of .4 (( = 3, 5) is evaluated from Eq. (545).

If &' = 0 is satisfied, then Eq. (534) allows Eq. (526) to result in

| o 8, THee 78 g $ %
Pir(r)=% " (04)* —* ( 1 %Tj 5 — od
h=1 i ij ij
(t < 7). (535)
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FIG. 33. Behaviors of I((,&#;&r) (( = 3, 5) for &# = 0.01 and 0.005. |3 and |5 correspond to
1(3,&#;&r) and 1 (5, &#; &r), respectively. -of .4 (( = 3, 5) is evaluated from Eq. (545).

Further, the relation & = 0 and Eq. (534) allow Eq. (528) to result in
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FIG. 34. Behaviors of I ((,&#;&r) (( =3, 5) for &# = 0.001 and 0.0005. |13 and |5 correspond to

1(3,&#;&r) and 1 (5, &#; &r), respectively. -of .4 (( = 3, 5) is evaluated from Eq. (545).

The behavior of Pjj () found for &" = 0 is expressed by the sum of Eq. (535) and Eq.

(536). If the integration in Eq. (535) is performed,

"o $
in h
Pi (r) =% Ci} "
h=1

1 O/Q#h,- l2-2
— O-i | m(th , KOjj 5 HT), (537)
Jij r
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where

|
Uhj = 3, h # j
* (538)
' Vhj = 5, h = ]
and
} # 6 7
in ) ' kajj Vhj i 123 Vhj Vhj
V(U , ko k1) " 1% 0/2hj 2 ~ K ~y %7 + 3, — KT
$ AL#hj /242 6
%—#.1— — exp % o
%3 +2 o 2
% 1% (yzhj ) 5 KOijj %7 + 3, 7,‘%0’”
I/hj 7
+m exXp %7,%0” . (539)
If the integration in Eq. (536) is performed,
"o $ 1 O/Q#hj /2—2 6 o 7
Pex(r) =% ¢V — 1% = 1(uy, koy ; K7), (540)
h=1 Ti "
where
6 7 6 7
< " 1 yh #hl /272 I/h I/h
1 (v , kojj s K1) "% —#—%% ) 7’/{0“- v %71 + 3, 71147‘
1 $ . %—#hj /242 6 th 7
00— — o
Om Oij P 07,{7"
7y 6 7
1 Vhj #nj [ 22 Vhj
+W@ 7/'{0'”' T %7 +3 . (541)

If o = o is satisfied independently of ¢ and j, Pjj (r) can be simplified. Then, the sum
of Egs. (537) and (540) allows Pj () to be given as

$ %y, g $ 1%1/2
_ op(M+ . ()+ .
Pij (1) = %(; p 1 (3, ko; k) % p I (5, ko; k),
(i=1,2 j=1,2), (542
where
o 6 7
| (vhj,koskr) " =1y, ko k1) + 1% — V(v , kos k)
r

(th = 3, (h#:j), Uhj = ) (h = j)) (543)

Thus, the dependence of Pjj (r) on r is caused by 1(3, ko; k1) and 1(5, ko; kr).
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If Eq. (221) is used, then the behavior of | (v, ko; k1) (v =3, 5) is expressed as

6 r 7—3+<d‘ Vit
| (v, ko k1) > — . (v=3,5), (544)
o
where
- +—1/3
" r d
-df .y " Yoo————— 1 (v, KO KT) . (545)

31 (v, ko kr) dr

The behaviors of -df.4 (v = 3, 5) at least in Figs. 32 and 33 demonstrate that the
dependence of Pjj (1) (1 =1,2; j = 1,2) on r cannot be expressed as the product of 7~ and
a function given as a Taylor series with respect to r. According to Figs. 32, 33, and 34, the
behaviors of -df.» (v = 3, 5) depend on ko. Although the factor -ds .4 is not equivalent
to a fractal dimension of physical cluster, the factor can characterize a fractal structure
of the distribution of charged particles. Thus, the consequences appearing in the figures
indicate that fractal structures formed by physical clusters of charged particles can hold the

dependence on ko.
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4. Dilerential equations for characterizing long-range features of

Hj (r)
( a ) Differential equation for L components

A differential equation derived from Eq. (511) enables Hj (rjj ) to be estimated, and it is
given as

n/ L $ %
pkbi(k2)2 2ij (7“) % 6ik %pkbiﬁ?) ij (7“)
k=1 k=1

nE
% (N % plp Py (r) %
k=1

"/,

plD22P (7). (546)
k=1

If Eq. (546) is multiplied by (pip; )2,

uﬁ uﬁ $ %
"2 G ()% Gk % ik Hyg
Pi Pk ik Kj (7’) 0 ik 70 Pi Pk Kj (7’)
k=1 k=1

||£ ||£
% op G (N% aadi Py (% P2 Py (r),  (547)

k=1 k=1

where

Hy (r) " " pepHyg (7). (548)

If 2 2P (r) given by Eq. (522) is substituted into Eq. (547), then

||£ IIL $ %
" oEI2H G ()% Gk % ikt Hyg
Pi Pk ik Kj (7’) 0 ik 70 Pi PkCk kj (7”>
k=1 k=1
ng - ng ne Y — e (2).
R e g det|" pnar¢ |
+ % pip Gy (r) % oG + oG (o) — hL(Q)
3 k=1 =1 h=1 det | POP*@O* |
%. ||£ ||£ +(2)
_ det|” prp&H]
y — 0 ) *(2 ]
$ ok % okl Py (r) + i (%1)h+"d : bhf(g) pnp; Cr ().
k=1 h=1 et|" popCox |

(549)

The inverse matrix of * pgp= béz) is given as

y — 1 (2).
det|" pamitl |
2 b

(%1)9+i
det|” poprty |
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where the matrix ’* pgp; gi

does not include the specific elements ’ pgp+ béz) (6=1,2,---L)
and " popj bézi) (v =1,2,---L). If this inverse matrix is used, Eq. (549) can be rewritten as

_ "L “det]’ pgpit| "~ $ %
27Hy (r) % (%1)%" — Sgk %" Pgprtly Hig (1)
g=1 det|" poprtoe| —
"L po—— (2T
~det ik
U L T I
||£ = uE nL y — +(2)
— — det | oy |
’ *(0 ’ *(2
+ pgpk(!jglg ) + Pgp (bgl( : (%1)h+| ; g_li_(g)
$=1 b h=1 det [" pop«Ce |
$ k% okCnl” Py (r)
npy np y — —|—(2) >
R det|" PnoeCp 1,
% " peoclpd (%)M — = B () (550)
k=1 h=1 det | POP*@O* |

where C; (r) and C’ﬁ} (1), as well as Py (r), must be given as long-range contributions.

( b)) Approzimated differential equation for L =2 at large r

In a ionic fluid system specified by L = 2, the behavior of Hj (r) at large r must be
restricted by 3 i:l exkpxHik (1) = 0, which is given for L = 2 by Eq. (454). This fact
denotes that Eq. (454) requires Hj () = Hii (1) (i # j) to be satisfied at large r because the
electroneutrality requires  _, expx = 0. For L = 2, Eq. (453) requires Py (r) = P;i (r) (i #
7) at large r. Therefore, Eq. (550) and a relation Eq. (548) allow the following approximation

n 2 n 2 n 2
22H () % (&)H; () + 005N+ O Py () + e Ch(r),  (551)
g=1 g=1 g=1

where the four coeflicients are defined as

"2 detl” gt "2 ® 7S p_gm
n i g | i y —— (0 k
& (%1)% — o5 S %’ Pgprty = (552)
g=1 detl pop*bo* | k=1 p|
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v (2SS —
@ig n% (%1)g+i detl pgpi gi | @

) (553)
det]” poprts| P
n9 y —— (2) = "o
n i detl pkpb i | y — * y — *
Or) "% (%1)<* M DepgCel o+ oo G
det| popet?]
k=1 et Pop=Lox 3 =1 %.S
no y -— +(2) 0. -
det &
s (o) LG 1 g Gt 2 (554)
"o y — (2) no y — —|—(2) S J—
@(C+) " 0] )+ det|” pnpity | v b (2) g )0k det | pgpk('jgk | Pg
‘o (%1) ) ) ProkCinc (%1) e .
h=1 det|]" popetor| «—y det|" pop-Cox™|  Pi
(555)

If physical clusters of charged particles do not exist in an ionic fluid system specified by
L = 2, the correlation functions related to the formation of physical clusters should vanish,
i.e., Pj(r) =0 and Cir(r) = 0. If an ionic fluid includes large physical clusters, the physical
clusters should contribute to forming specific features of the ionic fluid. Hj (r) for the ionic
fluid can be estimated as a solution of Eq. (551) using a solution of Eq. (523). Then, the
solution of Eq. (551) is not independent of Pj (r). Thus, the formation of physical clusters
of charged particles affects the behavior of Hj (r) for the ionic fluid.

( ¢ ) Solution of differential equation for ionic fluid system

When an ionic fluid system includes physical clusters of charged particles, Py (r) # 0 and
C’ir(r) # 0 are satisfied. In order to form a solution satisfying the differential equation Eq.
(551) for the ionic fluid system, the ionic fluid system should be imaginarily divided into the
internal area of a spherical region of radius r and the external area of the spherical region.
Then, the center of the spherical region is located at origin t = 0 of a spherical coordinate.

An unbound state in which the contribution of the relative kinetic energy of two charged
particles exceeds the contribution of the mutually attractive force is specified as an f*-
bond. The correlation specified by Hj (r) is generated between a charged particle at t = 0
and another charged particle at t = r via charged particles linked through each path that
includes f*-bonds; it is given by the sum of two partial contributions. One of the two partial
contributions comes from charged particles distributed within a spherical region of radius r

with its center located at t = 0. This is estimated from the differential equation given by
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Eq. (551), and it is described as a sum Hi(j+)in(r) = Hﬁ*)in(r). The first part Hi(j+)in(r) involves

effects of the physical cluster formation, and it is given by

# r
H§P™(r) = %oy 1V Gigr) Gy (&51)
(ij
=g "o l >$ %,
2(P) 20(C") 1+ t 1
$ (0§ )"0 Py (1) +  (07)°0y "Cgi(t) — —dt, (t<r), (556)
g=1 g=1 i i
where Gj (&;t) is defined as
. 0 (2&i Tij .
6y (630" jolii) %22 ST) 0 ) (557)
o (i&ioj)

Here, the spherical Bessel function jo(7) and spherical Hankel function of the first kind
hél)(T) are expressed

)
§

Jo(T) =771

sin T

v BV(7) = ir~le &,

The second part Hig*)in(r) is non-zero even if physical clusters do not exist, and it is given
by

#, "o $ %,
™) = oy BV 6r) Gy (6it) (020 Cly (1) —  —dt, (¢ <),

] . .
(i g=1 Oij Jij

(558)

The remainder of the two partial contributions results from charged particles distributed
outside the spherical region. This is estimated from the differential equation given by Eq.
(551), and it is described as a sum Hi§+)ex(r) + Hi(j*)ex(r). The first part Hi(j+)ex(r) involves

effects of the physical cluster formation and it is given by

# o0
Hing)eX(T) = %fi Uij Gij (fi;T) hél) (Zfit)
r
L n9 <$ (yoz
$ i 208 Py (t ek L L t 559
(05 )"0y 'Pij (t) + (07 )°Oiy "Cyi (t) a a , (r<t). (559)
g=1 g=1 ! [

The other part Hi(j*)ex(r) is non-zero even if physical clusters do not exist, and it is given by

# 00 "9 $ " (VOZ 1
HO™(r) = %04 Gy (G57)  hy(i6t)  (04)?@4Cl (t) —  —dt, (r <?).

1 . .
r g=1 Jijj Jijj

(560)
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In Egs. (556), (558), (559), and (560), the product hél)Gij has the same form as that expressed
by Egs. (529) and (530) as

$ %
—+ (r—t) 2sinh &oj e MY
B GEMG: (E:1) = %o Al 1
o (16i7)Gi (&i51) el =Y 002§i7’§it ’ (561)
—+ (t—r) 2sinh 5 i e~ Hi(t+r)
G (& D (e ¢ :0/6 iOjj ' 562
I} (€|7T) 0 (7’6 ) 0 2£it£ir + + e""l(ij 2£it€i7’ ( )

The correlation function Hj (1) given as a solution satisfying Eq. (551) is expressed as

the sum of Eqs. (556), (558), (559), and (560), i.e.,

Hij (r) = H{7™ () + HEP () 4+ HE™ () 4+ HEO™ (). (563)

Thus, if Egs. (561) and (562) are considered, Eq. (563) allows the correlation function Hj ()

to be given as

e
Hij (1) =%M; 6T
i 8 9
1 r "2 "2 P "2 ct
to— T egCh(+ O Py () + e Cg(n)
26T (i g=1 g=1 g=1
3 9
etif # ) "2 "2 "2 +
¥ e O+ ORI+ OF () wdr, (564)
2&7“ r g=1 g=1 g=1
where
# 008"2 "o " . 9
M "t GG OGP+ 0 G el (565)
i g=1 g=1 g=1

In addition, the above solution does not include the contribution that is given independently

of the term on the right-hand side of Eq. (551).

(d) For the ionic fluid system with no existence of physical clusters of charged particles
If the physical clusters of charged particles do not exist in an ionic fluid system, correlation
functions related to the formation of physical clusters should vanish, i.e., Pj (r) = 0 and
Cir(r) = 0. For the ionic fluid system that does not include physical clusters of charged
particles, contributions of Py (r) and Ci(r) to the differential equations are completely

neglected. For example, Eq. (551) is simplified as

27Hy (r) % (§)°Hy (r) + Oy Cgi (1), (566)
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where Eq. (487) requires Cy; (r) in Eq. (566) to expressed as
='r

* « €

A solution satisfying Eq. (566) is given by Eq. (564) as

Hr
Hj (r) =%Mj - —
ir
"2 2§I 1 # r Hr # ) 9
+g=1 9 2 (i ’ a () +2§i7” r ‘ ai (1) ’ (568)
where
# 0o "o
M; e OigCy; (t)e " tdt. (569)
(i g=1
If the integration is performed in Eq. (568),
* €*+|I‘
' no =
e ' K , , K*
- O, —I (19— o=(h=")r 9i 570
+2fi7“ 1 : fi%/-f( o ‘ )+€i+/i (570)

Eq. (570) denotes that the dependence of Hj (r) on r is characterized by the product of r~*

and a particular function given as the Taylor series with respect to r. When physical clusters
of charged particles do not exist in the ionic fluid system, the dependence of gj (r) on r is
characterized by the product of r—! and a particular function given as the Taylor series with
respect to r, because gj (1) is given as the sum Py (r) + Hj () + 1. This result is similar to
both the behavior of gj () found by Ulander and Kjellander'® and that found by Attard!c.
However, if the magnitude of Pjj (r) cannot be ignored, contributions of the physical cluster
formation predicted from Figs. 32, 33, and 34 allow the dependence of gj () on r to deviate
from the behavior characterized by the product of =1 and a particular function given as the
Taylor series with respect to . This means that charged particles that have small relative
momenta cannot be homogeneously mixed with charged particles that have large relative

momenta below temperatures at which the formation of physical clusters are allowed.

5. Long-range features of correlation functions in ionic Buid systems

Particles with small and large relative momenta cannot be homogeneously mixed; parti-

cles with small relative momenta contribute to the physical cluster growth. The fluid system
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in which the physical cluster formation is allowable has a characteristic structure.’® Even
in an ionic fluid system, charged particles that have small relative momenta cannot be ho-
mogeneously mixed with charged particles that have large relative momenta. The physical
cluster formation allows the factor -ds .4 to imply that the distribution of charged particles
can have a fractal structure, although the factor is not equivalent to a fractal dimension of
the physical cluster. Thus, the behavior of -df .4 found from Figs. 32, 33, and 34 implies
that the dependence of the sum Py () + Hj () + 1 on r can deviate from the behavior
characterized by the product of 7~ and a particular function given as the Taylor series with
respect to 7.

If the formation of physical clusters is ignored, the dependence of g (r) on r can be

! and a particular function given as the Taylor series

characterized by the product of r~
with respect to r. Deviations from the dependence characterized by the product can be
found through both experiments and numerical simulations. Some experiments allow the
deviations to be demonstrated as the distribution patterns of colloidal particles which occur
with fractal structures.*®57 70 Further, the n umerical simulations allow the deviations to be
demonstrated.”™ The distribution patterns of colloidal particles distributed as highly charged
particles in a colloidal suspension indicates that the dependence of gj () on 7 should be
expressed through the sum of Pj () and Hj (r) + 1.

Both an interface of an ensemble of particles contributing to the magnitude of Py (r) and
that of an ensemble of particles contributing to the magnitude of Dy (r) should be approx-
imately determined by the Laplace equation. Each physical cluster should be electrically
neutral because of  ._; expkPik () = 0, which corresponds to Eq. (453) being satisfied for
large 7. Further, each ensemble of particles contributing to the magnitude of Dj (r) should
be electrically neutral according to 3 i:l expkDik (r) = 0, which corresponds to Eq. (454)
being satisfied for large r. These facts and Gauss’ law imply that each interface formed
by such ensembles and physical clusters can be determined by the Laplace equation. This
consequence suggests the similarity of the physical cluster formation to the fact that the
probability of finding a diffusing particle at a given point and the patter formation caused
by the aggregation of diffusing particles are described by the Laplace equation’8!. The
characteristic structure formation known from the charged particle distributions described
by Pj (r) and Dj (r) can be one of phenomena related to fractal growth governed by the

Laplace equation.
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6. Appendix:  Estimates for point charge system

(a ) Estimates depending on physical cluster formation
Eqgs. (485) and (486) allow for relation lim: 02z, = 0. Eq. (497) allows for relation
lime Lo(Pj (%0) %P (5n)) = 0 even for n # m. Then, the use of Eq. (498) allows the
relation lim: _o(Pj (1) %Py (3m))/ (%0 + m) < & to be proved for n # m. This relation
should be approximately satisfied for 0 < x (1 and allows Eq. (498) to be modified for
0<rk( land 0 < koj (1 as follows:
"2 ny w2 ny w2 w3
27r|bij =3 Dit + 27 Pk Pik Dy + 272 o P Py Dy of, (571)
m=1 m=1 k=1 m=1 k=1 I=1
where [bij " Ibij (21) + [bij (22).
For a point charge system given as ko; = 0 (k # 0), Egs. (501) and (571) can be extremely

simplified as
1
2Py = 3 DI (572)

and

- "o *
e T 9 - 1

Dp =

v

St P Py

where v, " 227", Then, Eq. (573) allows the dependence of D} on £, although the depen-
dence was neglected in the previous work.%°
The symmetry condition B, = Py, allows Eq. (572) to result in

"o "o
D)%% DY =0. (574)
n=1 n=1

Since the requirement of a symmetry condition given as |e;| = |es] requires P1; = Psy, the

condition |e;| = |es| allows Eqs. (572) and (573) to result in

"o "o
n=1 n=1
and
¥ +Z $ 4 2o %0z .
D=+ 2L T2 220 p2 2 (576)

> s 22 s
%% p 22+ 2z
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In addition, the selection of plus sign in Eq. (576) can give a+ © and (!Z'!T@) to approximate
values which lack physical meanings.
( b ) Estimates depending on Ornstein—Zernike equation
i) Solution of Ornstein—Zernike equation
The coefficients b!(..o), and b!(.?) can be estimated by solving the Ornstein—Zernike equation.

The Ornstein—Zernike equation can be expressed as

)
Y32 G (W] (k) = QDo)

) A (577)
! (5” %'Cij (k) = i:l @ik (k)@jk (Wo]{;),

where

A=

1
hij (k)" limy o0 (pip))Y2 (g5 () %1) explik - r]dr
3

2 (1) (578)
k=1 ki (O/Ok)ij (O/Ok) = 5” .

-

According to a solution of the Ornstein—Zernike equation,® the coefficient ¢ (k) can be

simply given for a point charge system as

Qi (k)" o5 % (pip)"?(%ik + 2) = Dy
n 63 2 2 -1
+ Dij % 2T ¢; ¢ [ Pl (€|)
- s Y2 (579)
1 2 23 2 2
I'=35 %+ 2"+a; i ple/eo)

vz K.

ii ) Coefficients (!3';.‘.(0) and @!T(Z)

The coefficients &1”, and & can be estimated as ¢ = EY % & @ and & =
b!(..Z) %@!T(Q) according to Eq. (514).

If (pip;)¥? 1v cj (r)r*dr = %(6/11) limy_,0(d?/dk?)e; (k) is considered with Eqgs. (577)
and (579), the coefficients !:!(..0) and b!(.?) are estimated for a point charge system as

L]

1 1
b = =(Dy + Dy )%= pcDy D (580)

’ z z

k
and
2 9 "7
Y = = (Dr + Doy ) % Dy D . 581

© = P F D)% D D (581)
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V. CONTRIBUTIONS CAUSED BY STRUCTURE FORMED IN BOSE
FLUID SYSTEM

The specific heat Cy of a Bose fluid system, which can be explained using quasiclassical
expressions of its partition function, exhibits a discontinuity at a temperature T;. The
maximum of Cy at T = lim«,o(Ttc % 6) is different from that at 7" = lim«_o(7; + 9).
T¢ corresponds to the temperature at which the absolute value of the chemical potential
becomes equivalent to the magnitude of the mean effect of attractive forces acting between
a single particle and other particles surrounding it. The dependence of T on repulsive
interactions can be found as the mean effect of exclusion caused by the hard core of each
particle. Further, if the contribution of specific motions of particles having sufficiently low
kinetic energies corresponds to the contribution from rotons, the contribution leads to a

sharp increase in Cy near T¢.

A. Introduction

A discontinuity in the temperature dependence of the specific heat can occur at the tran-
sition temperature below which features of a Bose fluid deviate from their normal behavior.
The confirmation of the discontinuity is demonstrated for an ideal Bose gas in a uniform
gravitational field.” The possibility of the discontinuity is generally suggested in terms of
energy fluctuations.”! Thus, it should be possible to confirm the discontinuity even for a real

Bose fluid system wherein the constituent particles interact with each other.

The features of a Bose fluid are affected by interactions between particles that constitute

92,93 it is possible

its fluid system. From analytical estimates of thermodynamic quantities,
to briefly know the behavior of a Bose fluid system, which consists of particles that interact
with each other only via repulsive forces. According to a theoretical interpretation,®® the
Bose fluid system becomes unstable if attractive forces contribute to interactions between
the particles. In a trapped Bose fluid system, attractive forces between particles that con-

94,95 Decreases in the mean

stitute the system can lead to phase disturbance of the system.
interparticle distance can induce a condition where the contribution of attractive interparti-
cle interactions is dominant if the mean interparticle distance is decreased beyond a critical

value. This allows the sign of the reciprocal of the isothermal compressibility #~! to change
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from positive to negative.’

The transition temperature at which the normal behavior of a Bose fluid system disap-
pears is affected by interactions between particles constituting a Bose fluid system. If only
repulsive forces contribute to interactions between the particles, the transition temperature
is increased to a value exceeding that of an ideal Bose gas.??7 If both a repulsive force being
dominant only within a short range and an attractive force being influential over a long-range
contribute to the interactions between each pair of particles, the transition temperature for
a Bose fluid system consisting of the particles is decreased to a lower value than that of an
ideal Bose gas.”® This is a phenomenon confirmed numerically under the condition that the
particle density p of the system is sufficiently low.?® In the condition, the relation plas|® (1
is satisfied with ag denoting the s-wave scattering length corresponding to the hard-sphere
diameter.

Conversely, if the mean interparticle distance p~"3 is comparable with the diameter
oo of hard core of each particle, a relation 1 < p~V3/0y < 1.2 can be satisfied. Then,
each of particles constituting the Bose fluid system should transiently localize around its
average position owing to the hard cores of other particles surrounding it, while thermally
randomly moving. An increase in the density of hard cores can affect the normal macroscopic
behavior of the Bose fluid that should be characterized by the thermally random motion
of particles. The increase can affect the transition temperature, which corresponds to the
lowest temperature at which the Bose fluid maintains normal macroscopic behavior. In case
of liquid helium, its transition temperature depends on the density of hard cores caused by
helium atoms."

If the temperature of liquid helium is below the transition temperature, then a phase that

997102 g induced. If many

allows generation of quasiparticles, such as rotons and phonons,
microscopic portions that maintain the phase occur within liquid helium, then the normal
behavior induced for the existence of the other phase is disturbed.!?3

To mathematically analyze the phase wherein particles constituting a Bose fluid system
move thermally and randomly, the kinetic energy of the translational motion of each particle

104 This allows quasiclassical expressions of a partition

in the phase is treated quasiclassically.
function to be adequate approximations. An approximate method for treating repulsive and
attractive interactions as mean-field effects aids in forming the quasiclassical expressions.

The quasiclassical expressions allow the behavior of the specific heat to be confirmed near
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the transition temperature. According to the quasiclassical expressions, the transition tem-
perature depends on the repulsive force, and the discontinuity in the behavior of the specific

heat is confirmed as known.?0-91,105

B. Approximate Aspects
1. Characterizations of system

The thermodynamics of a Bose fluid system consisting of particles moving with positive
energies 6;:(04 =0,1,2,--+) at temperature T are characterized by a partition function
QW = T 1 %eXp4%5(8! % 1) _1. The chemical potential p is negative for T' > 0, and
its negative value limits the number of particles moving with lower energies. The quantity g
is defined by 8" 1/(kgT), where kg denotes the Boltzmann constant. If the average number
of particles moving with an energy e, is denoted by -n, ., the total number of particles in
the system is given by -N. " -1y ., where -ny . = exp[fB(er Y%pu) %1\/71. For the total
number -N., the wave function for characterizing the behavior of the system is expressed
as W(ry,re, - ,TNy).

When localized ensembles are formed in the system by particles with sufficiently low
energies ¢ s, it is difficult for the particles to move with random mutual scattering. If the
hard cores of particles constituting each ensemble are located near each other, they can be
allowed to move coherently. Under the condition that the existence of the particles with e, s is
not ignored, the characteristic excitation states corresponding to quasiparticles is induced.*
At low temperatures below the transition temperature, the thermodynamic properties of
the system can involve specific portions that are described in terms of the contributions of
quasiparticles, namely, rotons and phonons.!104:106

Given the assumption that each of -IN. % -n. particles is subject to random motion due
to scattering from other particles in the Bose fluid system of -N. particles, -n. particles
should contribute to coherent motion. The contribution from -n. particles to the internal
energy is given by | s-nis.ers for a* satisfying | s-nuis. = -n.. The quantity ,s-nis.ers
should, however, be estimated as the contribution from quasiparticles to avoid difficulty in

estimating €y s.

If the temperature of the system increases toward the transition temperature, then more
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particles undergo thermal scattering, and this changes the properties of the system. In this
process, a loss of ensembles of particles moving coherently occurs, and simultaneously, a
loss of the excitation states is exhibited. Ultimately, the number of quasiparticles decreases
in the process.’® The random thermal motion of the particles causes coherent motion to
disappear. However, at temperatures near the transition temperature, particles participating
in the formation of excitation states can coexist with other particles that move with random

thermal scattering.1%?

For each particle in the system, the three-dimensional area in which [U(ry, 1o, -+ ,rny)|* #
0 is satisfied is not equivalent to the volume V of the system. This is caused by the exclusion
effect that results from the presence of repulsive interactions between particles. It decreases
in strength with increases in the degree of random motion of each hard-core particle due to
scattering from other particles. Conversely, the exclusion effect becomes stronger at lower
temperatures. If the effective volume Vg is applied for random movements of particles, Vg
decreases in the aforementioned situation. Furthermore, if particles that are located near
each other with small momenta move coherently without mutual scattering, the effective
volume Vg for random movements of particles becomes further small in comparison with
the volume V' of the system. The consideration of the exclusion effect is equivalent to the
consideration of repulsive interactions in terms of the mean-field effect, and the use of V g

facilitates the consideration of repulsive interactions.

2. Hartree approximation

In a fluid system, the motion of a particle is affected by the attractive forces due to the
other particles surrounding it. When this is considered as a mean-field effect of the attrac-
tive forces, it facilitates a simple analysis of the thermodynamic behavior. In this context, a
suitable approach denotes the Hartree approximation, which is applied for analyzing oscilla-
tions of a Bose-Einstein condensate fluid!’” and describing the condensate wave function'®®

for N particles.

The Hartree approximation is based on an approximate expression of the form ¥(ry,ro, -+ 1)

-
iN _, ¢i(ri), where the state ¢;(r) of a single particle at location r in the fluid system satisfies
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the equation

hz N #
Yoy —2 " i(r) + . ¢; (xj Ji(|r %r;j )¢y (rj )dry @i (r) %eigi(r) = 0. (582)
i=13G#)

In Eq. (582), m is the mass of each particle. Specifically, a single particle i belonging to
the state ¢;i(r) moves with energy ei, and ¢; satisfies |, &(rj ) (rj)dr; " - ¢jlgy. = 1.
The pair potential @(|r %r;|) characterizes attractive and repulsive forces acting between a
particle j at location rj and another particle at location r. Hence, it denotes u(|r %r;j|) =
ta(|r Yor;j|) + tr (|r Yor;]).

With respect to an aspect for the motion of each particle in the fluid system, it is possible
to consider that a single particle moves within an imaginal cylinder with a length equal to the
mean free path /; and with a cross section equal to that of a particle, as exemplified in Fig. 35.
The aforementioned aspect allows 3 jN:L(j iy v O (rj)ta(|r %r; |) ¢ (rj)drj to be expressed as
the total contribution of attractive pair potentials characterizing attractive forces between
the single particle within the cylinder and other particles (j = 1,2,--+) surrounding the
cylinder. An approximation of the total contribution is obtained by assuming a spherically

symmetric well as a pair potential. The spherically symmetric well is given as follows:

ur (|r %rj|) = +&  (|r %rj| < 09),

Ua(|r %r;|) = %ua

oo !'| r%rj|! oy and uy > 0),

0

i ( ) (
T (ro%rn) =0 (0o < |r%n]),

( ) (

( ) (

1 Ua(|r %o o <|r%rj| < &).

For the features of the pair potential, ¢ must satisfy ¢j(rj) = 0 (0 < |rj| < 0p) and
¢j(rj) # 0 (09 < Irj] < & ).

The particles (j = 1,2, - - ) surrounding the cylinder are distributed with the particle den-
sity given by p = jN:L i) @7 (1)@ (rj). If p maintains the same value in any microscopic
portions of the fluid system on average, the total contribution of attractive pair potentials
is constant in the cylinder on average. Therefore, the depth of the total contribution should

be proportional to both %u, and p, i.e.,
||N #
¢r(rj Jita(|r %ot [)¢; (rj )drj = %Vapua,

i=1G#) Y

where V, denotes the proportionality constant.
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FIG. 35. Schematic image representing the distribution of particles in a fluid system. The white

particle moves within an imaginal cylinder with length l; of the mean free path.

3
jN:L(j iy v O (xy)tr (|r %r; |) ¢ (rj )dr; is expressed as the total contribution of repulsive

pair potentials that appear at the end of the cylinder because only the hard core of each
particle contributes to repulsion. Hence, the total contribution should be proportional to the

number of particles colliding with the single particle in the cylinder. The number is given by
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pVi with V; " (1/2)[4no3 /3 %4n(0y/2)3/3]. In an isotropic phase maintained on average,

the magnitude of N:L(j 4y v @5 (xj)tr (Jr %1y [) ¢y (rj)dry is independent of the orientation

j
of the cylinder. Thus,

N H#

&7 (xj )i (|r %r; )@y () )dry = ue pViO(r %1 ), (r = |r]).
i=1G#) Y

Specifically, u, denotes the proportionality constant although the dependence of u, on p can
appear for a variation in p. In the above equation, 6(r %1; ) denotes the Heaviside step
function with the mean free path [s .

Ultimately, the mean-field effects of the attractive and repulsive forces on the motion of

the single particle at location r is expressed as follows:
N H#
7 (ry )u(|r %r;[)¢; (rj )dr; = YeVapua + u pViO(r Yols ),  (r = |r]).
i=1, G#) Y
Given the use of the Hartree approximation and the aforementioned formalism for the mean-

field effects, the energy e, corresponding to an approximate state ¢, of a single particle

approximately satisfies the following simple equation:

n? '
(e You)|o . = %%ZQ%Ua—FUr@(r%lf)%p |y ., (583)

where U, " \v/apua and U, " wy p‘Z denote positive quantities.

Additionally, the temperature at which the equality U, + p = 0 holds is denoted by T¢
in the study. The inequality U, + 1 < 0 always holds for T, < T', and Uz + p 0 0 holds for
T! T..

C. Two quasiclassical expressions for Q"

Two quasiclassical expressions are given for the partition function Q™. One of the
expressions corresponds to QW for Ty < T, and the other expression corresponds to QM for
T ! T, Each of the two quasiclassical expressions for Q™ of a Bose fluid system is given
in terms of a form corresponding to Eq. (583).

If the kinetic energy of translational motion of a particle is expressed in terms of its

momentum p, then a quasiclassical expression for Eq. (583) is given as follows:
g You =p°/(2m) % U, + U 0(r %ls ) % pu, (584)
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where p " | p| and & %pu > 0.

1. Expression for QW for T > T,

For T > Tg, the inequality %U,; % p > 0 is satisfied, and thus p?/(2m) % U, % pu > 0 is
satisfied for p with an arbitrary value in the range 0 ! p < & . There is no restriction on

the value of p. Therefore, a quasiclassical expression for QW is given for Ty < T by
# # = - $ %.>

T —ol @t 2P S ohpexp %8 L %Un 4 U0 %1 ) %y
B B v o (2mh)? 2m | r ’

(585)

where the factor d®rsd®p/(27%)% denotes the number of modes existing in a volume d®r

between p and p + dp with s denoting the number of possible spin states (s = 3, m # 0).

Additionally, p = 1 must be satisfied in Eq. (585) based on the assumptions in the study.
Re-writing of Eq. (585) yields the following expression:

$ 0/03/2 %) T
l an(“) _ 2s P ?é@ k et

8 B w2 Ve

Vi(Ur), (586)

where i denotes a dimensionless quantity that is defined as follows:

i fUa+p), (587)

Additionally, Vi is defined as follows:
#

Vi(Up) ™ exp [%kBU, O(r Yolf )] 47r? dr. (588)
v

To facilitate the summation in Eq. (586), the Cauchy—Schwarz inequality should be consid-
ered. It results in the following expression:

Moo y ekﬂ ""oo y ki oo
£ WW(Ur) ! Ty Vk(Ur).

3
However, the factor -, Vk(Ur) cannot simply correspond to a quantity Vig representing
the effective volume because the factor diverges to infinity for Uy = 0. It is possible to

avoid this problem. Multiplying the factor by e ¥ allows its behavior to be normalized.
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For 0 = In2, the relation limy, o o, Vi(Up)e ™% =V is satisfied. This allows a practical

definition of V. as follows:

Ve " Vi (U e
k=1
Vv %Uf
_ v A 589
U9 961 (589)

where vs is defined as vf " 4wl? /3. The use of Vog can allow simple approximate forms to
be given to thermodynamic quantities.

Additionally, V.g in the normal liquid state should always significantly exceed v ; i.e.,
0 < vt /Veg (1 because lf denotes the mean free path. If atomic arrangements are locally
similar to those in the solid state, then v; is allowed to become comparable to Vig.

The dependence of U, on p is revealed if the effective volume Vig given by Eq. (589) is
substituted into Eq. (B2). Additionally, assuming that the condition 0 < v; /V (1 holds
at T = T, the dependence is simplified as follows:

- $ % 2 )
1 1 I'(3/2)¢(3/2
U=t Ly _m UTGRCE2) (590)
Be 2 2mh* p
where ;" 1/(kgT;). Thus, T; depends on Uy.
2. Expression for QW for T'! T
The partition function QM is re-expressed as follows:
L nom
Bln@“ = Gy + Go, (591)
where
1" 4 . 5
G "% — In 1%e " (1) (592)
B,
for 0<P<P min
1 ! 4 . 5
G, "% 5 In 1%e~ e (593)
1 $

for pmin <p<oo

In Eq. (592), G; denotes the contribution from -n. particles that move with momenta being

within the range 0! p < puin, because the number of particle - N. in the system is given as
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follows:

-N. =-n. + -Ms., (594)
1 $
for pmin <p<oo

where

. = s, (595)
1%
for 0<pP<p min

Then, Gy in Eq. (593) denotes the contribution from -N. % -n. particles that move with
momenta being within the range pni, ! p < & . In the aforementioned formulas, there is
no requirement for restricting the value of pyiy.

If Eq. (593) is expressed as a quasiclassical expression, Gy is given as follows:
# # - $ %.
6=t dr TP L T oexp %2 4 %Al 0(r %l; ) 0 (596)
2T B v Omin (27Th) 2m ' f )

The integral forming Eq. (596) is modified, and the following expression is obtained:

4 - $ By %.
™8 prnln -
G2 :%W ’Ufpmmh’l 10/;€Xp %o——— om + i
% (V %y )p,, In 1 %exp %ﬁgmm + 1% BUO(r %l;)
m
o # o - 8T %# 6 2>
% = &p plexp %k 21%,1 &r exp WLAUO(r%l) . (597)
m

m k=1 Pmin \

%.

The final term on the right-hand side of Eq. (597) is estimated by using V.g. Thus, an
expression of QW for T'! T, is re-expressed as the sum including G, given by Eq. (597).

When T is less than Tg, the inequality i > 0 must be satisfied. Hence, Eq. (597) requires
Pmin to satisfy the relation %8p%, /2m + i < 0. The relation ’ 2mji < Ppin must be
considered for Eq. (597) as a requirement for restricting the value of py,;,. When Gy given by
Eq. (597) is used to estimate (1/3)In QW™ -n. particles that cause the contribution G; must
have small momenta restricted by 0! p < pmin With * 2mji < puin. Conversely, -N. % -n.
particles that cause the contribution Gy have large momenta satisfying ppni, ! p < & . Hence,
it should be possible for the - N. % -n. particles to assume that they move individually in a
random manner.

The -n. particles should be prevented from moving individually and freely, because they
carry momenta limited within the range 0! p < puni, while interacting with each other via

attractive forces. Nevertheless, the particles should not be prevented from moving coher-
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ently, while being assisted by the effect of repulsive interactions. Excitation states accom-
panying the motion should allow the inequality ;s % > 0 to be preserved in conjunction
with the inequality %0U, % 1 < 0. Under the condition that p and p satisfy 0! p < puin
and YU, % 1 < 0, respectively, s should satisfy s % > 0. Thus, contributions to
thermodynamic properties from the excitation states should be estimated. In the study, the
contributions are estimated as the sum of the contributions from quasiparticles.

Additionally, the value of p.;, is estimated from the following expression:
Bp?nin 0, _
om %B(Ua+p)=n (n>0). (598)

7 is estimated via a procedure shown in Appendix B. The basis of the procedure follows the

relation % %
lim 2. ’ 1 QW 02 i 2 $ 1 QW Oz (599)
o B '

*—0 ToTetx 6,u /6 T=Tc—*

The relation requires the number of particles in the system to be preserved at T' = Tt given

= (0/0m)[(1/8) In QW].

D. Thermodynamic quantities obtained from quasiclassical expressions
1. Internal energy

The internal energy E of the system is estimated via the relation £ = %(91n QW /93), +
(0B In QW /ou)- . For T, < T, the use of Eq. (585) allows the estimation of £ to proceed.
Based on the use of a function Z°, which is defined in Appendix A for pyi, = 0, E is given

as follows: ; $ %
2 2 Ut
E=—7 %— BU,% 1% U Z 600
o A (% BULK 1% U 2 (), (600)
where & denotes a dimensionless quantity that is defined as follows:
, — 9 %
- T 2mh? w2 (601)
T sVeg mkgT

Similarly, the internal energy for T'! T is estimated by applying Eq. (591) with Eqgs. (592)
and (597) to E = %(0In QW /0B)upmm + 108 QW /Ou)- . . Based on the use of a

function Z that is defined in Appendix A for py;, # 0, E is given as follows:
n - $ %

2 Vs
E = Ers-Nys. —|——Z ) % —— Us% 1%
s Bér otz (1517 Bér Bla Ve

for 0<P<P min

BUy  Zsio (j1;m) . (602)

251



The second and third terms on the right-hand side of Eq. (602) represent the sum of the
contributions from the particles with momenta within the range pnin ! p < & . The first
term denotes the sum of all energies carried by the specific motions of -n. particles wherein
each is limited by 0! p < puin. In the study, s e s-nis. is estimated as the contributions

from quasiparticles.

2. Specibc heat C\ at constant volume

For Tt < T, the derivative (OF/0T')y is calculated from Eq. (600). The derivative allows

the specific heat C\y at constant volume for T, < T' to be expressed as follows:

) ¥ 5 L Vg
Cv :T_ (V agﬁ Z3y (1)
T1 ¥eﬁ1 IV, " 1 $av o 3 $ i
+5  OUa o5 5 o547 Moot 42U 1% -N.
e L g 7, Ve Jop Pap T2l 1PV,
1 ﬁu 3 ém
_ 0, 0 _ 0 P

Specifically, 0j1/05 is obtained by differentiating Eq. (B1) with respect to [ at constant V'

and constant -N.. Finally, 0ii/05 is obtained for Ty < T as
%

- $
op _ & 3 g L OVer (604)

_— 0,

98~ Z0,(0) 28 Vi OB

The use of Eq. (604) allows Eq. (603) to be somewhat simplified as follows:

$ % $ %
2 5 1 a‘/eﬁ" _ -N. 1 8vf (% 8Veg
L Y PR RAL . e % 1
N =Ta 3 e ap P WU e Yy s
3 ofi
0f -
oo O (605)

The formula implies that the value of Cy for T, < T cannot directly depend on U,. Thus,
Cy is related to U, only via j.

AsT | T, 29 ,(in) diverges to +& . Near T, the behavior of ZY,, allows /9 given
by Eq. (604) to approach zero. Based on Appendix A, limr_1, Z3,(5) = I'(5/2)¢(5/2)
because i = 0 at T' = T. Therefore, the value of C\y evaluated from Eq. (605) must reach
its maximum at T = Tg.

To estimate Cy for T'! Tg, the derivative (OF /0T )y must be calculated from Eq. (602).
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Subsequently, Cy obtained for T'! T is expressed as follows:

2 %5 1ot
Cv = Téo 23 % aeﬁ Zs12(f;1m)
&1_ ¥eﬂ1 gv % AT P L -
~ S o AL B VS R AR Y VS B TS
o s P PTG s Mas Tt Py, (AR
1 0
+ & BU; % U, %V Zl/2(ﬂﬂ7)£
T eﬂH J
S M
% — (- % - - f— - 1 57701 5. .
o (N %0-m) 55 % | o | e (606)

for 0<pP<P min
For T'! T, 0ii/0p is estimated by differentiating Eq. (B4) with respect to [ at constant V'

and constant - V., and is given as follows:

- $ %
op &r _ 3 1 OVeg 0-n.
—=——— (-N.%-n. % % 607
98 Zya(;n) ( ) 28 " Vg 08 op (607)
The use of Eq. (607) allows Eq. (606) to be somewhat simplified as follows:
$ %
2 ) 1 OVeg _
Cv = = % Z ;
e B Ve
-N.% -n. 1 Ous o Ut OVieg 3 on
- % % — (-N. %
+ T BU, eﬁaﬂ ovgf a3 HOZT( on)a ;
$ % "
1 vi  O-n. 0
%T LU % BU; +5Urffﬁ a5 %éI:% . avn;&% . (608)
for Oép<pmin Vv

The relationship between C\y and SU, in Eq. (608) is different from that in Eq. (605), and
the value of Cy for T'! T can depend directly on Us,.

When 7, -n., and ders-nis. /0P are all considered as zero in Eq. (608), the resulting
value of C\, at T" = T, agrees with that obtained from Eq. (605) at T = T;. Based on
Eq. (B7), n = 0 implies that the value of -n. is evaluated as zero at T" = T¢. If n is
considered as a positive nonzero value, -n. is not zero at 1T' = T;. Then, the value of Cy
evaluated from Eq. (608) at T = Tt is different from that evaluated from Eq. (605) at
T = T.. For n # 0, Egs. (605) and (608) allow a discontinuity in Cy at T' = T¢. Such a
discontinuity is theoretically predicted for an ideal Bose gas in a uniform gravitational field”,
experimentally demonstrated for liquid helium!®, and theoretically predicted in terms of
energy fluctuation.”’ Additionally, the occurrence of a discontinuity in Cy at T = T is

3
independent of the method by which the quantity s (Oeis-nis./0f), is estimated.
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Equation (607) involves the quantity Zy/ (f1;7) that is characterized by the value of
n, which should be sufficiently small based on Eq. (B7). From Eq. (A4) in Appendix A,
Zyo (1;m) is expressed as follows:

-
Zus(in) = T (/2 K G+ ).
k=1

Based on the equation, the value of Zy,2(f;n) is large and finite for small n, even if g = 0

is satisfied.

3. Value of U, and restriction on value of n

A restriction, which is expressed as n # 0, is determined by estimating the isothermal
compressibility x for T'! T,. A restriction on the value of U, for which a phase transition
specified by 1/k = 0 is avoided is determined from k for T, < T. For T, < T (i.e.,
fi < 0), 1/k is estimated by differentiating the pressure given by P = 871(0In QW /0V) N, %
-N.(Op/OV ).

From the use of Eq. (585), P is obtained as follows:

%
Veft Ur

$

4 U, . AU v

= 7% (i 20p—L 1% % - -N., 609
3p v o T Gy Mgy 1Ry Yy (609)

where veg " 3vr /(2¢'VT %1). Based on the relation 1/k = %V (9P/9V);, differentiating
Eq. (609) at constant T yields 1/k for Ty < T as follows:

1/k = % D1(B; Vi) 2% o (12) + -N.Dy(8; Vesr, Ua, Ur)

5‘/ BVest
ofi ém
+BD3(ﬂ, effaUaaUI’)Zl/Q( )aVO/B'N B (610)
where
$ %
1 0V, Ve
D1(5; Veg) " = avﬁ% fo : (611)
Vg OU, RPU, U,
Do(B; Ve, Ua, Ur) " V %avﬁav % Ver iE ﬁaw (Ve cyg/:f)
8 81/;3 0 a’Uf 1 0@65 Veft Veft aUr
Y % <
+’80v av av T3v v °v ﬁUr+3vﬁav’
(612)
Vo aU U Ve
Da(8: Ve, Uy Un) " e Ve + B0 (Ve %v1) + 328U (613)
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Specifically, Oi/0V is estimated by differentiating Eq. (B1) with respect to V' at constant
T and constant -N., and 0i/JV is obtained for Ty < T as follows:

. $ %
on _0/223/2(,“) 1 Vg ’ (614)
v Z0,(1) Veg OV

The derivative OV.g/0V is given in Appendix C. The derivative Quveg/0V is estimated from
Vet given in Appendix C.

The derivatives 90U, /0V and §?U,/dV? at constant T should satisfy 0U,/0V = %U,/V
and 92U, /0V? = 2U,/V?, respectively, because Uy 1 p. The derivatives U, /OV and
02U, /OV? are estimated at constant T" from expressions given in Appendix C. The expression
for 1/k given by Eq. (610) is simplified using the expression for Vg if all the contributions
from ver and vr are ignored because 0 < vs /V (1 and 0 < veg/V (1. As the result, 1/x
given at T' = T¢ by Eq. (610) allows deriving a formula that U, satisfies approximately. The

formula is expressed as

$ % o
4: y ZS/Q(O) aUr a Ur 2

Uy=- 1+ 1% 212 % —, 615
T3 TV L) v T e ke (615)

where V5 and k¢ denote the value of Vg at T = Tt and the value of k at T' = T, respectively,
and 5(/2(82Ur/8V2)/V((9Ur/(9V)§( 1 is satisfied.

For T! T, (ie., 0! f), the relation P = 8~ 1(0InQW /9V) % -N.(Op/0V )y
allows the pressure P to be estimated using Eq. (591) with Egs. (592) and (597) as follows:

)+Pmin

n 1 7
8& $ 4 (% ? / @ 6 Vs ? /] U @
P=% -Ny's. —In 1%e™ 4+ 1%— In 1%e'e -
1 $ | 3ﬁ§T eff V V
for 0<pP<P min $ %
4 ouU, Vg U, 2
- 3/2 _ a eff “r _
Z : % —7 ) 616
$ (a+n)""+ 386V sr2 (fism) + oV 3.V & 32 ([;1m) (616)

For T'!' T, K is estimated from the derivative of P, which is obtained by differentiating
Eq. (616) at constant 7', and the use of Eqgs. (611)—(613) enables x to be expressed as follows:

1/k= %

D1(8; Verr) Zs12 (s 1) +

<_N' % _T_l) D2(67 ‘/eff7 U67 UI‘)

op
oV

35‘/;1{ BV;H
Dy (B Vi, U, U Zur (i) 22 06 L (. 96 -2,y OB
ﬁ 3 y Veffy -a7 r 1/2 ,uan av ﬂ
8-n|$.8€|$ 82& ' 4
: : -Nys. — % K(z 1
I = L

for 0<pP<p min
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where K(fi,n) is defined as follows:

0 % 3 $ on 0 %
— \m YR 312 I H noo- 1/2 —/
K — % — In(1 % = — 4+ — In(1 %
(,m) v v (fi+n)” " In( ;6 Jt5u su gy (A+n) n(%oe )
on Ve v %V, 312 . O OUq oUr , Vett - v
o0 %> ViS22 % (Vg % %
+8V1%6,$ % O%Hn) b5 VerBg;7 % (Verr %ot ) 5577 % 28U, 0/(0u+77)
v v ; V % on oy,
% (ii 3/2 f o/_f In(1 %e ' e~V p 3/2 f hatl r
olat )™ Gy %y Wml%eme T+t Tt gy oy
3 o "
=3 sk )+ )22 g gpet 0y, (618)
2 oV
For T'! Tg, Op/OV occurring in Eq. (617) is estimated based on Eq. (B8) as follows:
of o, 2 N 2 0n Tr7
O _ &1 g 0Ty 2 g ()t 200 B (619)

OV Zus(mn) OV &V oV oV %l
Eq. (619) is O /0V estimated at constant -N..

If we set n, -nys., g5 /0V, and K(fi,n) equal to zero, Eq. (617) becomes equivalent to
Eq. (610) at T' = T¢ (i.e., & = 0). However, the assumption that = 0 is not appropriate.
At T < Tg, the inequality g > 0 should be satisfied. If n = 0 and g > 0 are both satisfied,
then the factor 1%e™ occurring in Eq. (618) allows the value of 1/ to diverge. By taking
n # 0, the problem is simply avoided. This implies that -n. # 0 is satisfied at T' = T given
Eq. (B7) in Appendix B. Subsequently, the value of n satisfying n # 0 requires the value
of 1/k evaluated at T' = Tt from Eq. (617) to differ from that evaluated at T = T¢ from
Eq. (610). The inequality n # 0 allows a discontinuity in 1/x at T' = T.

With n # 0, Eq. (617) requires that lim«_,o1/k|r,_« # 0 even if Eq. (615) requires
that lim«_,1/k|r,4+ = 0 for the specific case in which Uy = U, is satisfied. Specifically,
U, is defined as Uy " (4/3)(1 4+ V.&/V)[Z%,(0)/Z8,(0)]VOU; JOV + 2V202U, /OV?. Based
on Eq. (615), the inequality lim«_,q1/k|r,.x > 0 requires 0 < Uy < U, to be satisfied.
The inequality implies that the phase transition specified by 1/k = 0 does not occur for
0 < Ua < U, at an arbitrary temperature satisfying 0 < (T'%T)/T (1. Thus, it is possible
to evaluate the specific heat Cy for the value of U, that prevents the occurrence of the phase

transition.

E. Evaluation of specific heat

Based on Eq. (B4), the value of i for T'! Ty must satisfy the inequality 0! g ( 1 at

constant - N.. The restriction on ji allows the approximate relations g + 0 and /08 + 0 to
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be satisfied for T'! T¢. If these approximate relations are considered, Eq. (608) is simplified

as follows:
2 $ 5 1 0V, &
+ = 2o eff 7 _
Vg 35 Ve as Y 5
O-7. o

for 0<pP<P min

Based on the context, the contribution of the final term in Eq. (620) should be evaluated
as the contribution from rotons, and this is achieved by the use of Egs. (D24) and (D25).
The derivative 0-n. /03 is obtained by differentiating Eq. (B4). If the approximate relations

a+ 0and Op/0p + 0 are assumed, 0-n. /Of is expressed as

0-n 2 2 $3 V. v
-n. _ " F
——+ ——Zyo(ii; S +2 —
95 + T s2(f13 1) - 2+ BU e

(621)

The inequality v /Veg (1 is assumed when deriving Eq. (620). Given the same assumption,

Eq. (605) for T < T is approximated as

$ % 6 7

2 ) 1 OVeg _ 3 ofi

+ — — % —= 7 % —-N :
v Té& 28 Vg 08 VM7 B

(622)

To evaluate Cy given by Eq. (622), it is necessary to determine the value of U; by using
Eq. (590). From the value of U,, Cy given by Eq. (620) can also be evaluated. U, is
considered as a parameter that satisfies 0 < U, < U,, and it corresponds to a value that is

given as follows:
Us = ao(4/3)(1 + VS /V) (VU JOV)Z5(0)/Z55(0), (0 < ap).

An approximate value of -n./-N., where -n.¢ " - n.|1=7,, is estimated by the extrapolation

109

of data reported previously'”” as follows:

-fl.¢/-N. = 0.001 corresponding to n = 1.34$ 1079,

where the corresponding value of 7 is evaluated using Eq. (B7).

An example of the results is shown in Fig. 36, which represents a case evaluated using a
specific value of U, for which T, = 2.17 K. Figure 36 reveals that Cy exhibits a singularity
appearing as a discontinuity at 7" = T;. The contribution from the -n. particles that carry

small momenta limited within the range 0! p < pu, is evaluated as the contribution from
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FIG. 36. Dependence of Cy on T near T;. The dashed-dotted curves correspond to the contribution
of rotons evaluated for -n.¢/-N. = 0.001. In (a) and (b), the thick curves on the left correspond
to Cy evaluated for -n.¢/-N. = 0.001 and ' (U; = 0.171 (ap = 0.0644), and then, Cy includes
the roton contribution. In (a) and (b), the thick curves on the right correspond to Cy evaluated
for Tc < T (Te = 2.17K) without the roton contribution. The thick curves in (c) and (d) for
Te < T correspond to Cy including the roton contribution. In (a), (b), (¢), and (d), thin curves
are obtained by eliminating the roton contribution. The roton contribution is characterized with
a quantity U by the three parameters pp/h = 1.92$ 10'%m~', i = 0.115Mpe., and AlK g, which
are estimated from neutron scattering at 2.17K.'% However, for (a) and (c), A/k g is specified as

Alkg 4 6.7971K, because Eq. (D18) allows u + 0 (m/s) at T = T for the value.
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FIG. 37. Dependence of -n./-N. on T. The solid curve corresponds to -n./-N. that is evaluated

for -n.¢/-N. =0.001 and ' cUy = 0.171 (a9 = 0.0644) with the use of Eq. (B4).

rotons and is confirmed in Fig. 36. The dependence of -nn. /-N. on T is confirmed in Fig. 37.
The contribution from rotons increases sharply near T;. The largest value obtained from
the contribution at T' = T can sensitively decrease for a small decrease in the magnitude
of A /kg. The behavior determined in the range 7'! Tt is different from that in the range
T, < T. The largest value based on the contribution from rotons can be insensitive to a
decrease in the magnitude of A /kg in the range Tx < T.

Rotons may exist even for Tz < T based on the assumption that particles that carry small

momenta limited within the range 0! p < pu;, contribute to the generation of rotons. The
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contributions from such rotons correspond to the dashed and single dotted curves found in
(c) and (d) in Fig. 36. They are evaluated via Egs. (D34) and (D35).

The roton contribution exhibits a specific physical meaning if the final term in Eq. (620) is
subject to the contribution. At temperatures near Ti, -n. particles are extremely fewer than
the - N.%-n. particles with large momenta satisfying pyi, < p < & . Despite 0 < -n. /(-N.%
-n.) (1, the -n. particles with small momenta satisfying 0! p < pm;, maintain the form
of microscopic ensembles where particles are located near each other with being assisted by
the attractive interparticle forces. The -n. particles remain as the microscopic ensembles
without mixing homogeneously with the -N. % -n. particles. The microscopic ensembles
exist while being included within the body of a macroscopic ensemble of the -N. % -n.
particles. The microscopic ensembles allow the generation of characteristic excitation states
corresponding to rotons. Thus, if the contribution of the -n. particles is exhibited by the
roton contribution, the sharp increase of Cy near T due to the roton contribution suggests
that phase separation is maintained at a microscopic level. If temperatures are near T, the
aforementioned type of a phenomenon should be induced even above T;. This is suggested
by the behavior of the thick curves found in (c¢) and (d) in Fig. 36. According to results
of measurements, the characteristic excitation states remain as rotons at temperatures near

Tc.102

F. Conclusions

Two quasiclassical expressions of the partition function for a Bose fluid system indicate
a dependence of the specific heat on T that exhibits a discontinuity at a temperature T¢.
This implies that the maximum of the specific heat at T' = lim«_,o(7; %) differs from
that at 7' = lim«_,o(7¢ + ¢). The sum of the chemical potential p and contribution U,
of attractive forces between particles reaches zero at T' = T,. The dependence of Ty on
repulsive interactions between particles is expressed by a simple equation. If the contribution
of the motion of particles with small momenta satisfying 0 ! p < ppi, corresponds to the
contribution from rotons, the contribution sharply increases the specific heat near T;. This
means that particles with small momenta satisfying 0! p < ppin cannot homogeneously mix
with particles with large momenta satisfying pyin < p < & . Even in a classical fluid system,

mutually attractive forces between particles cannot allow particles with small momenta to
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be homogeneously mixed with particles that have large momenta. When particles with small
momenta and particles with large momenta coexist without being homogeneously mixed, two
different types of excitation states should be generated because of the contribution of the
hard-core potential that requires particles to be excluded from each other. In the Bose fluid
system, the interface that distinguishes the liquid phase from the gas phase can be formed;
it is not formed without the contribution of physical cluster formation. It is necessary to
adequately understand the relation between excitation states and the contribution of the
physical cluster formation.
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Appendix A: Summarized mathematics for Z,, (i) and Zy o (fi;n)

e

(Te < T),

0
Pmin = 4, W
o 2mUa+p+n/B) (T To).

1. When puin=0 (! 0, 0<v)

A function ZY involving the gamma function is defined as follows:

2 ). (A1)

When g =0 (T =Tg),
Zy5(0) = C(v/2)T(v/2), (A2)

3
where the Riemann zeta function ¢ is defined as ((v) "~ 2, 1/k*. For 1 < v, ((v) is finite.

For v! 1, ((v) diverges to +& . When |g] is sufficiently close to zero, Z%,, (i) behaves as

; ' (<
Z3o () + T(1/2) exp(p) + |al "2 T(1/2) %y (1/2,3|ul/2) . (A3)
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2.  When p,i, # 0 (200, 0<v)

A function Z involving the incomplete gamma function of the second type is defined as

follows:

Moo

exp(kit
Z2 (f;m) " —II;EQMF (v/2, k9)
k=1
oo y#l2-1
e (A4)

G N

where ¥ " Bp2,./(2m) = i + 1. Subsequently, rewriting the integrand t#/2-1/(eZ~F % 1)
allows Z to be expressed approximately in the integral form as follows:
# o #12-1 i

dt +9*2  Af(t,p)dt

et %1 1

+ Z;LS))Q (;m) + 92 ASys (Ls, 1) (45)

Zuyo (;m) + %2

where Af(t, i), Zé%(ﬁ; n), and ASu s (ts, i) are defined as follows:

t#/2_1 t#/2_1
-_— n 0
) ) oo 1
Zih ()" ol /2, k0), (AT)
k=1
1 n S
ASyo (ts, 1) " 3 [Af(ti, m) + Af(tiz, )] (6 %tiq), (A8)

i=1

respectively. Specifically, the value of ts should satisfy 0 < Af(ts, i)/ Af(to, 1) (1 (tg = 1).
At 1 = 0, Eq. (A7) becomes equivalent to Eq. (A4). Based on Eq. (A7), increases in [

decrease the value of Z#(:,))? for v = 3 and v = 5. The behavior of Zg,))z is shown also by
Eq. (A9).

In Eq. (A6), the second term on the right-hand side decreases with increases in fi at
t = 1. However, at t = 1, the first term is independent of an increase in ;i and remains large.
Thus, Af(t, 1) increases with increases in fi. This allows Zy/o to increase with increases in

it, although Zg/))Q decreases.

In Eq. (A7), the summation is approximated by an integration. An approximation of
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70 is then obtained for either v =3 or v = 5 as

#OO
Zah(n) + C (/2 T(w/2) %oy(w/2,9) % (t+1/2) 2y (v/2, (t +1/2)0) dt
. $_ % 404

B 2(v/2,30/2)

v %2

= C(v/2)T(v)2) %ory(v/2,9) %

2
% 19#/2—1 —32/ 2 A
553 e, (A9)

1
where y(v/2,2) = [ "2 e d¢ (i.c., the incomplete gamma function of the first type).

Similarly, an approximate expression of Z(© for v = 1 is obtained and avoids the diver-
gence of ((v/2) as follows:

#

20, Gsm) + T(/2,0) +  (t+1/2) 20 (12, (t + 1/2)0) dt

1

= 2072732 LT (1/2,9) %6V T (1/2,30/2)). (A10)

3 T
The behavior of I'(1/2, k¥) is exhibited by T'(1/2, k9) = (k9)V2e (14 2 (k9)™" ., (1/2%

i)]. Thus, Eq. (A10) reveals that A

15(fi;n) given by the sum in Eq. (A7) remains extremely

0 —#/2
k=1 k

large without diverging to infinity, although diverges to infinity for v = 1.

When i = 0, the use of Eq. (A9) allows Zy/5 to be expressed in the following approximate

form:

Zw2 (0;m) + C(v/2)T (v/2) % n#=22 (for 0<n( 1 and v=3, 5). (A11)

v %2

3. Estimates of two types of integrals

a. Type |

# oo
4 1
P exp(fp?/(2m) %u%%l

*

- * 1(2m/B)#+D /22?#+1),2 (@) (Pmin =0 and 0! v), (A12)

*
v 22m/B)FV2Z 0 o (5m)  (Pmin # 0 and 01 v).

Pmin

N

263



b. Type ll

#

© o, 4 2 .\
p*In 1%exp(%8p°/(2m) + i) dp
Pmin % 1 $ - 0/03/2
+ Yoo 7 Zgy5 (11) (Pmin = 0),
% A13
i 1 2 03/ 2 U B a9 2 . @ B vV ( )
, Yog 5 (B+nm)""In 1%e™ + Zs2(in)  (puin #0).
4.  Derivatives
0 6, 7
a_ﬂzgm (1) = B %1 Z?#—2)/2 () (Pmin =0 and 3! v), (Al4)
0 6, 7
a—ﬂZ#/g (f;m) = 3 %1 Zg_oyo(fi;n)  (Pmin #0 and 3! v), (A15)
9 _ %l w2y
g ) = . | b). Al
o Z#/Z (:u 77) e %1 (:u + 77) (pmln 0 and 3 V) ( 6)

Appendix B: Estimations of two quantities 0U; /0p and 7

1. Derivative 0U; /0p related to repulsive effects caused by hard cores of

particles

Based on the relation -N. = (987 In QW /0u). , -N. for T, < T is estimated as

No= 22, (). (B1)

G
The value of i for T < T is estimated from Eq. (B1) when -N. is given. At T' = T¢, it must
satisfy g = 0.
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At T = T¢, Eq. (B1) is modified as & = 2I(3/2)((3/2)/-N.. If this expression for &7 is
substituted into Eq. (601), a formula is obtained as

© = ABY2N (B2)

where V& " Viglr—t, and A " " 7(2s)71(27h*/m)¥ 2[[(3/2)¢(3/2)]~'.  Additionally,
Eq. (B2) implies that the temperature Tt depends on V. under the condition that -N.
remains constant.

From Egs. (589) and (B2), Eq. (590) is obtained, and the differentiation of Eq. (590) with

respect to p yields the following expression:
= - $ %
aU _ 1 _n 3 1 _n
5y = Wbt 1o%gem X 4 5 1%pem e VBl o
Based on Eq. (C4), 08./0p is positive. Hence, Eq. (B3) requires dU; /0p to be negative.
This is consistent with Eq. (C6) because U, /OV = %(p/V )0U, /Op is satisfied at constant
-N.. At 20 bar, the transition temperature for liquid *He is 1.928 K.% In this case, U, /dp

1 ﬂc
p (B3)

should become negative.

2. Estimation of coefficient 7

Based on the relation -N. = (987 In QW /Ou)-p .., -N. for T! T is estimated as
2
"N = Zys () (B4)

Given that - N. remains constant, when the temperature increases, -n. reaches a minimum
at T = T¢. The value of (2/&1)Z32(ji;n) then attains a maximum. Conversely, decreases in
the temperature from Tt increase -n. because (2/&1)Zs2(fi;n) decreases. Then, the value
of n should not significantly increase because an increase in fi increases Z3o(f1;1) based on
Eq. (A5). Thus, if -N. is constant, the condition 0! f (1 should always be satisfied for
T! T,. This simplifies the estimation of -n., and -n. is determined as independent of U,.
Under the condition that -/N. remains constant, the value of -N. evaluated at T" = T¢
from Eq. (B4) should be equal to that evaluated at T' = T; from Eq. (B1). This exhibits
lim«_,o-N.| 127, = lim«_,o-N.|r=1.—+. Re-writing the relation yields the following relation

between -n.|t—1, and 7:
S %y

_ 2 m
0= “N.c %78 e%f W W’y (3/2, k’l?) . <B5)
C =
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In Eq. (B5), the summation is approximated by an integration and yields the following

expression:

oo # 00

B2k £ (/2 + (12 /2 (4 1/2)

= (3/2,m) + (8/3)"7 7 (3/2,3n/2) + 2n2e™ 2 + 2pY2. (B6)

In Eq. (B6), the behavior of the incomplete gamma function for 0 < 6 (1 is approximated
by v(3/2,0) + 20%%/3. Finally, if Egs. (B2) and (B6) are considered in Eq. (B5), the value

of 7 is estimated as follows:

RESCTL IR (B7)

although the value of -7.¢ is unknown. Additionally, if the value of 1 is known at constant
-N., Eq. (B4) exhibits the dependence of -n. on T.

The derivative 0fi/O7 is estimated by differentiating Eq. (B4) with respect to a variable
7 corresponding to either 5 or V', and the derivative dfi/07 is expressed as follows:

Op_ & 0N om 2, (e 26 200 i
or  Zya(msn) O or & 2N g & 01 e %1

(B8)

To obtain the derivative 9n/dV occurring in Eq. (618), the expression obtained from Eq. (B4)
at T = T, must be differentiated with respect to V. Subsequently, if 0-n../0V in the
derivative thus obtained is substituted by 0-7../0V obtained by differentiating Eq. (B7)
with respect to V', then dn/0V is estimated. When -N. is constant, On/0V is expressed as

follows:

-N. B v
— 0/0771/223/2<0; 77) : é;rc % n c eff

9 6
TC(3/2) " e %1 v

ov (B9)

3. Contribution of particles with small momenta in temperature range 7. < T

For T, < T, the number -n., of particles with momenta 0! p! pu;, is given as follows:

2 oo kp

K= —51(3/2, k3 Be). (B10)

If the number of particles with momenta pp;, < p < & is denoted as -n.; , Eq. (B1) is
rewritten as follows:

-N. =-n. +-n.y, (Bll)

266



where

oy = gzg,gm,nﬁ/ﬁc) (B12)
T
with . )
_ > kn
Zus(inB/Be) " /2, knB/5), (0 <v). (B13)
k=1

When 0 < n3/8c (1 is satisfied, an approximate relationship between Zy (1, 73/ 3:) and

72, () is given as follows:

2 (nB/B)*?

ve R+ c0p1’

If the approximation given by Eq. (B14) is considered, the derivative (0Zy/08)y is given

Zors (1118 Be) % 23y (1) + %= (0<v). (B14)

as follows: y $ y
_ 0 0
0Zy12(j1,mB/ Be) o, 1 (nB/5:)"?
SIS o6l 7f z,z(u)%%ﬁﬁ O<wv). (B15)
Furthermore, Eq. (B14) yields an approximate expression for -n.|, i.e.,
4 3/2 1
Sy (B16)

3&t, e MHT 91’
Eq. (B16) allows the differentiation of -n.; with respect to 5 to be approximately given as
follows: $ % $ %
a-ﬁ. | + - 8[,6 % L n
By 1%er " e a8 Be

If the contribution of the -n., particles to the internal energy E and the contribution of the

(B17)

-n.;; particles to E are denoted as F, and Ej, , respectively, then E is given as follows:
EL=FE%E, . (B18)
For 0 < v /Veg (1, Eq. (600) allows Ej; to be approximately estimated as

Ey + izz)/z(ﬁa??ﬂ/ﬁc)%i(ﬂUa%BUV)Z?’/?(F_"UB/BC)’ (B19)
BST BgT

If Egs. (604), (B1), and (B15) are considered, Eq.(B19) allows the derivative (0Ey /0f)v to

be approximately given as follows:
DD gy given %.

Ok on 2 5 o 1 OVig 3¢t 775 _
5, 5 5P as W%y T

3 1 OVeg
Ua % BU;
Q%H G oﬁ%)

o
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Appendix C: Effective volume V.4 caused by hard cores of particles

1. Derivatives 0V.4/0V and 0U; /0V

Differentiating Eq. (589) with respect to V' yields 0V,g/0V for 0 < vt /V (1 as follows:

$3Veff% %Veff +%‘/eff$1+‘/eff%vﬁaUr. (1)
av . V V V oV
Differentiating Eq. (589) with respect to f yields 0Vig/05 for 0 < vt /V (1 as
$ 8Veff% 0 $ Veﬂ%
55 tVall 1+ (C2)

At T = Ty, Eq. (589) is expressed as SUr + Ini(1+4 V/VE) given that 0 < v /V (1.
If the relation is differentiated with respect to V, a relation between 0V.g/0V and oU, /OV

is obtained for constant -/N. as follows:

ove e $ c %% 0B ou, v
eff 4 Veff Veff e o r
31 + % 14 v p(’)p Ur %V 5 5y (C3)

Subsequently, Eq. (C1) at T" = T; should be equivalent to Eq. (C3) . Hence, pdf:/0p must

satisfy ” 1 $ %,
T | eft ) C4
T T (C4)

If Eq. (B2) is differentiated with respect to V' at constant -N., then the relation given by

Eq. (C4) allows 0V /0V to be expressed as follows:

$ %,
Cc C Cc
Ve oo 3 Vi |, Vi

oV 28U, V %
The use of Eq. (C5) allows 0V.%/0V to be eliminated from the formula obtained from

(C5)

Eq. (Cl) at T' = Tg, and the following formula is obtained:

$ % , 8 $ %, 9

oU, VS 3 VS
Vet + 14 -2 14+ =< 1. C6
fe oV Ty 26.Us Ty + (C6)

02Uy /OV? is obtained from differentiating Eq. (C6) with respect to V. If Eq. (C5) is con-
sidered, then Eq. (614) allows (9n/0V)ZY,, () 7_1, to be estimated as follows:
$ % ,

c

T 2 3Z3,(0) Ve
_ 1 _en .
avzuz(ﬂ) . + V B, + % (C7)
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2. Other volumes

Based on Eq. (589), the ratio vt /V that is neglected in the above expressions is given as

follows: $ %
Vs 1 Vg o 1 2¢Vr %1 (08)
— == 0 — - .
Vi 2 V 2'Y %1 €Y %l
The ratio veg/V is given as follows:
$ %
Veff 3 Veff o 1 1 <09>
= — 0 — - )
%4 2 V72U %1 eVYr %l

Appendix D: Contributions from quasiparticles
1. Estimation of parameter u for free energy caused by rotons and phonons

The contributions from rotons and phonons to the free energy are estimated given a

specific phase involving the effect of anisotropy!?®, and are expressed by

# #
17 Prac ™) 27V dp sin o
F = TP PR n {1 %exp (%3 (2. (p) %pucosf)]} (A= 1, 2), (D1)
B o 0 (27h)
where ) .
A+ % (p%po)® (A =1 for rotons),
(D)=, a (D2)
T ocp (A =2 for phonons).
The two parameters u and pp.x on which F. (A = 1, 2) depends are unknown. Four

parameters i, po, A, and ¢ are known for liquid helium (*He): ¢ = 238m/s, A/kg =
8.712K, po/h = 1.913$ 10 m™! and 4 = 0.1608my. (mp. = *He atomic mass).!!! The
parameter v is given as u = |u| and must satisfy the inequality 0 < u ! v, because the
expectation value of n. (p) of quasiparticles with the momentum p (p = |p|) is given by
-n. (p). = {exp[B(E. (p) %p -u)] %1} (X =1, 2), which is always positive. Thus, the
quantity é. (p) satisfies the two relations dé. /dplp—p, = Vmax and é. (Pm) = UmaxPm, Which
require Upmay to be given for A = 1 as vmax = (po/1)[(1 + 20A/p2)V2 % 1] + A/p, (for
instance, ﬂA /(2p3) + 0.016). Therefore, the inequality 0! u ! vy, is equivalent to three
inequalities 0 ! pou/A 1 1,01 fu?/(2A) 1 aA/(2p2), and 0! fiu/py ! aA/pE (for
example, 1A /p2 + 0.031).
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It is reasonable to estimate the value of u without considering the contribution from

phonons. 19112 Equation (D1) is expressed as follows:

V $ 1%"00 1 # Prmax ? @
FE=%——+ - — dp pe € 1P "KuPope=kup™= (N —1 92). (D3)
2m)2h°B% uw o K

For A\ = 1, exp[%k[E. (p)] is expressed as follows:

.. . A 1 '
eKBO) — KAy 06 (5%1)? (D4)
20
where
P___
n [:L 0_1
- 1 D5
Ok kﬁpg L2’ ( )
13 n ﬁ/p() (D6>

The inequality 0 < ox (1 is then satisfied. For instance, o; satisfies 0 < o; ! 0.088 at
B =3.34% 102J7'. In Eq. (D4), the Gaussian function is finite for |[p % 1| ( 1. The
inequality e %' A (' 1 holds even for k = 1. The aforementioned facts allow the exponential
functions in Eq. (D3) to be approximated as finite power series in kfup when u remains
small.

For arbitrary values of 3, the first and second derivatives of F} exactly satisfy the following

expression:

OF O2F
%limu 'V 1t — %lim V1t
u—0 @u u—0 8u2

(D7)

The term %V ~! (9% F; /Ou?) contributes as the mass density pm of the fluid,'*® and %ou='V =1 (0 F; /Ou)
contributes as the mass density of the normal component p\t’ of the fluid.1%6:112 Hence, if

the ratio of the mass density of the non-normal component to the mass density of the fluid

is denoted by f;, then it is estimated as

w VL (OF, )
V-1 (2F, /o)

fi=1% (D8)
Additionally, although the relationship between f, and T for liquid helium is obtained from

experimental data,!?

Eq. (B4).

it can be made to correspond to the ratio -n./-N. obtained from
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Approximating the exponential functions in Eq. (D3) as finite power series in kSup allows

fr to be estimated as follows:

oo

2 2 g3 6 kenp) 10 " Qe 1)
frt §<5POU) k dpp’e 3 g rpe
k=1 0 k=t ©
oo Hog 91
+ (Bpou)* K dpple ™ n® . (B9)
k=1 0

Equation (D9) gives a simple relation between u and f, for small u, and it indicates that u
decreases when f, decreases.
Without approximation, the derivatives of F} satisfy the following general equation:

o LGl AN (GO0 o) VR " (kBpo)*

A (#+1) _ .
Ou#-1) tu ou® (27?)2h362 - L2 exp[%kB(A + 7(u))] Ly (U, Prmax; B)

<
+ (%1)" ! exp[96kB(A + (%)L (o, pmax; B) (v =1,2,3,...).

= (%1)"

v

(D10)

F} also satisfies the equation for v = 0. However, the first term for v = 0 is equal to zero.

In Eq. (D10), 7(u) and I(u, Pmax; §) are defined as follows:

7(u) " pou % ju*/2, (D11)
#) ~ ., Pmax oy - . 1 ) 2.
1 (4, Pnaxc; ) dpp” exp Yo (P + q(u))
0 k
" $ %, = $ %
(BV* oy Y qlw) "4 boniBr v%n 1
= 2 (952) S 1% (%L) p L2nT
2 _, (v%n)n! 20 2
$ "=, % $ B , %>
v%n+1 q(u) boniin YN+ 1 (Drmax + q(u))
%l sy T (%1) r : 5
2 20% 2 20}
(r=1,2,3,... and pPmax 0 %q(u)). (D12)
In the above, ¢(u) is defined as follows:
q(u) "% 1+ (fi/po)u. (D13)

Additionally, the quantity oy given by Eq. (D5) is very small. This implies that 1/(20¢)
is sufficiently large such that Ili#) (U, Prmax; ) is independent of pp,.x. Hence, Ilg#) (U, Prax; ) is
approximated as Ilﬁ#) (U, Prmax; B) + 1:&#) (u; B). I_lg#)(u; ) is given by the following expression:
6 7.6 _ T, (9 %

%n + 1
2o 1% (%) T %

(%1 )# oy " vl

I (4 B) = S
SO0 =5 skl 1)

(D14)
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The use of Eq. (D14) allows Eq. (D10) to be modified as

#-1 # 2 # Wl ' $ %
,/8( 'R +u(9( 'Fy +00’VZ_70‘71(BPO) (v +1)! 1%(%1)#n+2(F v %mn +2
Qu#=1) ou) 2(2m)2h° B2 _, (v +1%n)n! 2
6, Tui1n 4 - . 4 . <
s 2o ) L, A ) 4 (960)H G %60) TLO 00, i)
(D15)
where
Mookt (A+&(u))
6—#— A . " €
LM (u, A; B) N (D16)
k=1

If the relations %V ~(82F, /0u?) = pm and %u~'V~1(0F,/0u) = pi’ are considered, !0
two equations that are obtained for v = 1 and v = 2 from Eq. (D15) can form a system of
equations to estimate u and A /kg as parameters dependent on T. The two equations are

expressed as follows:

. ; 4 , B 4 ,. 5 . .S
Hi(u, A;B)" w*(1% fi) + A q(u) %oiBpou L (u, A; B) % q(%u) + o7 Bpou L™ (%u, A; 8)
_ 4 5 4 5 . .S
%ABpou  q(u) LW (u, A; B) + q(%u) "L (%u, A; 8) =0, (D17)
R ) ;! ) o
Ha(u, A; 8) " u(B%2f;) + A(Bpo)® 307 q(u)L®(u, A; 8) %oq(%ou)L® (%u, A; 5)
4 A 4 .S
) L0, A )% %) L0, A ) =0, (D1s)
where f, satisfies f; = 1% p§2 ) /pm and A is defined by
i o176 (D19)
(2m)%20° B2 pm

The derivatives du/d3 and A /kg /Of are obtained from differentiating Eqs. (D17) and
(D18). Despite this, the assumption that A/kg is constant allows du/df to be estimated

from one of the two derivatives. For example, from the derivative of Eq. (D18),

$ %_,
ou . %8H2 8H2

a8 o8 ou

(D20)
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where

I o
s ABmo) 12 %307 LO(u, As 9) % LO(0%u, A; §)
u
4 (
A 19 % 06302 ipu L0, 5)
0

4 ' 3] ( A
% (%) q(%u) + o L 0, 8 )
>

4 5 W4 5 o
% q(u)  Bpoul "V (u, A; B) % q(Y%ou)  Bpoul ™Y (Y%u, A; B)

_ 2: 1 R ) (
Oz g 000r L AOP0 g2 ()L (u, A; B) %5q(%ou) L (9%, A; B)
85 , op 2u 5 2

4 A A
+ 0w 1 628 A+ ) LOw,A:p)

‘4 5, 6 7( )
% q(%u) +602q(%u)8 A+ 7(%u) LO (Y%u, A; )

5, 6 7 5, 6 7 R
+2 q( )78 A4 7(u) LEY(u, A; B) %2 q(o/ou) B A+7(%u) LY (%u,A;3)

>

(D21)
2. Contributions from rotons and phonons to internal energy

The contribution E. (A = 1, 2) from quasiparticles to the internal energy is estimated
from the relation E. = (O(BF.)/08)u,pmex LUuU(OF. JOU)" 5o - The contribution E. depends
on at least four parameters — wu, 5, V, and pnax — and should be expressed as E. =

E.(u, 3,V Pmax), which is estimated from the free energy F. as follows:
9 $ %"oo # ~ '
Vg 1 1 Pmax

i — 2 (e X &(P) K'Poup g —K'POUP 55
E. e (& oc .
(27 )2h3 /B'LL k 0 (p> p p

E. (ua 57 V;ﬁmax) =

k=1
(D22)

Despite the aforementioned description, the contribution F; from rotons should be expressed

as E(u, A, B,V Pmax) because the contribution is given without any approximation by

0, - -
. _ Vp ) Yo 4 A S ) 0n -
El(u7A76aV;pmax):ﬁ - - €xXp %kﬁ(A'f’T(o/Uu)) ]k (O/Wapmax;/@)
202m)*h’p Pu k:/ 0
24A '
%21 (You, Pra; B) + 1+ ZQ IV (%, Pra; B)
0
4 . 54
Yocxp %kﬁ%A+T(u)) 1 (1, Prns; B) %205 (1, P )
>
24A
e I, P B) (D23)
po
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In the range where pn.x > %q(u) is satisfied, El(u,A, B,V Pmax) 1S approximately inde-
pendent of ppax due to 0 < o (1. The behavior of Ej(u, A, B,V Pmax) is expressed as
FEi(u, A, B, V', Pmax) El(u, A, B, V). If Eq. (D14) is considered in Eq. (D23), El(u, A, B, V)

is given as follows:

R . A B2 2 @ . ? @
By(u, A B,V) = % % 3g(%u) + 2 02O %, A; ) + 3g(u) + 2 02O (u, A; )

6 N4 ( R
% 4q(%u)53 +2 q(‘Vw)SZ + 1+ 2;L—2A q(You) L®(%u, A; p)
0
6 7 <
F AP 2w 1+ 22 ) L9, A (D24)

P
Differentiating E; with respect to 5 at constant V' and constant A yields the following

expression:
$ % /0 /0
0B ou 0B OB
op 0B Ou ap ’

u

(D25)

where Ou/0f is estimated from Eq. (D20). The other derivatives in Eq. (D25) are obtained
from the differentiation of Eq. (D24) as follows:

/0 _
; b A2 4 5 A 5 )
OF,  _o3h Apof/pm 02 3q(%u) + 2 L (%u, A, 8) %0? 3¢(u) +2 LO(u, A, B)

ap y 203 2/
u,
A 54. 5 ) A 54. 5 . .
+07 3q(%u) +2 8 A+ 7(%u) L (%u, A, 8) %0} 3¢(u) +2 8 A+7(u) LD (u, A, B)
"4 6 AT ( R
+ q(%u)53—|—2 q(%u)sz 1+ MA q(You) ﬁ[A+7’(°/ou)]L(1)(°/ou, A, B)
0
1 >
4 6 oA (o .
% ") + 2 () E2 0w BIA + )L A, ) (D26)
/ o . R
oL, _ g B A3poVion 302 LO(%u, A, B) + LO(u, A, B)
ou » U 2u
5 4 GA )
+ %q(%u) 3q(You) +2 o7 + 3 q(%u)sz +2q(%u) + 1+ 25? L™ (Y%u, A, B)
0
5 4 oAl .
ﬁﬁo () Bq(u) + 207 + 3 q(w)  + 2q(u) + 1 L2 Lo, )
0
6 7 A
6170 q(You )5‘*+2 q(°/m)52+ 1+% q(You) q(You)LW (Y%u, A, B)
>
5 5, 6 o A7 ( A
NN TSI P2 () LA, p) (D27)
0
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Additionally, the phonon contribution Es(u, 3, V'; Pmax), which is estimated from the free

energy F, without any approximation, is given as follows:

$ %"OO ' (
_ Vg c @) _ @),
E2<u7 57 V; pmax) = T < 5:3- ' J (O/OLL, Pmax; 6) % J (u7pmax; /B) ) (D28>
2m)?n’s w |k k k
where
(#) " v! (Pmac)* "
i (U, Prmax; B) = Yoexp (YkBepo(1 + u/¢)Pmax) A4 5
K 0 no )k Bep, (1 —i—u/c)\4qu1
vl
+ 4 5. (D29)
kBepo(1 + u/c)\)#+1

For u/c (1, the phonon contribution Es becomes insensitive to the value of u. This implies
that the behavior of Ej is not governed by the effects of anisotropy.

If the sum 3 s-us.ers in Eq. (602) is the contribution from quasiparticles, then it should
be given as 3 sErs-ms. = Iy (u, A, B, V' Pmax) + Fa(u, 8,V Pmax). However, Fj is ignored
because the contribution from phonons is significantly smaller than that from rotons for

0< (Te%T)/T ( 1.

3. Estimation of the number of rotons in temperature range 7Tc < T

Based on Eq. (B10), the momenta of the -n.; particles remains in the range 0! p! puyin
even for Tz < T. The -n.| particles can contribute to the generation of quasiparticles, even if
the dependence of F} on u disappears. Given the aforementioned possibility, the contribution
of the -n., particles to the internal energy should be estimated as the contribution E; from

quasiparticles for u = 0. The total number Nioton(Pmax, 8) of rotons is given for u = 0 as

follows:
Wi T " en ool op)
Nro on _max, — d__ 6_ eX %_ _%]_ . DSO
ton (Pmase ) 2 pp . p % —(p%1) (D30)
Nioton(Pmax, ) must be limited by the value of -n.,. If -n., decreases toward zero,

Nioton (Pmax, 5) should decrease toward zero. This suggests that pn.x decreases with de-
creasing -n.;, and it allows ensuring that the assumption that 0 ! puax ! % q(u) o 18
satisfied for T, < T'. Furthermore, two assumptions are considered to simplify estimations.
The first corresponds to the assumption that Nyoton (Pmax, 3) = Co-72. is approximately sat-

isfied with ¢ being the proportionality constant. The other corresponds to the assumption
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that puax %1 = 0 is satisfied at T = T.. The aforementioned two assumptions require
co = Nroton(ﬁ%x,ﬁc)/-ﬁ.l(c) to be satisfied with -ﬁ.l(c) Y- g4 ) and ﬁgﬁgx " Pmax|t=T. = 1.

Eq. (D30) allows Nioton(Pmax, 5) to be approximately given for u = 0 and 0! pyax ! 1

as
_ " 2rVpio l v a o a
NrOtOﬂ(pmaxa B) + Wzggl 20’%L(3)(A7 6; pmax) %23/ 20-1 L(2) (A7 67 pmax)
+|:(1)(A7B7ﬁmax) Y (D31)
where
. R oo —k"A T — %1)2 )
LO@R g y= o p ¥ (P D32
( 7ﬁ7pmax) k#/2 27 20_3 ( 3 )

k=1
Therefore, the relation Nyoton(Pmax; 8) = Co-7i.| allows pax to be estimated. Furthermore,

the relation allows the derivative Opmax/08 to be estimated as follows:

$ % - 3 % $ % $ %
aﬁrnaux ° - ¢ 8-ﬁ.| ° _{_ﬂ aNroton ° % aI\Iroton °
0B v 0B 28 o1 . B
-$ % ) 1 'max max
NI‘O on B
$ aa_ : (D33)
pmax (1"

? @
In Eq. (D33), the derivative 9-n., /9 |, is given by Eq. (B17).
For T, < T, an approximate contribution El(A,& V' Pmax) to the internal energy is
estimated by considering 0 < ox (1, v = 0, and ppax ! 1. Subsequently, the use of Eq.

(D22) allows the approximate contribution to be given as follows:

A ~ " 2Vpio T _ e Y S
El (A, 67 V;pmax> + W#(l)d,g 2U%L(5)(A7 Bapmax) %2 20—%'—(4)<A’ ﬁ7pmax)
6 AT “A
20A 7 <oy 4 R VAN
407 1+ LA B ) %2 9015 CO(A, 5, )
. 0 S 0

LA, 5, o) (D34)

0

The differentiation of El(A, B,V Pmax) at constant V' and constant yield the following ex-

pression:

% % %
$3E1 ’ B aﬁmax$ 0F, ’ $3E1 ’

D — + ==
b OB OPmax - B

Pmax

(D35)

Therefore, the use of Egs. (D33) and (D34) allows the derivative (0E;/08)v to be estimated.
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